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Abstract. This study deals with a generalized form of fractional differential equations with cubic nonlinearity,
employing a matrix-collocation method dependent on the matching polynomial of complete graph. The method
presents a simple and efficient algorithmic infrastructure, which contains a unified matrix expansion of frac-
tional-order derivatives and a general matrix relation for cubic nonlinearity. The method also performs a
sustainable approximation for high value of computation limit, thanks to the inclusion of the matching poly-
nomial in matrix system. Using the residual function, the convergence and error estimation are investigated via
the second mean value theorem having a weight function. In comparison with the existing results, highly
accurate results are obtained. Moreover, the oscillatory solutions of some model problems arising in several

applied sciences are simulated. It is verified that the proposed method is reliable, efficient and productive.

Keywords.
method.

1. Introduction

In the past 40 years, fractional differential equations
(FDEs) have received much attention in describing many
physical phenomena, which arise mainly in applied sci-
ences, such as mathematics, engineering, physical pro-
cesses, signal processing, anomalous diffusion, biology,
chemistry, fluid mechanics and electromagnetics [1-10].
As these phenomena are evolved in the developing world,
FDEs start to exactly govern them instead of integer-order
differential equations. In addition, we draw attention to
the fact that FDEs including nonlinear terms have recently
been of importance for modelling real world problems in
physical sense. However, their physical behaviours cannot
be entirely estimated since finding their exact solutions is
hard. Furthermore, nonlinear FDEs have frequently no
exact solutions. Hence, a great amount of effort has been
devoted to finding the numerical solutions. Especially,
there has been a remarkable increment of development of
numerical methods for solving FDEs in the last decade.
From this point of view, so far, Kiirk¢ii ef al [11, 12] have
introduced and employed a novel graph-operational matrix
method for multidelay linear FDEs and quintic nonlinear
FDEs. Giilsu ef al [4] have applied the Taylor polynomial
method to solve fractional Ricatti equation. Yiizbasi [13]

*For correspondence
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has proposed the Bernstein polynomial method for frac-
tional Ricatti type differential equations. Saeed [14] has
established the CAS Picard method for numerical solu-
tions of the nonlinear FDEs. Yarmohammadi [15] have
presented the spectral iterative method and its conver-
gence analysis for treating nonlinear FDEs. Rehman and
Khan [16] have employed the Legendre wavelet method
(LWM) to obtain the approximate solutions of FDEs.

On the other hand, it is known that the matrix-collo-
cation methods based on specific polynomials, such as
Lucas polynomial [17], Taylor polynomial [18, 19] and
Dickson polynomials [20], provide precise numerical
solutions of integer-order differential equations of several
types. Also, in [11], we use a fundamental structure of
linear FDEs in the proposed method, which contains linear
matrix relations. Further, we observe that this method
immediately yields clear and efficient approximate solu-
tions. Here, in this study, we aim to develop further
matrix relations of the method, which treat both linear and
nonlinear terms of FDEs. This developed method has an
advantage over the existing methods since it makes use of
the matching polynomial of complete graph, a unified
matrix expansion of fractional-order derivative and a
general matrix relation for cubic nonlinearity. Thus, we
can deal with a wide range of FDEs with cubic nonlin-
earity under a unique formulation. A unique computer
program of the method can also be easily devised and run
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on any mathematical software, thanks to its simple and
efficient algorithmic infrastructure.

This study is organized as follows. Section 2 gives
some basics of fractional calculus and matching polyno-
mial, which are required to construct the proposed
method. Section 3 reveals the construction of the
methodology. Section 4 is on the oscillatory behaviour of
the obtained solutions via the present and Laplace—Padé
methods. Section 5 scrutinizes the convergence analysis
and error estimation with the aid of the second mean
value theorem for integrals. Section 6 presents stiff
numerical problems and their obtained results. Section 7
interprets the obtained results via the proposed method
and its validity according to the investigation of the pre-
sent results found in section 6.

A generalized form of FDE with cubic nonlinearity is

P,y (1)

OSISWL]

+ 3 3 Y 0inn [ym) 3 y(”)}(f)

0<r<m0<n<rnd<nin
=g(1),
(1)

subject to the mixed conditions

3

{aiky(k) (a) + biky(k> (b)] =;, m = max{m,m},

(2)

where 7 € [a,b], y(f) and g(r) are defined on [a, b];
{a, 71,2, 73} are integer- or fractional-order derivatives;
Py, O vy, and ay, by (i=0,1,...,m —1) are proper
constants; m;,my € Z°*.

The matching polynomial solution of Eq. (1) that we
want to seek is of the form (see [11, 12])

k

Il
=}

N

(1) 2y (1) = yaMa(Ko 1), (3)

n=0

where y, are unknown coefficients and M(K,,t) is the
matching polynomial of complete graph K.

2. Some basics of fractional calculus and matching
polynomial

2.1 Fractional calculus

In this section we briefly mention the fundamental
basics of fractional calculus, which are of importance
for the proposed method. Let f(z) be a continuous
function on

I={[a,b]:a,bec R}
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D is a differential operator and I'(«) is the Euler gamma
function. We can now state the following definitions.

Definition 2.1 [2, 8] Suppose that > 0 and # > a. Then
the fractional Riemann-Liouville integral of f(z) is defined
to be

t

Jif0) = g [ (= o),

a
where o, € R and J7 is a fractional integral operator.

Definition 2.2 [2, 8] Suppose that t > a and o,r € R.
Then the fractional Riemann-Liouville derivative of order
o is defined to be

t

FD0) = =P [ =9 s

a

[o] — 1<a<[a],

and f*(t) stands for o € N.

Definition 2.3 [1, 2, 8] Suppose that t > a and a,t € R.
Then the fractional Caputo derivative of order « is defined tobe

o) — ) | )l 1) () s
tDuf(t)_l—*([a‘I_(x)/a ) f ()d7

a

[o] — l<a<[a],

and f*) (1) stands for « € N. Here, D* is the fractional
Caputo derivative operator.

In addition to these definitions, new formulations of
the fractional derivative types have recently been intro-
duced in terms of their kernel properties. For example,
fractional Caputo—Fabrizio derivative [21-23] and Atan-
gana-Baleanu derivative [24] formulations contain non-
local and non-singular kernels. Both are described as
follows:

Definition 2.4 [21-23] Suppose that t>0. Then the
fractional Caputo—Fabrizio derivative of order o is defined
to be

D) = 1 / exp(—%y(gd& 0<a<l.
0

When m>1 and a € [0,1], "DJ**f(¢) is of the form
[21-23]
(DG () = IO (DG (1))

Definition 2.5 [24] Suppose that f € H'(a,b), b > a.
Then the fractional Atangana—Baleanu derivative of order «
is defined to be
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t

— iV(—ac)x/E“ [—a(aisia]f’(s)ds, 0<a<l,
b

D (1)

where N(o) is a normalization function with N(0) =
N(1) =1 and E,[] is the Mittag—Leffler function.

More recently, Doungmo Goufo [25] used the fractional
Caputo—Fabrizio derivative for treating the Korteweg-de
Vries—Bergers equation and also Doungmo Goufo [26]
investigated the chaotic processes according to a two-pa-
rameter derivative having non-local and non-singular ker-
nel. For specific properties and applications of fractional
derivative formulations with non-singular and non-local
kernels, the reader can refer to [21-26]. It can also be easily
concluded from these formulations that the fractional
derivative operator provides both integer- and fractional-
order derivatives. In this study, we use SD%y(t) as
y®(¢) (a =0) in the definition of the fractional Caputo
derivative.

2.2 Matching polynomial

In 1972, Heilman and Lieb [27] first used a polynomial for
the theory of monomer—dimer systems without determining
its specific name. In 1979, Farrell [28] denominated it as
the matching polynomial, which is made up of collecting k-
matching numbers of independent edges in a graph. So far,
some authors have used it in different names, such as
acyclic [29] and reference [30]. Let G, be a simple graph
with n vertices and m edges [31]; then the matching poly-
nomial of G, 1is generally defined to be (see
[28-30, 32, 33])

My(Go 1) = (=1)*p(Gy, k)",
k=0

where p(G,,0) = 1 and p(G,, k) is the matching number.
The matching polynomial of complete graph denoted by
K, is of the explicit form (see [29, 32])

L”/ZJ (Zk)] n
Mn(Knvt) = (*l)k . ( ) tn72k7
; 26kt \ 2k

and its recurrence relation is
M,(K,,t) = tM,(K,—1,1) — (n — 1)M,(K,—2, 1),

which are equivalent to the modified Hermite polynomials
(see [29, 32]). The readers can also see the other matching
polynomials emerging from path, wheel, cycle and star
graphs [29, 32, 34].

On the other hand, up to now, Aihara [30] has used the
reference (matching) polynomial for monocyclic conju-
gated system. Godsil and Gutman [33] have presented the
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properties of the matching polynomial. Hosoya [35] has
proposed the mathematical properties of the matching and
some other polynomials in chemistry. Ghosh et al [36] have
studied the matching polynomial coefficients and Hosoya
indices for the linear and cylindrical polygraphs. Araujo
et al [37] have investigated the correlation of the matching
polynomial and the hypergeometric functions by estab-
lishing the general form of the matching polynomial.

Here, the reason why we take the matching polynomial
of K, is that K, is a strong-structured graph, which cannot
be easily scattered as defined in the vulnerability theory
[31, 38, 39] because all its vertices are connected to each
other via edges. Figure 1 shows this durability for K. It is
thus important to state that the matching polynomial of K,
has a stable structure. However, this situation can be varied
according to the afore-mentioned graph classes.

3. Procedure of method

In this section, the matrix relations of the matching poly-
nomial, the fractional-order derivatives in Caputo sense and
nonlinear terms are constructed. They form a basis of the
method. At first, the matrix relation of Eq. (3) is given as
(see [11, 12])

y(t) = M(K,,1)Y = X(1)KY, (4)
where
M(K,,t) = [My(Ko,t)  M;(Ki,t) My(Ky,1)]
Xo=[1 1+ ¢ ™1,
Y=[yo n ]’

and KT is a lower triangular matrix, which can be easily
obtained by taking the coefficients of the matching poly-
nomial of complete graph K, [11, 12].

Figure 1. A complete graph Ko, with 10 vertices.
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Let us now state the fractional derivative of the matrix
relation (4) by supposing that « >0 as (see [11, 12])

y(0) = MO (K, Y = XP ()KY, (5)
where
M (K, 1)
= [,CD‘(’;(M()(K(),[)) zCDg(MN(KNvt))]a
and
X0 = [fD5(1)  Di() D) 5]
By Eq. (5 and wusing the collocation points

ti=a+i(b—a)/N, the matrix relation of linear part
L[y(?)] of Eq. (1) turns out to be

[LIy(1:)]] = P.X™) (1;)KY, (6)

where 0 <o <m;.

Let us now construct the matrix relation of nonlinear part
N[y(#)] of Eq. (1). For cubic nonlinearity, using again the
collocation points, we can state

~il

IND(6)] = Qo s X (1) KX (1) K X" (1) K

(7)
where Ogrl sz, OSI’erl and 0§r3 Sl’z.
Especially for my = 0 (hence r; = 0),

Q000" (1)] = Q00 X(6) KX(0) K X1 K T,

Notice that the matrix relation (7) can be easily reduced to
the quadratic nonlinearity:

[er-,rz y<rl)(ti) y(r2)(ti)] = Qr;,rz X(rl)(ti)Kx<r2)(ti) K 77
(8)

where 0<r; <my and 0<r, <ry.
Gathering and simplifying the matrix relations (6) and
(7) (or (8)), we get

~l

PQ(X(“)KY + er s x g x(r) K x() f
= G,

©)

where 0 <a<my, 0<r;<mp, 0<r,<r;and 0<r; <r,.
It follows from the matrix relation (9) that

P,XYKY + Qo XEXD KX K Y = G, (10)
w z
where

Py = diag[Py](y. 1) s
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erJzJ’z = dlag [Q"l-’l‘“} (N+1)x(N+1)?

_X(“)(to)
X(“)(tl)
xX@ —
_X(“)(tN)
[FD5(1)  [Dj(1o) FD(1y)
Dy(1)  FDg(n) FD§(r)
LED5(1)  FDg(w) R2AGY)
X" (1) 0 0
0 X" (1) 0
x(2) — ,
L 0 0 0 X" (1y) (N+1)x (N+1)?
™ — gi [ m)}
X diag| X (N+12x (N+1)*
IE = dlag[i}(NJrl)zx(NJrl)z’ K= diag[i}(NJrlfx(NJrl)}’
Y=[yY »nY wY]',
= — — =T
Y=[nY yY Y]
and
T
G=[g(tt) gh) gtn)] -

On the other hand, using Eq. (5), we present the matrix
relation of the mixed conditions (2) as the following:

m—1
@MW (k@) + b (K D) |[Y =y (1)
k=0
where i =0,1,...,m — 1.

By the matrix equation (10), we can construct the method
of solution as

WY+ZY=G or [W: Z : G. (12)
In view of the matrix relation (11), we can get
Uy=y,=[U : Y], i=0,1,...m— 1, (13)
where

Ui=uo ua iy |.

Replacing the conditional matrix (13) by any m-th row(s) of
the matrix equation (12), we then obtain the augmented
matrix {W ; Z 6} Then, the augmented matrix can be

solved only if its rank yields N + 1. Therefore, by substi-
tuting the resulting matrix Y into the solution form (3), the
matching polynomial solution is thereby found.
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4. Estimation of oscillatory behaviour via matrix-
collocation and Laplace-Padé methodology

Since it is often hard to numerically determine the oscil-
latory behaviour of nonlinear phenomena on long time
interval, the authors in [40, 41] merged their methods with
Laplace-Padé method. Thereby, they reached the oscilla-
tory behaviour of the solutions of the coupled nonlinear
partial differential equations and the non-linear oscillators.
For this motivation, we combine the present method with
Laplace—Padé method described in [40, 41]. The algorith-
mic procedure of matrix-collocation and Laplace—Padé
methodology can be described as follows.

Step 1: « .
P Gls) — Ly ()} = [ yn(t)edr, where L{.} is
0
Laplace transform and yy(¢) is the matching
polynomial solution,
Step 2:  G(}) . G(s),
s—1/t
Step 3:  H(s) <—/ H(Y) — P[G(})], (K, L: numerator and
t—1/s
denominator degree, respectively (K,L<M)),
(P[] is the well-known Padé approximant),
Step 4:  ypn(t) — L™ Y{H(s)},

where yp y(t) is the Padé-matching polynomial solution and
L~'{.} is inverse Laplace transform. Thus, we can estimate
the oscillatory behaviour of the solutions on long time
interval.

5. Convergence analysis and error estimation
based on the second mean value theorem

In this section, we deal with the second mean value theorem
for integrals, which dates back to some calculus studies by
Hobson [42] and Dixon [43] in 20th century, to construct
the convergence analysis and error estimation of the

0.4

03 A o‘\ ]

- *
0.2 — Solution by Mathematica; a=2

/ yr(t); a=2
0.1 /‘ y7(t); a=1.9
/ e yr(t); a=1.8
/
/’
0.0 : : : : :
0.0 0.2 0.4 0.6 0.8 1.0

t

Figure 2. Comparison of the solutions for Problem 6.1 with high
damping effect y = 0.5 and 7 = 1.
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proposed method. First, let us now state the second mean
value theorem as a lemma.

Lemma 5.1 [42, 43] Let f(t) : [a,b]—R" be an inte-
grable function and o(t): [a,b)—R" be an integrable
positive function; then

b b
/ﬂmmW#@/MMn

such that ¢ € [a,b] and f(c) is called an average value of
S(©) with respect to the weight function w(t) on [a, b]. For
o) =1

b
/fmw@m=ﬂd@—®,

which is called the first mean value theorem for integrals.

Before constructing the convergence analysis and error
estimation of the method, let us state the residual function,
which is required for our analysis. After inserting the
approximate solution yy(#) into Eq. (1), the residual func-
tion Ry(¢) is obtained as

— Solution by Mathematica
yrp(t); a=2

/"‘ — y7p(t); a=1.9

i

t

Figure 3. Oscillatory behaviour of the solutions for Problem 6.1
with high damping effect 4 = 0.5 and T = 50.

— Solution by Mathematica

yrplt); a=2

—~ yrp(t); @=1.9

-0.4

t

Figure 4. Oscillatory behaviour of the solutions for Problem 6.1
with low damping effect £ = 0.1 and T = 50.



246 Page 6 of 11

y'(t)

y'(t)

0.4

~C
Y
N,
|
N
N
\
\\
L emea
- ~ N
,,/ §\~\ \
0.2- ’ ~ \ T
4 AN \
L 4 N \
/ \ \
——— \ \
/ -~ e \ \
! 4 N
/ \ \
1 N
Loy / T \ \ [
] PP N\ 1
= ! i L S~ S 1 1
= 00 ! I B L1 A [ i
> ! \ M) 1 1
[ 1 \ DT ] 1
\ \ AN 7 ’ 1
\ See- ’ h
\ \ S /
‘\ N 7’ /
. ~ 7’ 7
\\ Seelo - ,,
-0.2 AN s
N /7
L N 7/
\\ ,/
\\ //
~ -
-
Seee - -
1 L 1 1 L 1 1

N R R
-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
y(t)

(a) Solution by Mathematica; a = 2.
0.4

0.20

0.2

0.0

-0.2

_0.4 NN S T T IS S ST S SN SN ST ST S SN ST S ST T TN T ST ) T T O S S S SO S '
2015 -0.10 -0.05 000 005 010 015 0.20
y(t)
() y7p(0; @ =2.
1oF At AL A .
0.5F 1
0.0
—0.5F 1
_1.0 I Il " " " Il " " " Il " " " Il " " " Il
—0.4 —0.2 0.0 0.2 0.4

y(t)
©yrp(;a@=19

Sadhana (2019) 44:246

<«Figure 5. Phase plane behaviour of the solutions for Problem 6.1
with high damping effect 4 = 0.5 and T = 50.

R =Y Py ()

0<a<m

> > D Qnnn

0<r<mO0<n<rn0<rn<n

S (1) - g():

(14)

By Lemma 5.1 and Eq. (14), we can now construct the

convergence analysis, which investigates the precision of
the method with respect to N.

Theorem 5.1 Let Ry(t) be an integrable function on

[a, b] and w(At) (L€ R) be a parameterized positive
weight function of Ry(t); then

N =

J? Ry(t)or(t)dt
f” w(ir)dt

a

determines the precision of the method as the upper bound
error with respect to the computation limit N and w(/t).

Proof We know the property of inequality for integrals,
SO we can write

b
/ Ry (t)w(At)dt

a

</ " Rn (i)

Since the weight function w(/At) is a positive function, it
yields

b
/ Ry (t)w(At)dt

< /b|RN(t) | (At)dt,

and by Lemma 5.1, we get

/bRN(t)w()Lt)dt

b
< IRyl [ ol

Thus

b .
Ry (c)] < S |R (1) (Ar)dt

B f:w(lt)dt
where Ry prescribes the upper bound error based on

residual function with respect to the computation limit
N and w(At). Thus, this completes the proof.

:IéNa

6. Numerical problems

In this section, we apply our method to solve stiff nonlinear
problems, some of which are model problems in several
applied sciences. To do this, we devise an efficient
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<«Figure 6. Phase plane behaviour of the solutions for Problem 6.1
with low damping effect £ = 0.1 and T = 50.

computer program on PC equipped with 8 GB RAM, 3.30
GHz CPU and Mathematica 11. Hence, graphical and
numerical results of high accuracy are obtained and
demonstrated in figures and tables, respectively.

Problem 6.1 [44] Consider the fractional-order damped
and unforced Duffing equation used in mechanical systems,
chaos and theory of vibration:

Table 1. Comparison of the upper bound error Ry with respect to
w(At), N and o = 2 for Problem 6.1.

| w(2t)/N — 4 5 6 7 8
I(t+A)
A=10"3 2.53¢-02 7.58¢-02 1.24¢-02 8.27¢-03 3.47¢-03
A=10"7 3.04¢-02 6.54¢-02 1.41e-02 9.57¢-03 2.92¢-03
exp(/r)
A=1 2.89¢—02 1.76e-01 1.57¢-02 1.20e-02 7.49¢-03
A=—1  2.69¢-02 1.25¢-01 1.40e-02 9.73¢-03 6.41¢-03
A= —10* 2.78¢-02 5.75¢-02 1.31e-02 9.35¢-03 1.83¢-03

Table 2. Comparison of the upper bound error Ry with respect to
w(At), N and o = 1.99 for Problem 6.1.

| o()/N — 5 6 7 8
I(t+ )

2=10"3 3.72e-01  4.07¢-02  5.54e-02  1.62¢-02

J=10"" 2.55¢-01  1.94e-02 4.28e-02  1.08e-02
exp(/r)

A=-1 2.07e-01  1.31e-02  3.88¢-02  1.08e-02

04 = Solution by Mathematica; a=1

— ys(t); a=1 e
o ys(t); @=0.95 2
0.3

--a-- Ys(t); a=0.85

e Ys(t); a=0.8
0.2

0.1

0.0

0.0 02 0.4 06 0.8 1.0
t

Figure 7. The effect of fractional derivative on the matching
polynomial solution for Problem 6.2.
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Table 3. Comparison of the numerical results with respect to
different methods for Problem 6.2 with o = 1.

Runge—Kutta Chebyshev Haar wavelet

i ys(ti) [45] [45] [40]

0.1 0.05004 0.05004 0.05004 0.05004
0.2 0.09983 0.09983 0.09982 0.09983
0.3 0.14887 0.14886 0.14885 0.14886
0.4 0.19666 0.19965 0.19664 0.19665
0.5 0.24270 0.24270 0.24275 0.24270
0.6 0.28653 0.28653 0.28653 0.28653
0.7 0.32771 0.32770 0.32771 0.32770
0.8 0.36579 0.36577 0.36576 0.36577
0.9 0.40039 0.40034 0.40040 0.40034
1.0 043115 0.43105 0.43104 0.43105

— Solution by Mathematica  ¥sp(t)

AN
RTATATAY

t
Figure 8. Oscillatory behaviour of the solutions for Problem 6.2
with o =1 and T = 30.

YOO + ' (1) +5y(1) + (1) = 0, 1 € 0,7, 1<a<2,

subject to the initial conditions y(0) =0 and y'(0) = 1.
Here, the exact solution of the problem is unknown and
u is a damping effect. By the matrix equation (10), we
can form the fundamental matrix equation of this prob-
lem as

<P0X+P1X(1)

Following the procedure described in section 3 and apply-
ing the Laplace-Padé method in section 4 we get the
matching polynomial solutions in terms of p, 7 and o.
Figure 2 clearly elucidates the behaviour of the matching
polynomial solution along with the solution approached by
Mathematica as (¢ = 1)

NDSolve[{y"[1] + u'[f] + 5y[i] + (v[i])3 == 0,[0] == 0,
yl[o} == 1},y[7], {#,0, T}H][[1, 1, 2]].
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Figure 9. Phase plane consistency of the solutions for Prob-
lem 6.2 with « = 1 and T = 30.

Figures 3 and 4 illustrate the oscillatory behaviour of
the solutions on the time interval [0, 50] and the effects
of the fractional derivative and damping parameter on
the matching polynomial solutions are clearly observed
there. Figures 5 and 6 are also illustrate the phase plane
consistency between the matching polynomial solution
and the solution by Mathematica. The upper bound
errors of the method with respect to the parameterized
weight function w(Af), N and o are tabulated in tables 1
and 2.
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Figure 10. The effect of fractional derivative on the matching
polynomial solution for Problem 6.3.

Problem 6.2 Consider the fractional-order unforced Van
der Pol equation governing electrical circuits and chaotic
systems:

Y2 (1) = 0.05(1 — y*(1) )y (1) + y(t) = 0,

subject to the initial conditions y(0) =0 and y'(0) = 0.5.
Here, 1 € [0,7], 0<a <1 and the exact solution of the
problem is unknown. Similarly, we solve the problem by
employing N = 5 and the Laplace-Padé method. In addi-
tion, Mathematica approaches this equation (o = 1) in the
following module:

NDSolve[{y"[1] — 0.05y'[1] + 0.05Y'[1](y[])3 + y[1]
==0,y[0] ==0,
yl[O] == 0.5}7y[l], {t’ 0, T}][[lv L, 2“

We demonstrate the matching polynomial solution with
respect to o in figure 7. The authors in [45, 46] have
obtained numerical solutions of this problem of integer-
order type by employing Runge—Kutta [45], Chebyshev
[45] and Haar wavelet methods [46]. In table 3, we
make comparison between the present results and those
by the mentioned methods. We observe that the present
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results coincide well with those of the mentioned
methods. The matching polynomial solution and
the solution by Mathematica are plotted in figure 8,
and their phase plane behaviours are simulated in
figure 9.

Problem 6.3 Consider the fractional-order nonlinear dif-
ferential equation proposed for a mechanical problem

Y (1) = y(0) + w0y (1) + () (1) + (1) = 0,

subject to the initial conditions y(0) =A and y'(0) = 0.
Here, ¢ € [0,0.5], 0<a<1. Lev et al [47] have recently
established this mechanical problem modelling the veloc-
ity-dependent elastic module for o« = 1. Wu and He [48]
have employed the homotopy perturbation method to solve
this problem with o =1 and they have determined
A>2/ V3 22 1.1547 for its periodic solution. We here
construct and solve a fractional-order form of this equation.
For N =7, we obtain the solutions for A = 1.5 and dif-
ferent o. These are of the consistent form as seen in
figure 10.

Problem 6.4 [16] Consider the fractional-order nonlinear
boundary value problem

YO ) + ey (1) = g(1), t€[0,1], 1<a<2,

subject to the boundary conditions y(0) =0 and
y(1) = 1. Here, the exact solution is y(f) = /> and
g(t) = 105/32¢> + &**" for o =1.5. Employing the
present method for different N and o, we easily get the
solutions. Considering o, table 4 compares the absolute
errors that are obtained by the present method (N = 10)
and LWM (m = 12) [16], where the computation limit
N of the present method corresponds to N =m — 1. It
is easily observed that our results are far better than
those of LWM [16]. In addition, the upper bound errors
of the method with respect to the parameterized weight
function w(Af), N and o are given in table 5.

Table 4. Comparison of the present absolute errors with those by LWM [16] for Problem 6.4 with different o.

t; Ours o = 1.1 o= 1.1[16] Ours o = 1.3 o= 1.3][16] Ours o = 1.5 o= 1.5][16]
0.1 1.76e-05 2.91e-04 2.86e-05 1.98¢-04 2.67¢-05 9.70e-05
0.2 3.49¢-05 5.42¢-03 1.68e-05 2.22¢-03 3.35¢-05 9.39¢-04
0.3 1.09¢-04 6.02¢-03 2.09¢-05 3.02¢-03 2.07¢-05 1.51e-03
0.4 1.57¢-04 1.39¢-03 5.83e-05 6.88¢—04 3.96¢-07 3.40e-04
0.5 1.50e-04 8.41¢-03 7.42¢-05 4.51e-03 1.71e-05 2.42¢-03
0.6 8.19¢-05 1.27¢-03 5.77e-05 6.54¢-04 2.03e-05 3.10e-04
0.7 2.97¢-05 5.77¢-03 1.01e-05 3.03¢-03 6.12¢-06 1.48¢-03
0.8 1.54¢-04 5.11e-03 5.79¢-05 2.34¢-03 2.41e-05 6.34¢-04
0.9 2.33e-04 3.43¢-03 1.18¢-04 4.02¢-03 5.90e-05 4.67¢-03
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Table 5. Comparison of the upper bound error Ry with respect to w(At), N and o = 1.5 for Problem 6.4.

| w(i)/N — 4 5 6 7 8 9 10
I'(t+4)
2=1073 8.07e-02 3.32¢-02 2.81e-03 2.25¢-03 2.18¢-03 1.25¢-03 9.36e-04
J.=1077 3.73e-02 1.56e-02 1.41e-03 1.17¢-03 1.10e-03 6.25¢-04 4.85e-04
exp(At)
A=-—1 1.69¢-02 7.10e-02 4.69¢-03 2.73e-03 3.85e-03 1.59¢-03 9.84e-04
J=—103 1.70e-02 8.05¢-03 1.20e-03 1.17¢-03 9.52¢-04 5.20e-04 4.78e-04
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Figure 11. The effect of fractional derivative on the matching
polynomial solution for Problem 6.5.

Problem 6.5 [10] Consider the fractional-order nonlinear
logistic differential equation employed in social and bio-
logical sciences

YO () = (0.01)*y())(1 — y(r)) =0, 1€ [0,1], 0<a<]1,

subject to the initial condition y(0) = 0.75. Here, the exact
solution is y(f) = 0.75/(0.75 + (1 — 0.75)e~%%1")  for
o = 1. We solve the problem by determining a low com-
putation limit N = 8. It is worth mentioning from figure 11
that the matching polynomial solution with respect to o is in
a good agreement with the exact solution.

7. Conclusions

A matrix-collocation method based on the matching poly-
nomial, a unified matrix expansion of fractional-order
derivatives and a general matrix relation with cubic non-
linearity have been developed to solve stiff FDEs having
cubic nonlinearity. Convergence analysis and error esti-
mation have been established according to the second mean
value theorem for integrals. Thus, we have clearly scruti-
nized the convergence of the method with respect to N,
though the exact solutions of the problems are unknown. In

addition, the prominence of the parameterized weight
function ®(#) in our analysis has been observed in
tables 1, 2 and 5 . Actually, this weight function has been
used as the correction factor there. We want to point out
from the figures that the present method completely
describes the physical behaviour of the problems defined on
the time intervals. Thereby, it can be easily expressed that
the present method is reliable, coherent and accurate.
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