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1. Introduction

The theory of periodic systems has taken a prominent attention in the existing literature due to its tremendous application
potential in engineering, biology, biomathematics, chemistry etc. Floquet theory is an important tool for the investigation of
periodic solutions and stability analysis of dynamic systems. Floquet theory of differential and difference systems can be found
in [22,23], respectively. Floquet theory of Volterra equation has been handled in [10]. An extension of the Floquet theory to
the systems with memory has been studied in [11]. In [7], Floquet theory has been employed for stability analysis of nonlinear
integro-differential equations. Moreover, a generalization of Floquet theory in continuous case is studied in [28].

Providing a wide perspective to discrete and continuous analysis, time scale calculus is a useful theory for the unification of
differential and difference systems. For the sake of brevity, we suppose familiarity with fundamental theory of time scales. For
a comprehensive review on time scale theory, we may refer readers to [12,13]. Unification of discrete and continuous dynamic
systems under the theory of time scales avoids the separate studies for differential and difference systems by using the similar
arguments. Motivated by unification and extension capabilities of time scale calculus, the researchers in recent years have been
developing the time scale analogues of existing results for difference, g-difference, and differential equations. For instance in [9],
the authors construct a Floquet theory for additive periodic time scales and focus on Putzer representations of matrix logarithms.
We use the terminology “additive periodic time scale” to refer to an arbitrary, closed, non-empty subset T of reals satisfying the
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following property ([21]):
there exists a fixed P € T such thatt £+ P € T forallt € T. (1.1)

In [17], DaCunha unified Floquet theory for nonautonomous linear dynamic systems based on Lyapunov transformations by using
matrix exponential on time scales (see [12, Section 5]). Afterward, DaCunha and Davis improved the results of [17] in [16]. Note
that the results in [16,17] regarding Floquet theory are valid only on additive periodic time scales. This strong restriction prevents
investigation of periodicity on very important particular time scales. For instance, the g-difference equations are established on
the time scale

¢ :={q":nez}u{0}, q>1

which is not additive periodic. Hence, the existing unified Floquet theory does not cover the systems of g-difference equations. A
g-difference equation is an equation including a g-derivative Dg, given by

fqt) — f(©) z
Dy(N(O) = T LT ted
of its unknown function. Observe that the g-derivative Dy(f) of a function f turns into ordinary derivative f" if we let ¢ — 1. The
theory of g-difference equations is a useful tool for the discretization of differential equations used for modeling continuous
processes (see e.g. [19,24,25], and references therein). In [27] the author says “in the p-adic context, q-difference equations are
not simply a discretization of solutions of differential equations, but they are actually equal”. We may also refer to [8] for further
discussion about the equivalence between g-difference equations and differential equations. There is a vast literature on the
existence of periodic solutions of differential equations, unlike the existence of periodic solutions of g-difference equations.
Thus, it is of importance to study the existence of periodic solutions of g-difference equations.

In recent years, the shift operators, denoted 5 (s, t), are introduced to construct delay dynamic equations and a new period-
icity concept on time scales (see [1,4,5]). We give a detailed information about the shift operators in further sections. We may
also refer to the studies [2,3,5] for the basic definitions, properties and some applications of shift operators on time scales. In
particular, we direct the readers to [1] for the construction of new periodicity concept on time scales. The motivation of new
periodicity concept in [1] stems from the following ideas:

I.1. Addition is not always the only way to step forward and backward on a time scale, for instance, the operators 6. (2,t) =
2*1t determine backward and forward shifts on the time scale {2" : n € Z} U {0}.

.2. We may use shift operators §.. with certain properties to obtain a backward and forward motion on a general time scale.
Similar to (1.1) a periodic time scale in shifts can be defined to be the one satisfying the following property:

there exists a fixed P € T such that §.(P,t) € T forallt € T. (1.2)

This approach enables the study of periodicity notion on a large class of time scales that are not necessarily additive periodic.
For instance, the time scale gZ is periodic in shifts 8 (s, t) = s*t since

3.(q.t) =q*t e Tforallt e T.

Therefore, one may define a g*-periodic function f on gZ as follows:
f(q*t) = f(t) forallt e ¢* and afixed k € {1,2,.. }.

More generally, a T-periodic function f on a P-periodic time scale T in shifts § . can be defined as follows
f(6=(T,t)) = f(t) forallt e Tand afixed T € [P, 00) N T.

In this paper, we use Lyapunov transformation (see [ 16, Definition 2.1]) and the new periodicity concept developed in [1] to
construct a unified Floquet theory for hybrid systems on hybrid domains. As an alternative to the existing literature, our Floquet
theory and stability results are valid on more time scales, such as gZ and

U, [3%,2.3% U {0}
which cannot be covered by [16,17]. It should be mentioned that periodicity notion and Floquet theory on the time scale
q°={q":q>1andn=0,1,2,...}

have been studied in [14,15]. In [14,15] a w-periodic function f on g"o is defined to be the one satisfying
1
f(q@t) = unf(t) forallt e g™ and afixed w € {1,2,...}.

According to this periodicity definition the function g(t) = 1/t is g-periodic over the time scale g"o. Unlike the conventional
periodic functions in the existing literature, the function g(t) = 1/t does not repeat its values at each period t, q®t, (q®)2t,....
In parallel with conventional periodicity perception, we define a periodic function to be the one repeating its values at each

Int
forward/backward step on its domain with a certain size. For instance, according to our definition the function h(t) = (-1) 4 is
a g2-periodic function on g% = {q > 1 : q", n € Z} since

h(8(q% 1)) = (~1)Ri*2 = (—1)h = h(t).
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Obviously, the function h(t) repeats the values —1 and 1 at each backward/forward step with the size q2. Consequently, the use of
new periodicity concept based on shifts §+ in Floquet theory provides not only a generalization but also an alternative approach
and new stability results to already existing literature in particular cases (e.g. [14,15]).

We organize the rest of the paper as follows. In Section 2, we introduce the basic concepts and in Section 3 we develop Floquet
theory based on new periodicity concept on time scales. We end the paper by applying our results to stability analysis of linear
systems.

2. Preliminaries
2.1. Matrix exponential

In this section we give some basic definitions and results that we require in our further analysis.

A time scale, denoted by T, is an arbitrary, nonempty and closed subset of real numbers. A time scale may have a discrete
or connected structure as well as a hybrid structure consisting of intervals and isolated points. The operator o: T — T called
forward jump operator is defined by o (t) := inf{s € T, s > t}. The step size function u : T — R is given by u(t) := o (t) —t. We
say a point t € T is right dense if ©(t) = 0, and right scattered if u(t) > 0. Furthermore, a point ¢ € T is said to be left dense if
p(t) :==sup{seT,s <t} =t and left scattered if p(t) < t. A function f : T — R is said to be rd-continuous if it is continuous at
right dense points and its left sided limits exists at left dense points. The set T¥ is defined in the following way: If T has a left-
scattered maximum m, then T¥ = T — {m}; otherwise T = T. Moreover, the delta derivative of a function f : T — R at a point
t € T¥ is defined by

Agpy o i SO (8)) = f(5)
o ._s,lil?n(t]r) o(t)-s

Definition 1. A function p : T — R is said to be regressive if 1+ ¢ (t)p(t) # 0 for all t € T*. We denote by R the set of all regres-
sive functions.

Definition 2 (Exponential function). Let ¢ € R and u(t) > 0 for all t € T. The exponential function on T is defined by

ey(t,s) =exp (/S ﬁlog(l + u(@)e(2) Az).

It is well known that if p € R*, then ey(t, s) > 0 for all t € T. Also, the exponential function y(t) = ep(t, s) is the solution to
the initial value problem y2 = p(t)y, y(s) = 1. Other properties of the exponential function are given in the following lemma:

Lemma 1 ([12, Theorem 2.36] ). Let p, q € R. Then
i. eg(t,s)=Tandey(t, t)=1;
i ep((0).5) = (1 + HOPORYE.5):
1 _ _ p t .
il o = ecp(t,s) where, op(t) = ~ 0D’
iv. ep(t.s) = ep(]—st) =egp(s,t);
v. ep(t,s)ep(s, 1) = ep(t,1);
R 10
V1. (ep(-,s)) = _Eg(us).
Definition 3 (Matrix exponential). [12, Definition 5.18] Let ty € T and assume that A € R is an n x n matrix-valued function. The
unique matrix solution of the IVP
YA(t) =AY, Y(to) =1,

where I denotes as usual n x n identity matrix, is called the matrix exponential function, and is denoted by ex(., tp).

Theorem 1 ([12, Theorem 5.21]). Let A, B € R be n x n matrix-valued functions on time scale T, then we have

. eg(t,s)=1and ex(t, t) = I, where 0 and I indicate the zero matrix and the identity matrix, respectively;
- ea(0(t).5) = (I + (OA())ex(t, s):

. eplt.s) = e; ' (s, 0);

. ea(t,s)ea(s,r) = exl(t,r);

. ea(t,s)ep(t,s) = eapp(t,s), where

(A@B)(t) = A1) + B(t) + (H)A(D)B(E).

Theorem 2 ([12, Theorem 5.24] (variation of constants)). Let A € R be an n x n matrix-valued function on T and suppose that
f T — RM"is rd-continuous. Let ty € T and yo € R™. Then the initial value problem

yA =AMy + f(t), y(to) =¥o

DA WN -
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Table 1
Shift operators on some time scales.
T to T* 8_(s.t) 8+ (s,t)
R 0 R t—s t+s
Z 0 Z t—s t+s
g“uf{o} 1 ¢ ¢ st
NI/Z 0 NI/Z (tZ _ 52)1/2 ([2 +52)1/2

has a unique solution y : T — R". Moreover, this solution is given by
t
y(t) = ea(t, to)yo +/ ea(t,o (1)) f(T)AT.
to

2.2. Shift operators and new periodicity concept based on shift operators

In this section, we aim to introduce basic definitions and properties of shift operators. The following definitions, lemmas and
examples can be found in [1-3,5].

Definition 4 (Shift operators). Let T* be a nonempty subset of the time scale T including a fixed number t; € T* such that there
exists operators 8 : [tg, 00) x T* — T* satisfying the following properties:
1. The functions - are strictly increasing with respect to their second arguments, if
(To, t), (T, u) € Dy :={(s.t) € [tg, 00) x T* : §.(s, t) € T*},
then
To <t < uimplies 84 (To, t) < 6+ (Tp, u).
2. If (Ty, u), (T, u) € D_ with Ty < Ty, then §_(T;, u) > §_(Tp, u) and if (Tq, u), (T, u) € D4 with Ty < Ty, then 6, (Tq, u) <
8+ (Tz, U).
3. If t € [ty, 00) 1. then (¢, tp) € Dy and 8. (t, t) = t. Moreover, if t € T*, then (ty, t) € D4 and 84 (tp. t) = t.
4. ()If (s,t) € D4, then (5,84(s,t)) e D_and 6_(s, 8+ (s, t)) = ¢;
(b)If (s,t) € D_, then (s,8_(s,t)) € Dy and §,.(s,8_(s,t)) = t.
5. (a)If (s,t) e Dy and (u, 84(s,t)) € D_, then (5,8_(u,t)) € Dy and §_(u, §:(5,t)) = 6+(s, 5_(u, t));
(b)If (s,t) € D_ and (u, §_(s,t)) € Dy, then (s, 84 (u, t)) € D_and §, (u, 5_(s,t)) = 5-(s, 6+ (u, t)).
Then the operators §, and §_ are called forward and backward shift operators associated with the initial point ty on T* and the
sets D, and D_ are domain of the operators, respectively.

Example 1. Table 1 shows the shift operators §.(s, t) on several time scales.

Lemma 2. Let §.. be the shift operators associated with the initial point to. Then we have the following:

. o_(t.t) =toforallt € [ty, 00)p;

. 8_(tg, t) =t forallt e T*;

. If(s,t) e Dy, then 8. (s, t) = uimplies 5_(s,u) =t and if (s, u) € D_, then §_(s, u) = t implies §,.(s, t) = u;

.84 (t,8-(5,t9)) = 8_(s,t) forall (s,t) € Dy with t > to;

L6 (u,t) =64(t,u) forall (u,t) € ([tg, 00) x [tg. 00)p) N Dy

. 84(s.t) € [tg, 00)p forall (s, t) € Dy witht > ty;

. 6_(s,t) € [to, 00) forall (s,t) € ([tg, 00)p x [S, 00)p) ND_;

. If84(s. ) is A-differentiable in its second variable, then 8f‘ (s,.) > 0;

. 64(8-(u,5),6-(s,v)) =86_(u,v) forall (s,v) € ([ty. 00) x [5,00)1) ND_ and (u,s) € ([tp, 00) x [u, 00)) N D_;
10. If (s, t) e D_and §_(s, t) = to, thens = t.

OO g UT A WN =

Definition 5 (Periodicity in shifts). Let T be a time scale with the shift operators §.. associated with the initial point ty € T*, then
T is said to be periodic in shifts 8+, if there exists a p € (tp, co)r+ such that (p, t) € D forallt € T*. Pis called the period of T if

P =inf{p € (to, c0)- : (p,t) € D+ forallt € T*} > to.
Observe that an additive periodic time scale must be unbounded. The following example indicates that a time scale, periodic
in shifts, may be bounded.
Example 2. The following time scales are not additive periodic but periodic in shifts § ...
(Vt £ +/P)2 ift >0

1. Ty ={xn?:neZz}, 6+(P.t) = { £P ift=0, P=1,t=0,
—(J/=t++P)? ift<0
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2. Ty =q% 8:(P.t) =P*'t,P=q.to =1,
3. T3 = Unez[227, 2201, 8. (P, t) = PE1t, P=4,tg =1,
4. Ty ={7L; : q > 1is constant and n € Z} U {0, 1},

1+q"

In(+£)+n(-25)

( 1-t 1—1’)

q Ing q ]
§+(Pt) = , = , to==.
+(P.0) 4 g ) Trqg °° 2

Note that the time scale T4 in Example 2 is bounded above and below and

n
T; = {1:1_(],1:q> 1 isconstantandnez}.

Corollary 1. Let T be a time scale that is periodic in shifts §. with the period P. Then we have
8+(P,o(t)) =0 (8+(Pt)) forallt e T*. (2.1)

Example 3. The time scale T = (—oc0, 0] U[1, 00) cannot be periodic in shifts §... Because if there was a p e (to. 00)7. such that
S+(p. t) e T*, then the point 6_(p, 0) would be right scattered due to (2.1). However, we have §_(p, 0) < 0 by (i) of Definition 4.
This leads to a contradiction since every point less than 0 is right dense.

Definition 6 (Periodic function in shifts 5. ). Let T be a time scale that is P-periodic in shifts §.. We say that a real valued function
fdefined on T* is periodic in shifts §.. if there exists a T € [P, oo)7+ such that

(T,t) € D+ and f((Sl(t)) = f(t) forall t e T*, (2.2)
where 8L (t) = 8. (T, t). The number T is called the period of f, if it is the smallest number satisfying (2.2).

Example 4. Let T = R with initial point ty = 1, the function

f(t) =sin <mlr(11|$|2)n>’ t € R* := R—{0}

is four-periodic in shifts §.. since

ft4*)ift >0
fé=(4.6) = {f(t/4ﬂ) ift <0

o (Injt]£2In(1/2)

= sin In J¢] T2
- In(1/2)

o g
=M ina”
= f(©).

Definition 7 (A-periodic function in shifts §.). Let T be a time scale P-periodic in shifts. A real valued function f defined on T*
is A-periodic function in shifts if there exists a T € [P, co)+ such that

(T,t) e D.forallt e T (2.3)

the shifts 81 are A-differentiable with rd-continuous derivatives (2.4)
and

F(8L(®))8£7(t) = f(t) (2.5)

forall t € T*, where 81 (t) = 8. (T, t). The smallest number T satisfying (2.3-2.5) is called period of f.
Example 5. The function f(t) = 1/t is A-periodic function on gZ with the period T = q.
The following result is useful for integration of functions which are A-periodic in shifts.

Theorem 3. Let T be a time scale that is periodic in shifts . with period P € (tg, co)r+ and f a A-periodic function in shifts §+ with
the period T € [P, 00) .. Suppose that f € C.4(T), then

t SL(D)

F(s)As = / £(s)As.

to 81(to)

For more examples of periodic time scales, periodic functions and A-periodic functions in shifts, we may direct readers to [1].
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3. Floquet theory based on new periodicity concept

In this section we use Lyapunov transformation and construct a unified Floquet theory based on new periodicity concept
to give necessary and sufficient conditions for existence of periodic solutions of homogenous and nonhomogeneous dynamic
equations on time scales.

Hereafter, we suppose that T is a periodic time scale in shifts §. and that the shift operators §.. are A-differentiable with rd-
continuous derivatives. For brevity, we use the term “periodic in shifts” to mean periodicity in shifts .. Throughout the paper,
we use the notation 8L (t) to indicate the shifts 8 (T, t). Furthermore, we denote by aik) (T,t), k € N, the k-times composition of
shifts of 81 with itself, namely,

88T t) :=8T 08T 6.0 81(1).
N e’

k-times

Observe that, the period of a function f does not have to be equal to period of the time scale on which fis determined. However,
for simplicity of our results we set the period of time scale T to be equal to period of the all functions defined on T.

Definition 8. [16, Definition 2.1] A Lyapunov transformation is an invertible matrix L(t) Cr]d (T, R™™M) satisfying
[L©®) | < pand |detL(t)| = nforallt e T
where p and 7 are arbitrary positive reals.

3.1. Homogenous case

In this section we consider the regressive time varying linear dynamic initial value problem
X2(t) = A(D)x(t),  x(ty) = X0, (3.1)

where A : T*— R"™" is A-periodic in shifts with period T. Note that if the time scale is additive periodic, then 82 (T,t) = 1 and
A-periodicity in shifts becomes the same as the periodicity in shifts. Hence, the homogeneous system we consider in this section
is more general than that of [16,17].

In [18], the solution of the system (3.1) (for an arbitrary matrix A) is expressed by the equality

x(t) = ®a(t, to)Xo,
where ®4(t, ty), called the transition matrix for the system (3.1), is given by

t t T
CI)A(’:, f()) = I-l—/ A(Tl)A'Cl + / A(T])/ A(Tz)ATzAfl +...
to to to

t 151 Ti1
+ / A(ﬁ)/ A(rz).../ A(T)AT... AT + ... (32)
to to to

As mentioned in [16] the matrix exponential e4(t, t) is not always identical to ®4(t, ty) since

A(t)ea(t, to) = ea(t, to)A(t)
is always true but the equality

A(t)Da(t, tg) = Da(t, to)A(L)
is not. It can be seen from (3.9) that one has e4(t, ty) = Pa(t, tp) only if the matrix A satisfies

t t
A(t)/ A(T)AT = f A(T)ATA(D).
N N
In preparation for the next result we define the set
P(to) := {8 (T.t). k=0.1.2,...} (3.3)

and the function

o .
Ot) == > 8- (8V7(T. to). 89 (T. t0)) + G(b), (3.4)
j=1
where
m(t) := min {k eN: 80T, to) = t} (3.5)
and

(o ift e P(to)
G(0) = { =5 (.87 (T.to) ife ¢ Plto)
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Remark 1. For an additive periodic time scale we always have O (t) =t — t,.

For the construction of matrix R, a solution of the matrix exponential equation, it is necessary to define the real power of a
matrix.

Definition 9 (Real power of a matrix [ 16, Definition A.5]). Given an n x n nonsingular matrix M with elementary divisors {(A —
Ap)™i }Ll and any r € R, the real power of the matrix M is given by

g Am rery (Mo
M1=Z1:H(M)/\;[Z;,j!r(r—j+l)< Ai ) ’ G-7)
1= J=
where
R(X) :=a;(M)b;i(2),
bi(3) =15 (3 = Ay),
j=1

1 & g
p() ; A =2a)™

and p(X) is the characteristic polynomial of M.

It has been deduced by [ 16, Proposition A.3] that the set {P (M)}f:l is orthogonal. That is, for any r, s € R we have M**" = MSM".
In the following theorem we construct the matrix R as a solution of matrix exponential equation.

Theorem 4. Let M be a nonsingular n x n constant matrix. Then a solution R : T — C™" of the matrix exponential equation
er (8] (to). to) =M
can be given by
MieE®-00)] _ |

R(t) = lim o0 s . (3.8)
where I is the n x n identity matrix and ® is as in (3.4).
Proof. Let’s construct the matrix exponential function eg(t, to) as follows

ex(t, to) := MT9O fort > to, (3.9)

where @ is given by (3.4) and real power of a nonsingular matrix M is given by (3.7). To show that the function eg(t, ty) constructed
in (3.9) is the matrix exponential we first observe that

ex(to. to) = MTO®@ =

where we use (3.9) along with ©(ty) = G(ty) = 0. Second, differentiating (3.9) we obtain
eg (t. to) = R(t)er(t, to).

To see this, first suppose that t is right-scattered. Then, we have

er(o(t),to) —egr(t, to)

A
ex (t, tp) =
k (. 00) o) —t
M1©@®) _ Moo
a o(t) -t
1@ —®
B Mr[O@)-01)] _ IM%G)(t)
o(t)—t

= R(t)eR(t, t()).
If t is right dense, then o (t) =t. Setting s = t + h in (3.4) and using (3.9) we get

. ep(t+h, ty) —er(t,t
1 =ty TR 10
M%@(Hh) _ M19®

= lim
h—0 h
L1O(t+h)-6(t
:limMT[ (t+h) ()]_IM%(")“)
h—0 h

= R(t)er(t, to).
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In any case, we have eﬁ (t,to) = R(t)egr(t, tp). Finally, it follows from Lemma 2 that
O (81 (to)) = 8 (to. 81 (t0)) = 81 (to) =T,
and therefore,
er (81 (t0). to) = MTOCH@) =M.
The proof is complete. O
Corollary 2. The matrices R(t) and M have identical eigenvectors.
Proof. For any eigenpairs {A;, v;},i= 1,2, ..., n of M, we get by using Mv; = A;v; that

limM%[(a((r(t))—@(s)]Ui _ limk.%[g(“(t))_Q(s)]vi
s>t ! ’

s—t

This implies

S HOEE)-00)] 4
n (3.10)

R(t)v; = lim (U(t)_s

FCICIGIECION

Substituting y;(t) = lims_; (- . ) into (3.10) we conclude that R(t) has the eigenpairs {y;(t), v;}! ;. O

o(t)—s
Lemma 3. Let T be a time scale and P € R(T*, R™") a A-periodic matrix valued function in shifts with period T, i.e.

P(t) = P((S:TL (t))SﬁT (t).
Then the solution of the dynamic matrix initial value problem

YA(t) = P(t)Y(t), Y(ty) = Yo, (3.11)
is unique up to a period T in shifts. That is

®p(t, to) = Pp(81(t), 81 (to)) (3.12)
forallt e T*.
Proof. By [18, Theorem 3.2], the unique solution to (3.11)is Y(t) = ®p(t, ty)Yy. Observe that

YA(t) = Dp(t, to)Yo = P(O)Dp(t, t0)Yo
and

Y (to) = Pp(to, to)Yo = Yo.

To verify (3.12) we first need to show that <I>p(6fr (), (to))Yo is also solution for (3.11). Since the shift operator §. is strictly
increasing, the chain rule ([12, Theorem 1.93]) yields

[©0(87(0. 87(00))¥o]* = P(SL(®)88T (O (8L(1). 8T (t0))Yo
= P(f)‘bP(Si(f), 5I(f0))yo~
On the other hand, we have
Dp(81(t), 87 (fo))t:[OYo = ®p(81(to). 8 (t0))Yo = Yo.
This means ®p ((SJTr (t),sT (to))YO solves (3.11). From the uniqueness of solution of (3.11), we get (3.12). O
One may similarly prove the next result.
Corollary 3. Let T be a time scale and P € R(T*, R™™) be a A-periodic matrix valued function in shifts, i.e.
P(t) = P(Si (t))&i“ ).
Then
ep(t, to) = ep(87(t), 87 (to)). (313)

Theorem 5 (Floquet decomposition). Let A be a matrix valued function that is A-periodic in shifts with period T. The transition
matrix for A can be given in the form

®4(t, T) = L(t)er(t, T)L!(7), forallt, T e T*, (3.14)

where R : T — C™" is A-periodic function in shifts and L(t) e C:d (T*, R™M) is periodic in shifts with the same period T.
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Proof. Setting M := &4 (81(%), to) define the matrix R as in Theorem 4. Then we have

ER(8£(t0), to) = CDA (5:{_@0), to).

Define the matrix L(t) by

L(t) := @a(t, to)eg (t. to). (3.15)
Obviously, L(t) Crld (T*,R™M) and L is invertible. The equality

Du(t, to) = L(t)er(t, to), (3.16)

along with (3.16) implies
Pa(to, 1) = €' (t. o)L (£)
= eg(to, L1(D). (3.17)
Combining (3.16) and (3.17), we obtain (3.14). To show periodicity of L in shifts we use (3.12)-(3.13) to get
L(81()) = @a(87(t). to) e (87(t). to)
= @4 (81(t), 81 (t0)) @a (8 (to). to) er(to, 87 ()
= ®a(81(6), 87 (o)) @a(8] (t0). to)er(to, 81 (to) ) er (81 (t0), 81(1))
= D4(87(1), 81 (t0))er(87 (o). 87.(1))
= a(87(6). 8T (t0) ) ez (87(2). 8T (to))

= Dy(t. to)eg (¢, to)
= L(b).

This completes the proof. O

Hereafter, we shall refer to (3.14) as the Floquet decomposition for ®4. The following result can be proven similar to
[16, Theorem 3.7].

Theorem 6. Let ®4(t, tg) = L(t)er(t, ty) be a Floquet decomposition for ®4. Then, x(t) = D4(t, tg)Xg is a solution of the T-periodic
system (3.1) if and only if z(t) = L~ (t)x(t) is a solution of the system

Z2(t) = R()z(t), z(ty) = Xo.

Theorem 7. There exists an initial state x(ty) = Xo # 0 such that the solution of (3.1) is T-periodic in shifts if and only if one of the
eigenvalues of

ER(SI(tO), to) = dDA (81(1’0), to)
is 1.

Proof. Suppose that x(ty) = X and x(t) is a solution of (3.1) which is T-periodic in shifts. By Theorem 5, the Floquet decomposi-
tion of x is given by

x(t) = Da(t. to)xo = L(t)er(t. to)L ™! (to)Xo.
which also yields
xX(81()) = L(81.(t))er(81(t). to) L™ (to)Xo.
By T-periodicity of x and L in shifts, we have
er(t, to)L™ (to)xo = er (87 (t), to) L™ (to)Xo,
and therefore,
er(t. to)L™" (to)xo = e(87 (t). 81 (to) ) er (87 (to). to) L™ (t0)xo.
Since eg(81(t). 87 (t)) = er(t. to) the last equality implies
er(t, to)L ™" (to)xo = er(t. to)er (87 (o). to)L™" (to)Xo
and thus
L™ (to)xo = er (87 (to). to) L' (to)xo.

Since L~1(tg)xo # 0, we see that L~1(ty)x is an eigenvector of the matrix ey (BJTr (to), to) corresponding to an eigenvalue of 1.
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Conversely, let us assume that 1 is an eigenvalue of ey (81 (to), to) with corresponding eigenvector zo This means z is real
valued and nonzero. Using eg(t, tg) = eg (SIr (), 8T (tg)), we arrive at the following equality

z(81(t)) = er(81(t). to)zo
= eg (51 (t), 8" (tO))eR (51 (to). fo)Zo
= eR(Si(t)s 31(%))20
= eg(t, to)zo
=z(t),

which shows that z(t) = eg(t, tg)zq is T-periodic in shifts. Applying the Floquet decomposition and setting x := L(tg)zo, we obtain
the nontrivial solution x of (3.1) as follows

X(t) = Pa(t, to)Xo = L(D)er (L., fo) L™ (to)xo = L(Der(t. to)zo = L(t)z(t).
which is T-periodic in shifts since L and z are T-periodic in shifts. O

3.2. Nonhomogeneous case

Let us focus on the nonhomogeneous regressive time varying linear dynamic initial value problem
x2(t) = A()x(t) + F(t),  x(to) = Xo, (3.18)
where A : T*— R™", F € Cy(T*, R") N R(T*, R"). Hereafter, we suppose both A and F are A-periodic in shifts with the period T.
Lemma 4. A solution x(t) of (3.18) is T-periodic in shifts if and only ifx(él (t)) =x(t) forallt € T*.
Proof. Suppose that x(t) is T-periodic in shifts. Let us define z(t) as
z(t) = x(81(t)) — x(b). (3.19)
Obviously z(ty) = 0. Moreover, if we take delta derivative of both sides of (3.19), we have the following:
220 = [x(81(0) -x©)]"
=x2(81.(0) —x2(t)
=xA (SJTr (t))(SfT () —x2(t)
= A(81(0)x(8T.(0))82T(t) + F(8T.(0)) 827 (£) — A()x() — (D).
Since A and F are both A-periodic in shifts with the period T, we have
Z8(t) = A(Dx(81 (1)) + F(t) — A)x(t) — F(t)
=AM [x(81(®) —x(®)]
= A(t)z(t).
By uniqueness of solutions, we can conclude that z(t) = 0 and that X(STF (t)) =x(t) forallt e T*. O

Theorem 8. For any initial point ty € T* and for any function F, A-periodic in shifts with period T, there exists an initial state x(ty) =
Xo such that the solution of (3.18) is T-periodic in shifts if and only if there is no a nonzero z(ty) = zg and to € T* such that the
homogeneous initial value problem

Z8(t) =A®)z(t),  z(to) = 20, (3.20)
(where A is A-periodic in shifts with period T) has a T-periodic solution in shifts.

Proof. In [6], the following representation for the solution of (3.18) is given
t
X(t) = X(OX~'(T)x0 + / X)X (0 (5))F(s) As,
T

where X(t) is a fundamental matrix solution of the homogenous system (3.1) with respect to initial condition x(t) = xq. As it is
done in [6], we can express x(t) as follows

X(6) = ®A(t, to)Xo + /t "Dt 5 (5))F(s) As.

By the previous lemma we know that x(t) is T-periodic in shifts if and only if x(87 (ty)) = xo or equivalently

81 (to)
[ - @s(6 W) 0) o= [ @a(67(00). 0 (9)F(5) s (3.21)
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By guidance of Theorem 7, we have to show that (3.18) has a solution with respect to initial condition x(ty) = xo if and only if
er(87 (to). to) has no eigenvalues equal to 1.

Let eg(81.(17). 1) = ®4(81.(1). n). for some 1 e T*, has no eigenvalues equal to 1. That is,
det [I— 4(8T(1).n)] #0.
Invertibility and periodicity of ®4 imply
0 5 det [ @4(81(to), 8T () (I - @a(81(m), 1)) Pa(n, to) ]
= det[®4(87 (to). 81 (1)) Pa(. to) — Pa (8] (to). o) ]. (322)
By periodicity of @, the invertibility of [I — ®4 (8T (ty), tp)] is equivalent to (3.22) for any to € T*. Thus, (3.21) has a solution

1 i)
Xo = [I = @a(81(to). to) ] /[ D4 (81(t0). 0 (5))F(s) As

for any ty € T* and for any A-periodic function F in shifts with period T.
Suppose that (3.21) has a solution for every ty € T* and every A-periodic function F in shifts with period T. Let us define the
set P_(t) as

P(t)={kez:8% (T 1)
Itis clear that, P_(t) = P_(8T(t)). Additionally, let the function & be defined by
-1
0= JI ()
seP_(6)N[to.t)
= (27T, 1) x (82T(BD(T.0))) ™ x ... x (82T (8™ O (T.0))) ",

where m=(t) = max{k e Z : s (T, t) > to}. By definition of £, we have

£(8T()) I1 (527(s)) "

seP- (81.(6))[t0.87(0))

[T 6o

seP(On[t0.67(0)

o) I ()"
seP_(t)N[to.t)
= (857(0) '€ ).

which shows that & is A-periodic in shifts with period T. For an arbitrary t; and corresponding Fy, we can define a regressive and
A-periodic function F in shifts as follows

F(t) := Da(0 (£). 81 (t0))E (OF, t & [to. 8] (t)) N'T. (3.23)

Then, we have

81 (to) 81 (to)
/ (81 (t0). 0 (5))F(s)As = Ry / £(s)As. (3.24)
to to
Thus, (3.21) can be rewritten as follows
81 (to)
[1= ®4(87 (to). to) Jxo = / £(s)As. (325)
to

For any F that is constructed in (3.23), and hence for any corresponding Fy, (3.25) has a solution for xy by assumption. Therefore,
det [T — @4 (87 (to). to) ] # 0.

Consequently, eg (81 (o), to) = P4(87 (to). to) has no eigenvalue 1. Then, we can conclude by Theorem 7, (3.20) has no periodic
solution in shifts. The proof is complete. O

Example 6. Consider the time scale T = gZ that is g-periodic in shifts 8. (s, t) = s*1t associated with the initial point ty = 1. Let
us define the matrix function A(t) : T*— R™" as follows

10
wo-[L 9]

=
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Then
1 0 % 0
A(89(D))82(t) = g 1 | xa= | | =40
qt 0 1

which shows that A is A-periodic in shifts with period q.
Consider the system

L
XA(t) = ; x(t),
0 —
t

with the transition matrix ®4(t, 1) given by

e(t, 1) 0
CI)A(t, 1) = |: u 0 E]/r(t, 1)}7

where g-exponential function defined as

ep(t.to) = [] [1+(@@—Dsp(s)].

selto.t)

By (3.12), we get

Dp(89(1). 89(1)) = Da(t. 1)
and

0
%Mmﬂ=%mn=ﬁ }
Now, as in Theorem 4 we have
0
w@D=%@U:B ]:M
Then R(t) in the Floquet decomposition is given by

1 1
R(t) = Mi(@W@)-0@) _ [
0 = ! !

:ﬁ[qu—n

~ M

[w= BB
al Lo g

By (3.9), we have
ex(t. 1) = Mi®®
_ M%[5,(1,q)+,..+5,(rmm,l.r,,,(,,)]
— MaIm© — pm®
Then, the matrix function L which is g-periodic in shifts is obtained as follows:
L(t) = Pa(t, Deg'(t, 1)

t O|[gm™® 0o
o t 0 qm®
_[e ooz 0]_,
=lo ]lo 1"

since g™ = q=" =t~ for T = ¢Z.

1219
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Example 7. Suppose that T = U ([3*K, 2.3*k] U {0}. Then, T is three-periodic in shifts 5. (s, t) = s*1t. If we set A(t) = 1/t, then
we get

A(8=(3.1))82(3.1) =A(3t)3 = % = A(t)
which shows that A is A-periodic in shifts with the period 3. Consider the system
L
xA(t) = . x(t)
0o -
t

whose transition matrix is given by

(e 1) I:emg,l) 81”8’1)}.

Then

e13(3,1) 0
Da(83(1).1) = P43, 1) = [ ”30 e13(3, 1)}‘

As in Theorem 4, we can write that

es3.1) 0
er(3,1) = a3, 1) = [ 0 e15(3. 1)] =M

On the other hand, by (3.8) and (3.9) we have
er(t, 1) = M3©0

M3BmO-3"0/f ¢ & p(1)
=\ pmim© ift e P(1)’
and
M3 O ®)-0e)] _|
) sLt o(t)—s

%(Ma@@r)—@(m _D) ifo() =t

%log[M] ifo(t)=t

where P(t) and m(t) are defined by (3.3) and (3.5), respectively. Then we obtain the matrix function L(t) which is three-periodic
in shifts as follows:

L(t) = Pa(t, Deg'(t, 1)

-0
_ 61/t(t,1) 0 81/3(3,1) 0 ’
0 E]/t(l’, 1) 0 6’1/3(3, 1) ’

Example 8. Consider the time scale T = R that is periodic in shifts 8. (s, t) = s*!t associated with the initial point t; = 1. Let us
define the matrix function A(t) : T*— R™" as follows

! sin| 7 Int 0
A) t In2
B 0 ! sin| 7 Int
t In2
Then A(t) is A-periodic in shifts with the period 4. The following system

1. < Int )
—sin|m7T—— 0
t In2

XA (t) = X(t)
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has the transition matrix

_ eu([)(t,l) 0
q)A(t’ ]) = |: 0 eu(t)(ty 1) )

where u(t) = 1 sin (7 {2£). Moreover,

1 0
DA(81(1).1) = Pyp(4.1) = [0 1} =M.
Thus, R(t) is 2 x 2 zero matrix, and hence, eg(t, 1) = I. Finally, the matrix function L(t) which is four-periodic in shifts is obtained
as follows:
L(t) = a(t, 1)eg' (¢, 1)
= Ou(t, 1).

3.3. Floquet multipliers and Floquet exponents

In this section we investigate Floquet multipliers and exponents for the system (3.1). Let ®4(t, tg) be the transition matrix
and &(t) the fundamental matrix at t = 7 (i.e. ®(t) = I) for the system (3.1). Then, we can write any fundamental matrix W(t) as
follows

W(t) = D)W (1) or (1) = Dy(t, to) ¥ (to). (3.26)

Definition 10. Let x, < R" be a nonzero vector and W(t) be any fundamental matrix for the linear dynamic system (3.1). The
vector solution of the system with initial condition x(ty) = Xq is given by ®,(t, tg)xg. We define the monodromy operator M :
R" — R™ as follows:

M(x0) := (87 (to). to)Xo = W (87 (to)) ¥ " (to)Xo. (3.27)
The eigenvalues of the monodromy operator are called Floquet multipliers of the linear system (3.1).
Similar to [16, Theorem 5.2 (i)] we can give the following result.

Remark 2. The monodromy operator of the linear system (3.1) is invertible. In particular, every characteristic multiplier is
nonzero.

Theorem 9. The monodromy operator M corresponding to different fundamental matrices of the system (3.1) is unique.

Proof. Suppose that M; and M, are the monodromy operators corresponding to fundamental matrices W{(t) and W,(t), respec-
tively. By using Definition 10, we can express the monodromy operator M;(xg) corresponding to W,(t) as

Ma (o) = W (87 (to) ) W5 (to)Xo.
Using (3.26), we get
My (Xo0) = W2 (87 (to)) W5 (to)Xo
=Y, (ﬁ(fo))‘pz(f)‘l’{] (T)W;(to)xo
= W (81 (t0)) W1 (to)xo
= Mj (Xo).
The proof is complete. O
By using Theorem 5, (3.26) and (3.27), we obtain
Da(t, to) = Wi ()W (to) = L()er(t, to)L™ (to) (3.28)
and
M(x0) = @a (87 (to), to)xo = W1 (8] (to)) W1 (to)Xo. (3.29)
If we combine (3.28) and (3.29), we get
D (81 (to). to) = W1 (8T (to)) W1 (to) = L(8] (to))er (87 (to). to) L' (8] (t0)).
By using the periodicity in shifts of L, we have
P4 (87 (to). to) = L(to)er (8] (to). to)L™" (to).- (3.30)
Hence, we arrive at the next result:

Corollary 4. The Floquet multipliers of the system (3.1) are the eigenvalues of the matrix eg (8T (to), to).
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Definition 11 (Floquet exponent). The Floquet exponent of the system (3.1) is the function y (¢t) satisfying the equation

ey ((Sf_(to), fo) =A,
where A is the Floquet multiplier of the system.

eiwh 1

I . For

Definition 12 ([12, Definition 2.4]). Let 5% < w < %. Then Hilger purely imaginary number 1w is defined by o=
Z € Cp, we have Cl)Imh (z) € I;. Also 1w = iw provided h = 0.

Theorem 10. Suppose that y (t) € R is a Floquet exponent of the system (3.1) satisfying e, (zSJTr (to), to) = A, where A is corresponding

Floquet multiplier of the T-periodic system. Then y (t) & (f(ﬂ (2[”)" ; is also a Floquet exponent for (3.1) for all k € Z.
+to)—to

Proof. Forall k € Z and any t;, € T* we have

€y e (61(00).1) = & (37 o). t0),_s (6](00).10)

1 (t0)~to T (t)to

5 (1) log (1 + M(T)Cl)ﬂ(zg)li%)
/ AT
to /'L(T)

e, (SJTr (to), to) exp

. 5T (1) 10 (exp ( gf(’;;;(r%))
ey (81 (to). to) exp /[0 e AT

L) ok
. etk
ey (87 (to). to) exp (/ 8T (to) — to M)
€y (&Tr(t())s to)eian
ey (81 (to). to),

which gives the desired result. O

The next result can be proven similar to [16, Theorem 5.3].

Theorem 11. Let R(t) be a matrix function as in Theorem 4, with eigenvalues y1(t), ..., ya(t) repeated according to multiplicities.
Then y1‘ (©), ..., yX(t) are the eigenvalues of R¥(t) and eigenvalues of eg are s By

8P ()t

€ Z, then the
8P (t)—to

Lemma 5. Let T be a time scale that is p-periodic in shifts §+ associated with the initial point ty and k € Z. If

functionse. ,_, ande . , , arep periodicin shifts.
sL(to)~to 81(to)~to

8P (-t
8P (tg)—to

SO Tk
e L. (8P(0),¢ ex / — AT
S [0( +O. o) p( W 0P (to) — o )
5 2 t

( _famk 27k A'L’) exp ( p 27k Ar)

3+(f0) —to to 8% (to) — to
p ¢
2wk i 20 = exp plzim:
8% (to) —to to 64 (to) — to

i2mk
—— AT | =6 ,, t, t
to 5+(t0) —to ) oz (- 10)

which proves the periodicity of e o - The periodicity of e ¢ op Can be proven by using the periodicity of € omk
sT(t0)—1o 3T (t0)—to sT(r0)-1o

Proof. If € Z, then we have

exp

3L (to)~to

and

the identity ecq = 1/e4. O

8P (6)-t
8P (tg)—to i
scales that are periodic in shifts. For example for the two-periodic time scales 2% and U;;io[ﬁ", 2+ (k1] U {0} in shifts 8. (s, t) =

8P ()t
87 (to)—to

Remark 3. Note that the condition € Z holds not only for all additive periodic time scales but also for the many time

s*1t associated with the initial point ty = 1, the condition € Z is always satisfied.
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Theorem 12. If y(t) is a Floquet exponent for the system (3.1) and ®,(t, to) is the associated transition matrix, then there exists a
Floquet decomposition of the form

q)A (t, to) = L(t)eR(t, t())
such that y(t) is an eigenvalue of R(t).

Proof. Consider the Floquet decomposition ®,(t, ty) = f(t)eﬁ(t, tp). By Definition 11, there exists a characteristic multiplier A

such that e, (87 (to). to) = A. Moreover, there is an eigenvalue 7 (t) of R(t) so that e;, (87 (to). to) = A, where  (t) can be defined
as

2k
85 (to) — to
by Theorem 10. If we set

P =y o1

~ o 2mk
R(t) :=R(t) o1———1
© =R otz

and
L(t) := l(t)e __omk (t to).

') o fo

then we can write

~ o 2wk
R(t) :=R(t) d1——-—1I,
O =RO @5
and hence,
L(t)er(t, to) = L(t)e: i (¢t to)er(t, to) = L(t)e, . 1er (£ t0) = L(®)eg(t, o).

This means @, (t, ty) = L(t)eg(t, tp) is another Floquet decomposition where y(t) is an eigenvalue of R(t). O

Theorem 13. Suppose that X is a characteristic multiplier of the system (3.1) and that y(t) is the corresponding Floquet exponent.
Then, (3.1) has a nontrivial solution of the form

X(t) = ey (t.to)q(t) (3.31)
satisfying

x(&t(t)) = Ax(t),
where q is a T-periodic function in shifts.

Proof. Let ®y(t, tg) be the transition matrix of (3.1) and &, (t, tg) = L(t)er(t, tp) is Floquet decomposition such that y(t) is an
eigenvalue of R(t). There exists a nonzero vector u # 0 such that R(t)u = y (t)u, and therefore, eg(t, to)u = e, (t, to)u. Then, we
can represent the solution x(t) := ®4(t, tp)u as follows

x(t) = L(t)er(t, to)u = e, (t, to)L(t)u.

If we set q(t) = L(t)u, the last equality implies (3.31). Thus, the first part of the theorem is proven.
The second part is proven by the following equality.

x(81.(0) = e, (87(t).t0)q(87 (1))
= e, (81(). 81(t0))e, (81 (t0). to)q(t)
= ey (81 (o). to) ey (. to)L(t)u
= ey (81 (to). to)x(t)
= Ax(t).

O

The preceding theorem provides a procedure for the construction of a solution to the system (3.1) when a characteristic

multiplier is given. In the following theorem, we show that two solutions corresponding to two distinct characteristic multipliers
are linearly independent.

Theorem 14. Let A, and X, be the characteristic multipliers of the system (3.1) and y 1 and y, are Floquet exponents such that
ey (8T (to). to) = Ay, i=1,2.

If Ay # Ay, then there exist T-periodic functions q, and g in shifts such that
xi(t) = ey (¢, to)qi(t), =12



1224 M. Adwar, H.C. Koyuncuoglu / Applied Mathematics and Computation 273 (2016) 1208-1233

are linearly independent solutions of (3.1).

Proof. Let ®4(t,ty) = L(t)eg(t, tp) and y1(t) be an eigenvalue of R(t) corresponding to nonzero eigenvector vy. Since A, is an
eigenvalue of ®4(87(tp), to). by Theorem 11 there is an eigenvalue y(t) of R(t) satisfying

ey ((SI (to), t()) = )\,2 =€y, (81 (f()), to).

Hence, for some k € Z we have y,(t) = y(t) @ 120k

3T (to)~to
eigenvector of R(t) corresponding to eigenvalue y(t), then the eigenvectors vy and v, are linearly independent. Similar to the
related part in the proof of Theorem 13, we can state the solutions of the system (3.1) as follows:

X1 (t) =€y, (t, to)L(f)Ul (3.32)

. Furthermore, A; # A, implies that y(t) # y1(t). If v, is a nonzero

and
x2(t) = ey (t, to)L(t)va.

Since x1 (tp) = L(tp)vy and x,(tg) = L(to)v,, the solutions x;(t) and x,(t) are linearly independent. Moreover, the solution x, can
be rewritten in the following form

X2 ([’) =€y, (t, to)eyeyz (f, fo)L(t) %)

= ey, (t.to)e_; o (t.fo)L(D)Va. (3.33)
T (t0)~to
Letting q; (t) = L(t)v; and q(t) = e ° omk (t, to)L(t)v, in (3.32) and (3.33), respectively, we complete the proof. O
8L(tp) 1o

4. Floquet theory and stability
In this section, we employ the unified Floquet theory that we established in previous sections to investigate the stability
characteristics of the regressive periodic system
X2 (6) = A©)X(),  x(to) =Xo. (41)
We know by Theorem 4 that the matrix R in the Floquet decomposition of ®, is given by
10 )-66)]

D4 (81(t0). to) I
R(t) =1i 4.2
) =lim o) —s (42)
Also, Theorem 6 concludes that the solution z(t) of the regressive system
Z8(t) =R(®)z(t),  z(to) =Xo (43)

can be expressed in terms of the solution x(t) of the system (4.1) as follows: z(t) = L1 (t)x(t), where L(t) is the Lyapunov trans-
formation given by (3.15).
In preparation for the main result we can give the following definitions and results which can be found in [16].

Definition 13 (Stability). The time varying linear dynamic Eq. (4.1) is uniformly stable if there exists a positive constant « such
that for any ¢, the corresponding solution x(t) satisfies

X1 < allx(@)]l. t=to.

Theorem 15. The time varying linear dynamic Eq. (4.1) is uniformly stable if and only if there exists a « > 0 such that the transition
matrix ®, satisfies

| Pat,to)l| <, €=t

Definition 14 (Exponential stability). The time varying linear dynamic Eq. (4.1) is uniformly exponentially stable if there exist
positive constants «, f with —8 € R* such that for any t, the corresponding solution x(t) satisfies

(O < llx(to) lae_g(t. o).t =to.
Moreover, necessary and sufficient conditions for exponential stability can be stated as the following:

Theorem 16. The time varying linear dynamic Eq. (4.1) is uniformly exponentially stable if and only if there exist o, B > 0 with
—B € R such that the transition matrix O 4 satisfies

[®a(t,to)|l < ae_g(t, to), t=to.

Definition 15 (Asymptotical stability). The system (4.1) is said to be uniformly asymptotically stable if it is uniformly stable and
given any ¢ > 0, there exists a K > 0 so that for any ty and x(tg), the corresponding solution x(t) satisfies

(O < cllx(®@)]l. t=to+K
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Given a constant n x n matrix M, let S be a nonsingular matrix that transforms M into its Jordan canonical form
J:=S"'MS = diag[Jm, (A1), ..., Jm, (M) .
where k < n, ZL] m; = n, A; are the eigenvalues of M, and J;;(A) is an m x m Jordan block given by

A1
A1

.]m ()\) =

1
A

Definition 16 ([26] See also [ 16, Definition 7.1]). The scalar function y : T — C is uniformly regressive if there exists a constant
® > 0suchthat0 <01 < ‘1 +[L(t))/(f)‘, forallt e T¢.

Lemma 6. Each eigenvalue of the matrix R(t) in (4.3) is uniformly regressive.
Proof. Define A(t, s) by

A(t,s) := O(a () — O(s). (4.4)
As we did in Corollary 2, let

)\'%A(t,s)_l
i) =lim| —— ), i=1,2,....k
S

—t U(t)—s

be any of the k < n distinct eigenvalues of R(t). Now, there are two cases:
1. If|A;| > 1, then

TA(t.s) _

. i 1 . LA(t.s)
X — L — T k
11+ p@Oy(©O] = lim |1+ pu(s) O s = lim 7257 > 1.
2. 1If0 < [A] < 1, then,
LA(ts) 1 LA
: —1i i D B T TA(ts )
1+ 1 @Op®] = lim |1+ p(s) o5 | = lm A > |Aql.
If we set 0~ := min{1, [A{], ..., |X¢|}, then we obtain

)

0<67" < |1+ pm®Oy(t)

where we used Remark 2 to get 0 < -1, O

Definition 17 ([ 16, Definition 7.3]). A nonzero, delta differentiable vector w(t) is said to be a dynamic eigenvector of a matrix
H(t) associated with the dynamic eigenvalue &(t) if the pair satisfies the dynamic eigenvalue problem

wA(t) = HO)w(t) — E(Ow (t), teTk (4.5)
We call {£(t), w(t)} a dynamic eigenpair. Also, the nonzero, delta differentiable vector
Xi = ez, (t, to)w;(t), (4.6)

is called the mode vector of M(t) associated with the dynamic eigenpair {&;(t), w;(t)}.
Now, we can give the following results similar to [ 16, Lemma 7.4, Theorem 7.5]:

Lemma 7. Given the n x n regressive matrix K, there always exists a set of n dynamic eigenpairs with linearly independent eigenvec-
tors. Each of the eigenpairs satisfies the vector dynamic eigenvalue problem (4.5) associated with H. Furthermore, when the n vectors
form the columns of W(t), then W(t) satisfies the equivalent matrix dynamic eigenvalue problem

WA(t) = HOW(t) — WO (t) E(t), where E(t) := diag[&;(t). ..., & ()] (4.7)
Theorem 17. Solutions to the uniformly regressive (but not necessarily periodic) time varying linear dynamic system (4.1) are:

1. stable if and only if there exists a y > 0 such that every mode vector y(t) of A(t) satisfies || xi(t)]| <y < oo, t > to, for all
1<i<n

2. asymptotically stable if and only if, in addition to (1), || xi(t)|| = O, t > to, forall1 <i<n,

3. exponentially stable if and only if there exists y, . > 0 with —X € R* (T, R) such that || x;()|| < ye,(t, to), t > to, for all
1<i<n
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Definition 18. For each k € Ny the mappings hy : T x T — R, recursively defined by

t
ho(t.to) = 1. i (6. t0) = | (umw
to

h,(t,tg) At forn e N, 48
S*TU(T)—S) k( O) € No ( )
are called monomials, where A(t, s) is given by (4.4).

Remark 4. For an additive periodic time scale we always have ®(t) =t — tg, and hence, A(t,s) = o (t) —s.

Lemma 8. Let T be a time scale which is unbounded above and y(t) be an eigenvalue of R(t). If there exists a constant H > t,
such that

. (A )
Lt [_(H(G@_S)) Reuym} .0 o)

holds, then

tllm hk(ta to)ey (t, to) =0, ke Np. (410)

Proof. It suffices to show that lim;_, o hy(t, t0)eRe,, y (1) (t.to) =0 (see [20, Theorem 7.4]). We proceed by mathematical induction.
For k = 0, we know that hy(t, ty) = 1 and by [26], we have

[ll,n;o €Re, y;(t) (- to) = 0 forty e T.
Suppose that it is true for a fixed k € N and focus on the (k + 1)th step.

lim B (€ to)ege, (1) (£ o)

[t t
= lim 9%11m< A(T7 S) )hk(f,to)AT +/ 311m< A(I,S) )hk(rvtO)Ar}eeRe“y(t)(t’tO)]

t—o0 L to S—>T m to S—>T m
i I ; At s) s 1. A(t,s) €Re y(t)(t,to)
=1 1 B LT 1(N 1 2002 V(e tp) | e 27
lim _ERSlEtl <U(t) _S> k(t, to) +Jlim <a(t) — Jh(t.fo) oRe,y ()
1 A(t.s)
= lim lim, (U(t)is)hk(t’ tO)eREW(t) (t. to) )
(e ORe, y (t) ’
where we used (4.9) together with [12, Theorem 1.120] to obtain the second equality. Since
—Re,y (®)
Re, vi(t) = — —H7 7
SRe, (0) 14 u(H)Re,y ()
the last term in (4.11) can be written as
lim lims-~. (é\((ft).i)s)h"(t’ to)ere, y (1) (L to)
t—o0 GREM)/(I)
i | (L AORey )bt to)ege, 0 (¢ to)]
—00 . -1
L (ime (76%)) Reu(r ©)
1+ u(t)Re t)h,(t, to)e t, ¢
Stlim (1+ p(OReyy (0))hi(t, to) fi“y([)( 0) o)
i, |~ (limes (262)) Reu (7 ) |

Now, one may use (3.4) and (4.4) to get the inequality

[ ATACS) _q
1+ pu()Reyy(t) = 1+/L(t)11rr[1< ) = max {1, [A[}
S—

o(t)—s

which along with (4.12) implies
Him hyys (€ 0)ere, y o (- o) = 0

as desired. O
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Theorem 18. Let {y;(¢)}}", be the set of conventional eigenvalues of the matrix R(t) given in (4.2) and {w;(0)}}_; be the set of corre-
sponding linearly independent dynamic eigenvectors as defined by Lemma 7. Then, {y;(t), w;(t)}I, is a set of dynamic eigenpairs of
R(t) with the property that for each 1 < i < n there are positive constants D; > 0 such that

m;—1

Wil < D; ) hy(t, to), (413)
k=0

holds where hy(t, tp), k=0,1,...,m; — 1, are the monomials defined as in (4.8) and m; is the dimension of the Jordan block which
contains the ith eigenvalue, forall 1 <i <n.

Proof. By Lemma 7, it is obvious that, {y;(t), w;(t)}I_, is the set of eigenpairs of R(t). First, there exists an appropriate n x n
constant, nonsingular matrix S which transforms @4 (87 (to), to) to its Jordan canonical form given by

J = 57"04(81(t0). t0)S

_]m1 ()"1 )
]mz ()"2)
= . , (414)

]md ()\d) nxn

where d < n, Z}; m; =n, A; are the eigenvalues of @A(Sz(to), to). By utilizing above determined matrix S, we define the
following:

K(t) := S7'R(t)S

®4 (87 (to), to) T 1
- s-1<1im A1 (t). o) 3

st o(t)-s

1
S0, (8T (1), tg) s — 1
s>t o (t) ) '
This along with [16, Theorem A.6] yields

]%A(t,s) _1
o(t)y—s
Note that, K(t) has the block diagonal form
K(t) = diag[K; (t), ..., K;(t)]

K(t) = lim
s—t

in which each K;(t) given by

—/\i%m,sL1 %A(t,s))\i%/\(t.s)fl (2 %A(t,s)fk])}\i%m'ﬂ’”“ -
o (t)—s (o (H)—s)21 e (n—=1)!(o (t)~s)
)Li,lr Alt.s) 1 (HZQS %A(I.S)fk])l% A(ts)-n+2
Ki(t) := lintllq(t) = lin} o(t)-s (n=2)1(o ()-s)
S— S— .
AT
L To®-s = myxm;

It should be mentioned that, since R(t) and K(t) are similar, they have the same conventional eigenvalues

HA®S)]
Al —1
x —1i i B s
V.(t)—lsgrg( FORE ) i=12,....n,

with corresponding multiplicities. Moreover, if we set the dynamic eigenvalues of K(t) to be same as conventional eigenvalues
vi(t), then the corresponding dynamic eigenvectors {u;(t)}_; of K(t) can be given by u;(t) = S Twy(0).

We can prove this claim by showing that {y;(¢), u;(¢)}!_, is a set of dynamic eigenpairs of K(t). By Definition 17, we can write
that

u(t) = STTwA (D)
= STTR(OW;(t) — ST y(OHWF (t)
= KOS 'wi(t) — %i(H)S™'w? (1)
= K(®)u;(t) — yi(t)uf (¢v), 2)
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for all 1 < i < n and this proves our claim. Now, we have to show that u;(t) satisfies (4.13). Since {yi(t), ui(t)}L] is the set of
dynamic eigenpairs of K(t), it satisfies (4.15) for all 1 < i < n. By choosing the ith block of K(t) with dimension m; x m;, we can
construct the following linear dynamic system:

[0 _iAws) (+AE9) (FAE-1) (M2[ Faes)—K]) ]

(@ (O)—=s)A; (0 (H)—s)A;2! (n— 1)|(a(t) DY

0 INED) (Hk o TAS)— k])

(o (0)=5)A (n=2)1(o (t)—s)AI2

vA(t) = K(H)v(t) = lsig} 0 . . v(t), (4.16)
LA(t.s)
(0 (0)=5)Ai
0

where K;(t)(t) := K;(t) © y;(t)I. There are m; linearly independent solutions of (4.16). Let us denote these solutions by v; ;(6),

where i corresponds to the ith block matrix Kj(t) and j =1, ..., m;. For 1 <i < d, we define [; = i‘:}Jms, with mg = 0. Then, the
form of an arbitrary n x 1 column vector Upyj fori <j < mcan be given as

Uy j= [ 0,.. s 'J(t) 0,. O]]xn (4.17)
‘\/—’ ——
My+...+m;_q m; Mijq,. My
When we consider the all vector solutions of (4.15), the solution of the n x n matrix dynamic equation
UA(t) = K(HOU(t) —U° (H)T(t),
where I'(t) := diag[y; (t), ..., ya(t)], can be written as

U(l’) = [ul, o Ung, . .,U(Z;{jl mk), ey ll(ZL:1 mk), e, Ll(zg:1 mk)71, U,—,]

V11 V1,2 Ul,m]
V11 o Vim—1
V11

my xmy

vd,l Ud12 L. l/d.md
Vi1 Vi my—1
L Vd.1 Mg xmg 1 pxn
The m; linearly independent solutions of (4.16) have the form
Vi1 (t) = [Vim (). 0..... 0]} 4.
Via(t) = [Vim-1(6). Vim, (). 0..... 0], ;.
Vim, (€)= [v1(8), vi2(0), ..., Vim—1 (£), Vi, (f)]rTnixp
Then, we have the dynamic equations
Vi, (£) =0,
(t.9)]
 im [A .
1mx (t) m ot T(J(t) ))Livl,m, (t):
(Mizol FA (£, 5) — K1) A(t.s)
= lim 1 ——VUim,
lm z(t) st 2(0’(1’) —S))»iz 1m,(t)+ m e T(O’(l’) ) r,m,—l(t)’
M 3 At s) — K]
ll(t) = ( ) T Vi, ©

5—>f (mj = D)1(o (t) —s)A"™
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(T F A s) — k])

I =21 © —syam—2 Vi1 (O
+ ...+ lim (H,;EE(;;(E;)A; ) vi3(t) +lim %m(t)
Moreover, we have the following solutions:
U O =1, U1 (0) = Olg%vmﬁmt,
- '/: ST >
+/tutgg13 (nfi_"z")&:((:)s_)s);g Vim 1 (T)AT + . +/t:;ﬂ %v,,z(t)Ar.

Then we can show that each v; ; is bounded. There exist constants B; j, i =1, ..., dandj=1,..., m;, such that

’Ui,mI (t)‘ =1< Bi,miho(tv tO) = Bz m

L A(T,5) 1 [t A(T,5)
[Vim-1(0)] < /to lim (T(O(t;_ss)}w)vi,m,-(f)AT < 5 lim (o( = > )ho(f,fo)AT

= h];t)\‘tO) 1m, 1h1(t tO)
(Tkeol F A (7. 5) — K]) A(t,5)
|Vi,m,»—2(t)| =< /0 !LT 20 (0) —s))»iz Vi,m,-(T)AT'f'/ lim <w>vi,m,l(f)AT-

Since
0<O(0(r))—0O(s) <Tass— 1,

we get

‘TA(r s)—k’ <kass—tfork=1,2,....

Then
1 . A(t,s) 1 [t A(t,s)
|Um,v—2(t)| = m‘/;g EI_EI-} (O’('L')—S)hO(tvtO)AT + Tz)\,lz /;0 P_I;I;l (O’(‘L’)—S hl (T,tO)AT

hi(t.t)) | ha(t.to)
2TAZ T2)2

2
Bi,mi—ZZhj (t.to)

j=1

m;—1

|U1| < Bi,l Zhj(t, t()),

=1

If we set B; := max;_y _n{B;;} foreach 1 <i <d, we obtain

m;—1

llu, O < Bi Y hi(t. to)

k=0
forl<i<dandj=1,2,..., m;. Since w; = Su; we have

1229
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m;—1
Iwi@ 1l = lISu @)1l < IS8 Y hie(t. to)
k=0
m;—1
=D; ) h(t to),
k=0
where D; := ||S||8;, for all 1 <i < n. The proof is complete. O

Definition 19 ([16, Definition 7.8]). Let C, :={ze C:z # —ﬁ}. Given an element t € T¥ with u(t) > 0, the Hilger circle is
defined by

He:={z€Cy:Re,(z) <0}
If u(t) = 0, Hilger circle becomes
He :={z e C:Re(z) <0}.

Now, we can state the main stability theorem. This theorem shows strong relationship between the stability results of the
T-periodic time varying linear dynamic system (4.1) and the eigenvalues of the corresponding time varying linear dynamic
system (4.3).

Theorem 19 (Floquet stability theorem). Let T be a periodic time scale in shifts that is unbounded above. We get the following
stability results of the solutions of the system (4.1) based on the eigenvalues {y;(t)}!"_, of system (4.3):

1. If there is a positive constant H such that

1
te[}"lr,lot;)-[ |:_ <lsl—r>rt1 (UA(gS)S)> Re,Ly,-(t)j| >0 (4.18)

foralli=1,...,n, then the system (4.1) is asymptotically stable. Moreover, if there are positive constants H and ¢ such that
(4.18) and
—Re,yi(t) = ¢ (4.19)

forallt e [H,oo)yand alli=1,...,n, then the system (4.1) is exponentially stable.
2. If there is a positive constant H such that

. (AL ) _
i [‘(‘JL‘E <a(t)—s)> RW(“}—O (4.20)

foralli=1,...,n, and if, for each characteristic exponent with
Re, (yi(t)) =0forallt € [H, oo)r,

the algebraic multiplicity equals the geometric multiplicity, then the system (4.1) is stable; otherwise the system (4.1) is unstable.
3. If there exists a number H € R such that

Re, (yi(t)) > 0
forallt € [H,o0)T and somei=1,...,n, then the system (4.1) is unstable.

Proof. Let eg(t, tg) be the transition matrix of the system (4.3) and R(t) be defined as in (4.2). Given the conventional eigenvalues
{yi(©)}1, of R(t), we can define the set of dynamic eigenpairs {yl-(t), wi(t)}?=1 and from Theorem 18, the dynamic eigenvector

w;(t) satisfies (4.13). Moreover, let us define W(t) as the following:

W(t) = er(t, T)esz(t, 7) (4.21)
and we have
er(t,T) =W(t)ez(t, 1), (4.22)

where 7 € T and E(t) is given as in Lemma 7. Employing (4.22), we can write that

er(T, to) = ez (T, t)) W™ (to). (4.23)
By combining (4.22) and (4.23), the transition matrix of the system (4.3) can be represented by

er(t, to) = W(Dez(t, to))W ' (to), (4.24)



M. Adwar, H.C. Koyuncuoglu / Applied Mathematics and Computation 273 (2016) 1208-1233 1231

where W (t) := [w;(£), wy(t), .... wy(t)]. Furthermore, we can denote the matrix W~1(ty) as follows:
v} (to)
v (&
W1(to) = 2(_ o)
vy (to)

Since E(t) is a diagonal matrix, we can write (4.24) as

er(t.to) = > ey (t. to)W()EW ™ (to). (4.25)
i=1

where Fj 1= §; ; is n x n matrix. Using viT(t)wj (t) = §; j forallt e T, we rewrite F; as follows:
E=wW-1)[0,...,0,w(t),0,...,0]. (4.26)
By means of (4.25) and (4.26) we have

er(t.to) = Y ey, (t. to)wi(OV] (to) = > xi()V] (to).
i=1

i=1
where yx;(t) is mode vector of system (4.3).
Case 1. By (4.6), for each 1 < i < n, we can write that
di-1

XDl < DY _hy(t.to)]ey, (. to)]
k=0
di-1

< D;y Iyt to)ege, Y (R)
k=0

where D; is as in Theorem 18, d; represents the dimension of the Jordan block which contains ith eigenvalue of R(t). Using
Lemma 8 we get
}LH; hk(t, to)ERe#(yi)(t, tO) =0

foreach1 <i<nandallk=1,2,...,d; — 1. This along with Theorem 17 implies that (4.3) is asymptotically stable. By Theorem 6,
since the solutions of (4.1) and (4.3) are related by Lyapunov transformation, we can state that solution of (4.1) is asymptotically
stable. For the second part, we first write

di-1

XDl < DY _hy(t.to)]ey, (. to)]
k=0
di-1

< D) hi(t, to)ege, (, e (£ to)ece (¢, to). (4.27)
k=0

If (4.19) holds, then Re, (y;®¢) satisfies (4.9). Hence, by Lemma 8 the term hy(t, t0)eRe,, (o (L. to) converges to zero as t — oo.
That is, there is an upper bound C; for the sum Zi'j hy(t, to)eREM(yi)@g (t, to). This along with (4.27) yields

| Xi ()]l < DiCeece (t, to).
Thus, Theorem 17 implies that (4.3) is exponentially stable. Using the above given argument (4.1) is exponentially stable.

Case 2. Assume that Re; [y} (t)] = 0 for some 1 < k < n with equal algebraic and geometric multiplicities corresponding to y (t).
Then the Jordan block of y(t) is 1 x 1 and this implies

Xk () = Brey, (t. to).
Thus,

IA

Hm DO = im Biley, (¢, to)]
lim Brege, ) (¢ to)
=0.

By Theorem 17, the system (4.3) is stable. By Theorem 6, the solutions of (4.1) and (4.3) are related by Lyapunov transformation.
This implies that the system (4.1) is stable.

IA
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Case 3. Suppose that Re;,(y;(t)) > 0 for some i =1, ..., n. Then, we have
lim ||er(t, ty)|| = oo,
t—o00
and by the relationship between solutions of (4.1) and (4.3), we can write that
lim || P4(t, )| = oo.
t—o00
Therefore, (4.1) is unstable. O

Remark 5. In the case when the time scale is additive periodic, Theorem 19 gives its additive counterpart [ 16, Theorem 7.9]. For
an additive time scale the graininess function p(t) is bounded above by the period of the time scale. However, this is not true in
general for the times scales that are periodic in shifts. The highlight of Theorem 19 is to rule out strong restriction that obliges the
time scale to be additive periodic. Hence, unlike [ 16, Theorem 7.9] our stability theorem (i.e. Theorem 19) is valid for g-difference
systems.

We can state the following corollary as a consequence of Theorem 19.
Corollary 5. Consider the T-periodic linear dynamic system (3.1);

1. If all the Floquet multipliers have modulus less than 1, then the system (3.1) is exponentially stable;

2. If all of the Floquet multipliers have modulus less than or equal to 1, and if, for each Floquet multiplier with modulus less than 1,
the algebraic multiplicity equals to geometric multiplicity, then the system (3.1) is stable, otherwise the system (3.1) is unstable,
growing at rates of generalized polynomials of t;

3. If at least one of the Floquet multipliers have modulus greater than 1, then the system (3.1) is unstable.

Now, we can revisit our examples to make stability analysis:

Example 9. Let T = qZ, q > 1 and consider the following system
XA(t) = ADx(t)

L
= ; x(t). (4.28)
0o -
As we did in Example 6 we obtain R(t) as follows:
1
Rty=|t
o 1
t

Then R(t) has eigenvalues y; »(t) = 1/t and

Re, (712(0) = A (t)yl'/i(ér); -

@t - +1]-1
- qt —t

:l>0.
t

Thus, we can conclude by the preceding theorem that the system (4.28) is unstable.
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