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1. Introduction

Let (X1, Y1), ..., Xy, Y,) be independent copies of the bivariate random vector (X, Y) with joint distribution function
Fx y(x,y) = C(Fx(x), Fy(¥)), where C(u, v), (u, v) € [0, 1]? is the connecting copula. Denote by X;., and Y;., the rth and sth
order statistics of X1, X5, ..., Xpand Yy, Yo, ..., Y, respectively. The joint distribution of bivariate order statistics (X;.,, Ys.n)

can be easily derived from the bivariate binomial distribution, which was first introduced by Aitken and Gonin [1] in
connection with the fourfold sampling scheme. The bivariate binomial distribution can be described as follows: suppose that
our population consists of two independent samples and each sample has two individuals, A, A° and B, B¢, with probabilities
P(AB) = mq1,P(AB°) = m, P(A°B) = my; and P(A°B°) = my,, where Zij mj = 1. Under random sampling with
replacement n times, let £ denotes the number of trials in which A appears and 7 denotes the number of trials in which
B appears, respectively. The joint probability mass function of (¢, n) is

min(i,j)

. . n! i—k__j—k__n—i—j+k
PE=in=j}= E - . - T, Ty T ) (1)
keman(O i) Kli—k\G—k!n—i—j+k)!
wherei =0,1,...,n;j=0,1,...,n Formula (1) can be easily explained: if in n trials, A appears together with B k times

and together with B¢ i — k times, then B appears together with A° j — k times and B¢ appears together withA°n —i —j + k
times. The bivariate distribution given in (1) is called the bivariate binomial distribution. For some discussion of the bivariate
and multivariate binomial distributions, see [2-10].

Recently, Bairamov and Gultekin [11] have considered the novel trivariate and quadrivariate distributions constructed
on the basis of the bivariate binomial distribution. Note that the bivariate binomial distribution can be obtained from the
multinomial distribution if one sets AB = Cy, AB¢ = (;,A°B = (C3,A°B° = (4, P(C;) = p11, P(G3) = p12, P(C3) = pay,
and P(C4) = p2». If we denote by ¢; the number of cases in which C; occurs out of n repetitions, where i = 1, 2, 3, 4, then
(&1, &2, &3, &) is multinomial, & = &y + & and & = &1 + &s.
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Durante and Jaworski [ 12] considered the conditional distribution function of random variables (X, Y) given (X, Y) € %,
where $ is a Borel set in R? with joint distribution function

Hy(x,y) =P{X <x,Y <y | X,Y) € %},

and using this conditional distribution, introduced a threshold copula. The threshold copula has interesting and important
applications for studying the dependence among financial markets, especially regarding spatial contagion. For more recent
result concerning threshold copulas and contagion, see [13-16]. For some interesting applications of order statistics and
their concomitants, bivariate distributions and copulas, in insurance, see [17-19].

In this work, we consider the joint distribution of bivariate order statistics (X;.n, Ys.n) under the condition that h of the
random observations (Xi, Y1), ..., (Xp, Y,) are truncated, i.e., they fall in the set B,, = {(t,s) e R : t <u,s < v}, (u,v) €
R?, assuming P{(X,Y) € By} > 0. This conditional distribution is derived using novel modifications of the bivariate
binomial distribution introduced in Section 2 of this paper. The results obtained in this paper have applications for studying
the dependence among financial markets in crises or other extreme situations. The conditional bivariate order statistics can
also be used in reliability analyses for studying the mean residual life functions of complex systems.

The statistical theory of reliability considers systems that consist of n components, and the lifetimes of these components
are assumed to be nonnegative random variables. Recently, Bairamov [20] considered complex systems that consist of n
elements, which each contain two or more components, and studied the reliability properties of such systems. Let a system
consists of n elements, and assume that each element has two components, (A;, B;), i = 1, 2, ..., n. Let X; be the lifetime of
the component A; and Y; be the lifetime of the component B;, i = 1, 2, ..., n. Then, (X;, Y;) represents the lifetime of the ith
element. Assume that the components of the ith element are dependent, i.e., X; and Y; are dependent random variables with
joint distribution function F(x,y). As an example, Bairamov [20] considered (r, s)-out-of-n systems, which function if and
only if at least r of the n components Ay, A, ..., A, and s of the n components By, B, ..., B, function. Then, the reliability
of such a system is

P{T >t} = P{Xn—r+1:n > t, Ynosy1m > t},

where T is the lifetime of the system and (X;.,, Ys.,) is the vector of bivariate rth and sth order statistics constructed from the

sample (X1, Y1), (X2, Y2), ..., (Xy, Y;,). The mean residual life function of an (r, s)-out-of-n system with intact components
at time ¢ is
¢r,s:n(t) = E{T —t |X1:n >t Yin > t}
= E{T),.},

r,smn

where T,(fgm is a conditional random variable defined as Tr(fs);n = (Xp—r+1n — t, Yn_s+1:n — t | { none of the components has

failed at time t}). It is clear that to evaluate &, ., (t), we must know the survival function of the conditional random variable
r(ts)n i.e., the survival function of conditional order statistics, which is the subject of the present paper.

This paper is organised as follows: In Section 2, we consider novel trivariate distributions obtained from bivariate
binomial distributions by introducing new events in a fourfold model. In Section 3, using the modified trivariate distributions
we introduce, the conditional distributions of bivariate order statistics (X;.,, Ys.n), 1 < r, s < n constructed from bivariate
observations (X;,Y;), i = 1,2,...,n are derived, where we assume that a certain number of these observations are
truncated, i.e., fall in the threshold set {(t, s) € R%, t < u, s < v}, where (u, v) € R2.

1.1. The modified binomial distribution

Consider a fourfold sampling scheme, i.e., suppose that the outcome of the random experiment is one of the events A or
A€ and simultaneously one of B or B® with the probabilities P(AB) = 11, P(AB®) = w13, P(A°B) = 51 and P(A°BY) = 1y,
where Zij m;j = 1. More precisely, in this scheme, the event A occurs together with B or B° and the event B occurs together
with A or A. Therefore, the possible outcomes of the experiment are AB, AB, A°B and A°B°. We will refer to this sampling
scheme as the fourfold sampling scheme. We may also refer to this sampling scheme as a fourfold experiment. If we repeat
the fourfold experiment independently n times, then we will use the expression “in n independent fourfold trials” or “in n
independent trials of the fourfold experiment”.

In this fourfold experiment setup, for further modifications of the bivariate binomial distribution, we consider the
following four cases:

1. Together with A, B, A, B¢, the event C can also occur in the experiment, where C C AB.
2. The events C and D can also occur, where C C ABand D C AB°.

3. We assume that the events C and E can also occur, where C C ABand E C A°B.

4. The events D, E and F can also occur, where D C AB*, E C A°Band F C A°B°.

Note that these four cases describe different situations and must be considered separately.
According to these four cases, we consider n independent trials of the fourfold experiment and define the random
variables &, n and ¢ as follows:
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Definition 1. (a) IfC C AB, then &, n and ¢ are the number of occurrences of the events A, B, C, respectively.
(b) Let C € ABand D C AB°. Denote by &, 5, ¢ the number of occurrences of the events A, B, C U D, respectively.
(c) In the case in which, C € ABand E C A°B, we denote by &, 1 and ¢ the number of occurrences of the events A, B, CUE,
respectively.
(d) ForD C AB°,E C A°Band F C A°B¢, the random variables &, n and ¢ denote the number of occurrences of the events
A, B, D UE UF, respectively.
(d1) If D C AB*,E C A°Band F C A°BS, then &, n and ¢ are the number of occurrences of the events A, B, ABUD UE UF,
respectively.

Note that, the events C, D, E and F are distinct for each case (a), (b), (c), (d) and (d1) and &, n, ¢ denote distinct random
variables for each case, i.e., £, n and ¢ in (a) are distinct from &, 1 and ¢ in the other cases. We prefer to use such notation to
avoid introducing a tremendous number of letters. Therefore, each of the cases (a), (b), (c), (d) and (d1) must be considered
separately. The joint distributions of the random variables &, n and ¢ for each of the cases (a), (b), (¢), (d) and (d1) are given
in the following Theorems 1-4.1.

Theorem 1. In the fourfold sampling scheme, let C C AB and &, n, { be the number of occurrences of the events A, B, C in n
independent trials, respectively (case (a) in Definition 1). Then, the joint probability mass function of &, n and ¢ is

b
=) Ci(m; h, k, i, HP(O)"[P(AB) — P(C)]*"P(AB) *P(A°BY *P(A“B)" "I, (2)
k=a
where
n!
Ci(n; h, k, i, j) =

k=G — k)G — k)l n—i—j+ k)
a=max(0,i+j—n); b =min(,j); i,j=0,1,...,m
h=0,..., minG,j).

Proof. If £ = i, we consider all possible cases of the occurrence of the event A and we indicate these casesask =0, 1, ...,
then A occurs together with B k times and together with B® i — k times. { = h indicates that C occurs h times. Because
C C AB, h may be at most min(i, j) because £ = i, n = j. Then, AB\ C = AB N C° occurs k — h times. = j implies that if
B appears together with A® j — k times, B® appears together with A° n — i — j + k times. Schematically, this situation can be
described as follows:

A\B | B B

e k times i — k times
A c times AB AR

C n—i—j+k
ac | pcg I ktimes AB® times

Therefore, it is clear that if we repeat the experiment n times, then h outcomes of the event C can be observed in (2) ways
and k — h outcomes of the event AB \ C can be realised in (Z:Z) ways. Then, i — k outcomes of the event A can be observed
with B¢ in (”’tﬂ’(‘"”) = (:’:,’:) ways and A° can be realised together with B in (””‘j:(lj’k)) - (;:k’ ) ways.

Thus in n independent trials, the number of possible cases in which A appears i times, B appears j times and C appears h
times is

<n> (n—h) (n—k) (n—i) _ n!
h/ \k—nh i—k)\j—k) h(k—m!G—kIG—k(n—i—j+k)!

with probability,

P(C)h[P(AB) _ P(C)]kfhp(ABC)ika(ACB)jka(ACBC)n*ifj+k.

Itis clear that max(0,i+j — n) < k < min(i,j)andi,j=0,1,...,n; h =0,...,min(i,j). O
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Remark 1. If C = AB, then &, 5, ¢ are the number of occurrences of the events A, B, AB in n independent trials, respectively.
In this case, from (2) we have
n!
P = l.’ = ., = h = A . .
E=hn=J¢=n= G i —i—j !
i,j=0,1,...,n; h = max(0,i+j—n), ..., min(i,J),

P(AB)"P(AB*)""P(A°BY~"P(A°B)" ", (3)

and (1) is the marginal probability mass function (p.m.f.) of (3).

Theorem 2. Consider the fourfold sampling scheme and assume that C C ABand D C AB°. Let &, n and ¢ be the number of
occurrences of the events A, B, C U D in n independent trials, respectively (case (b) in Definition 1). Then, the joint probability
mass function of £, nand ¢ is

Py(i,j,h) = Pl =i,n =j,¢ = h}
b h
= Go(n; k, 1, h, i, ))P(C)'[P(AB) — P(C)1*'P(D)"!
k=a [=0

x [P(AB°) — P(D)]~*"p(acBY P (aB)" Ik, (4)
where
n!
k= DI(h = DI — k— h+DIG — k)l —i—j+ k!’
a=max(0,i+j—n); b=minG,j); i,j=0,1,...,m
h=0,1,....0

Gk, L h,i,j) =

Proof. We know the implications of £ = i and n = j from the proof of Theorem 1. Unlike in the previous theorem, ¢ = h,
i.e.,, C UD occurs h times. Because C C ABand D C AB°, CUD C ABUAB = A. Therefore, h can be at most i because & = i.
Then, indicating all possible cases of the occurrence of event Cby ! = 0, 1,2..., one observes that D occurs h — I times.
Hence, AB\ C occurs k — [ times and AB \ D occurs i — k — (h — [) times. Then, similar to the proof of Theorem 1, all possible

cases of the occurrence of the event {¢ =i, n = j, { = h} can be schematically described as follows:
A\B | B B
Itimes k times I times i — k times
1 - C
A c AB D AB
j — k times n—i—j+ ktimes
A€ A°B A°B°

n
1

> ways. Therefore, h — [ outcomes of the event D can be realised in ("*l,;’,‘*’)> = (';:’l‘)

Then, in n independent repeated trials, [ outcomes of the event C can be observed in ( ) ways and k — [ outcomes of the

n—I

event AB\ C can be realised in (,H

n—k—(h—I)

ways and i — k — h + [ outcomes of the event AB® \ D can be realised in ( i kht

. . n—k—h+Il—(G—k—h+l) \ _ [ n—i
with Bin ( ik ) = (jfk) ways.

Thus in n independent trials, the number of possible cases in which A appears i times, B appears j times and C UD appears
h times is

<n <n—l (n—k n—k— (-1 n—i)_ n!
l) k—l) h—l)(i—k—h—f—l)(j—k TNk —=D'(h—=DWi—k—h4+DIG—k!n—i—j+k)!

and each case has the same probability,

P(C)'[P(AB) — P(C)]*"'P(D)""'[P(AB") — P(D)]™*"*'P(A"BY ~*P(A°B°)" /%,

) ways. Then, A° can be realised together

It is clear that max(0,i+ j — n) < k < min(i,j) andi,j=0,1,...,n; h=0,1,...,i. O

Theorem 3. Let C C ABand E C A°Bin the fourfold sampling scheme. Assume that &, n and ¢ denote the number of occurrences
of the events A, B, C U E in n independent trials, respectively (case (c) in Definition 1). Then, the joint probability mass function
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of E&,nand ¢ is
b h
=YY Gk 1 h,i, )P(C)'[P(AB) — P(C)]*"'P(AB)
k=a 1=0
x P(E)hfl[P(ACB) _ P(E)F7k7h+lp(ACBC)n7i7j+k, (5)
where

n!

l!(k—l)!(i—k)!(h—l)!(j—k—h—i—l)!(n—i—j—i—k)!;
a =max(0,i+j—n); b = min(i,j); i,j=0,1,...,n;
h=0,1,...,j.

Gk, L hi,j) =

Proof. This theorem can be proved in a manner similar to the proof of Theorem 2 using the below schematic representation:

A\B | B B
e k times i — k times
A c times AB AB¢
O
PR j — k times n—i—j+ ktimes
A° P times AB ABE

Theorem 4. In the fourfold sampling scheme, let D C AB°,E C A°B,F C A°B‘ and &, n, ¢ be the number of occurrences of the

events A, B, DUE UF in n independent trials, respectively (case (d) in Definition 1). Then, the joint probability mass function of
&, nand ¢ is

i—k j—k
=YD Caln; k,p,q, h,i, )HP(AB)* x P(DY’[P(AB°) — P(D)]*PP(E)°
k=a p=0 q=0
x [P(A°B) — P(E)Y %% x P(F)" P~9[P(A°B°) — P(F)]"~ "I Hk-tpta, (6)

where
n! 1

X ;
kpli—k—plg!—k—!th—p—q! M—i—j+k—h+p+q)!
a=max(0,i+j—n); b =min(i,j); i,j,h=0,1,...,n

C4(n; ka D, q, h7 l?]) =

Proof. The schematic representation for this theorem is as follows:

A\B | B B¢
P i—k
. . times
A k times D times AR
j—k P
q . h—p—q n—i—j+k
. times . 3
times times times
C C CcRpc
A E A°B F A'B

For clarity of explanation, we denote by (M) the number of occurrence of any event M in n independent trials of the
fourfold experiment. Because D U E U F occurs h times, i.e.,{ = hand DNENF = &, h = u(D) 4+ n(E) + u(F), where
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u(D) = p, u(E) = q, u(F) = h — p — q are the number of occurrences of the events D, E and F, respectively. Then, the
number of occurrences of AB is k, of AB° \ Disi — k — p,of AB\ Eisj— k —qand of AB° \ Fisn—i—j+k— (h—p—q).
The implications of £ = i and n = j are also known from the proof of the first theorem.

Therefore, it is clear that if we repeat the experiment n times, then k outcomes of the event AB can be observed in

(”) ways, p outcomes of the event D can be observed in (”;"

" ) ways and i — k — p outcomes of the event AB°\D can be

n—k—p

realised in ( i_,(_p) ways. Then, g outcomes of the event E can be observed in (”_"_p;(i"“”)) = (";l) waysandj—k —q

n—i—q

outcomes of the event A°B \ E can be realised in (j_q_k

n—i—q—(—k—q) \ _ ([ n—i—j+k
( h—p—q ) - ( h—p—q )Ways.
Thus in n independent trials, the number of possible cases in which A appears i times, B appears j times and D UE U F
appears h times is

(ﬂ) n—k n—k—p n—i n—i—q n—i—j+k
k p i—k—p q j—k—q h—p—q
. n! 1

Ckpli—k—=p)lg!G—k—qh—p—q)'(n—i—j+k—h+p+q)

and each case has equal probability,

) ways. Finally, h — p — q outcomes of the event F can be realised in

P(AB)*P(D)’[P(AB) — P(D)]" *PP(E)![P(A°B) — P(E)} *"9P(F)" P~9[P(A°B‘) — P(F)]" " tk-Itpta,
It is clear that

a=max(0,i+j—n); b = min(i,j); i,j,h=0,1,...,n. O

Theorem 4.1. In the fourfold sampling scheme, let D C AB°,E C A°B,F C A°B® and &, n, ¢ be the number of occurrences of
the events A, B, ABU D U E U F in n independent trials, respectively (case (d1) in Definition 1). Then, the joint probability mass
function of &, nand ¢ is

Py1(ij, ) =P =in=j.¢=h}

b i—k j—k
=Y > Car(n;k,p,q, h,i,)P(AB)* x P(DY’[P(AB) — P(D)]"*"P(E)*
k=a p=0 q=0
x [P(A°B) — P(E)Y ¥4 x P(F)"P~9¥[P(A°B") — P(F)|"~ " H2k-htpta, (7)

where

n! 1 )
kpli—k—p)g!G—k—q)!(h—p—q—k)!(n—i—j+2k—h+p+q)!°
a=max(0,i+j—n); b = min(,j); i,j,h=0,1,...,n.

Caa(n; k,p,q, h,i,j) =

Proof. The proof of this theorem is similar to the proof of Theorem 4. O

2. Conditional distributions of bivariate order statistics

Let X1, Xo, ..., Xpand Yy, Yo, ..., Y, be i.i.d. random variables with distribution functions Fx (x) and Fy (y), respectively.
Let (X1, Y1), ..., (X, Y,) be a bivariate sample with joint distribution function F (x, y). Additionally, let X;., < Xo.,, < --- <
Xun, Yin < Yo < --- < Y., be the corresponding marginal order statistics with distribution functions

00 = PXen <X} = ) (7) F'T1—FI"™,

F"0) = P{Yen <y} = ) (7) FOYIT = Fo)I"™.

J=s

The joint distribution function of X;., and Y., can be obtained easily from the bivariate binomial distribution if one considers
the fourfold model with A = {X; < x} and B = {Y; < y}. Then, P(AB) = P{X; < X, Y; <y} = 711, P(AB°) = P{X; < x,Y; >
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y} = w12, P(A°B) = P{X; > x,Y; <y} = my,and P(A°B) = P{X; > Xx,Y; > y} = 7. If £ and n are the number of
occurrences of events A and B in n independent trials of the fourfold experiment, respectively, then it is clear that

P{Xpn < X, Ysn <y} = ZZP{‘E—I n =j}
i=r j=s
n n b

n! kzk}knt—1+k
= ZZ K — G — k)l n—i—j+ k1172 Tar T2 =

i=r j=s k=a

where

711 =FRx,y),
12 = Fx(x) — F(x,y),
1 =F () —Fx, ),
72 = 1= F®X) — F(y) +Fx,y),
and a = max(0, i+ j — n), b = min(i, j) (see [21]).
Now, we are interested in the conditional joint distribution of bivariate order statistics under the condition that h of the
bivariate observations (X;, Y;), i = 1, 2, ..., nare truncated and belong to the set

B, ={(t,s) eR*:t <u,s <v}, (u,v)eR>.

Lemma 1. Let (X,Y) be a bivariate random vector with joint distribution function F(x,y) and (Xi, Y1), ..., (Xn, Y,) be
independent copies of (X, Y).If Xy, Ysn), 1,5 = 1,2, ..., nis the vector of bivariate order statistics and B is any Borel set
on R?, then
Frsn(,y | u,v) = P{Xen <X, Yo <y | hof (X1,Y1),..., Xy, Yy) belong to B}
_ 1
(M P{X.Y) € BI'P{(X,Y) € Bc}nh
n n
X Z ZP{exactly iof X's <x, exactlyjof Y's <y, exactly hof (X;,Y:)'s € B}, (8)
i=r j=s

where B¢ = R? \ B is the complement of B.

Proof. From the conditional probability formula, one has
P{X;., <x,Ysn <y | hof (Xy,Y1),..., X, Y, belong to B}
P{X;.n < x, Ysn <y, hof (X, Yl), ..., (X, Yy) belong to B}
- P{h of (X1, Y1), ..., Xy, Y,) belong to B} :

(9)

Because the random vectors (X;, Y;), i = 1, 2, ..., n are assumed to be independent and identically distributed, then from
the binomial distribution, one has

P{hof (X1, Y1), ..., (X, Y,) belong to B} = (Z) P{(X,Y) € B)"P{(X,Y) € B}" " (10)

Now, (10) and (9) imply (8). Thus, the lemma is proved. O

For deriving the conditional distribution function of bivariate order statistics F; 5., (x, ¥ | u, v), we consider the following
four possible cases:

Casea: u <x,v <y.
Caseb: u <x,v >y.
Casec: u>x,v <}.
Cased: u>x,v >y.

Description of Casea. If u < x,v <y, then wedenote A = {X; < x},B={Y; < y}and C = {X; < u, Y; < v}. Let & be the
number of observations (X;, Y;), i = 1, 2, ..., n, for which X; < x, n be the number of observations for which Y; < y and ¢ be
the number of observations for which X; < uand Y; < v. It is clear that C C ABand &, n, ¢ are the number of observations in n
independent trials of the fourfold experiment of the events A, B and C, respectively, as in case (a) of Definition 1. We have
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P(C) =P{X <u,Y < v} =F(u,v), (11)
P(AB) —P(C) = PIX <x,Y <y} —PX <uY <v}
= F(x,y) — F(u,v), (12)
P(ABY) =P{X <x,Y >y} =Fx(x) —F(x,y), (13)
P(A'B) =P{X > x,Y <y} =F,(y) — F(x, ), (14)
PABY) = P{X > x,Y > y} = F(x, y). (15)
Theorem 1a. If u < x, v <y, then
Fon@y [u,v) = PXpn <X, Yen <y [ hof (X1, Y1), ..., (Xy, Yy) belong to By, }
1 n n b ' o X
= () F o'l — Fa ot 2 ; 2 il bk DFG )
x [F(x, y) — F(u, )] "[Fx (0) — Fx, )7 Fy () — Fx, )P 4F (e, )" 7 (16)

h=0,1,...,min(r,s) and
FY (x,y|u,v) =0 if min(r,s) <h <n,

r,s:n
where

!
Ciln; b, k. i, j) = T I
Wk — G- k)G — k) —i—j+ k)

a=max(0,i+j—n); b = min(i, j).

Proof. Because P{(X,Y) € B,,} = F(u,v) and P{(X,Y) € B;,} = 1 — F(u, v), from Lemma 1, we have

FO Yy | u,v) = P{Xpn <X, Yen <y | hof (X1, Y1), ..., (Xa, Yn) belong to By, }

r,sm
1

i=r j=s

Now, (16) easily follows from Theorem 1, from the Description of Case a and the equalities (11)-(15). Fori = r,j = s, and
h = min(r, s), the probability

P{§ =i,n=j,¢ =h}

does not vanish. Fori = r + 1,j = s,r < s,and h = s + 1, this probability vanishes because C C AB and the number of
occurrences of C cannot exceed the number of occurrences of AB({§ = i, n = j} implies that the number of occurrences of
AB is min(i, j)). Therefore, for the values of (i, j) = (r,s), (r + 1,s), (r,s+ 1), ..., (n, n), the value of h will vary from 0 to
min(r,s). O

Description of Caseb. If u < x,v > y, then we denote A = {X; < x},B = {Y; < y},C = {X; < u,Y; < y}and
D = {X; < u,y < Y; < v}. Let & be the number of observations (X;,Y;), i = 1,2,...,n, for which X; < x, n be the
number of observations for which Y; < y and ¢ be the number of observations for which X; < uand Y; < v. It is clear that
C C AB,D C AB and &, n, ¢ are the number of observations in n independent trials of the fourfold experiment of the events A, B
and C U D, respectively, as in case (b) of Definition 1. We have

P(O)=P{X <u,Y <y} =F(u,y), (17)
P(AB) —P(C) = PX <x,Y <y} —-P{X=<u Y=<y}

= F(va)_F(u7y)7 (18)
PD)=P{X <u,y<Y <v}=F(u,v)—F(u,y), (19)
P(AB°) —P(D) = PIX <x,Y>y}—-P{X<uy<Y <v}

= Fx(x) —F(x,y) — F(u,v) + F(u,y), (20)
P(A°B) = P{X > x,Y <y} =Fy(y) — F(x,¥), (21)

PABY) = P{X > x,Y > y} = F(x, y). (22)



I. Bayramoglu, G. Kemalbay / Journal of Computational and Applied Mathematics 248 (2013) 1-14 9

Theorem 2a. If u < x, v > y, then

F(Z) (X7y | u, U) = P{Xr:n <X, Ys:n <y | hOf (Xh Y])a LR R) (Xn; Yn) belongto Buv}

r,s:mn 1 N . , " -
TR, oM = Fat o 33D Gk L h i jF(u,y)

(Z i=r j=s k=a =0
X [F(x,y) = F(u, )1 '[F(u, v) — F(u, )" o N
x [Fx(x) — F(x,y) — F(u, v) + F(u, I "y () — Fx, )PV *F(x, y)" 1K, (23)

h=0,1,...,r and
F2.xylu,v)=0 ifr<h<n,
where
n!
k=D —Dii—k—h+DIG— Rl —i—j+ 0!
a=max(0,i+j—mn);  b=minG,j).

Gk, L hi,j) =

Proof. Similar to the proof of Theorem 1a, the proof of this theorem easily follows from Lemma 1, Theorem 2, Definition 1(b),
Description of Case b, and equalities (17)-(22). O

Description of Casec. If u > x,v < y, then we denote A = {X; < x},B = {YV; < y},C = {X; < x,Y; < v} and
E ={x < Xi < u,Y; < v}. Let & be the number of observations (X;,Y;), i = 1,2,...,n, for which X; < x, n be the
number of observations for which Y; < y and ¢ be the number of observations for which X; < uand Y; < v. It is clear that
C C AB,E C A°Band &, n, ¢ are the number of observations in n independent trials of the fourfold experiment of the events A, B
and C U E, respectively, as in case (c) of Definition 1. We have

P(C) =P{X <x, Y <v}=F(x ), (24)
P(AB) —P(C) = P{X <x,Y <y} —P{X <x,Y <v}

= F(X7y) - F(X, U), (25)
P(AB) =P{X <x,Y >y} =Fx(x) — F(x,y), (26)
P(E)=P{x <X <u,Y <v}=F(u,v) —Fx,v), (27)
P(AB) —P(E) = PX >x,Y <y} —Plx<X<uY <}

= Fy(y) —F(x,y) — F(u,v) + F(x, v), (28)
PAB) =P{X >x,Y >y} =F(x, ). (29)

Theorem 3a. If u > x, v <y, then

FO (x,y | u,v) = P(Xpm <X, Yo <y | hof (X1,Y1), ..., (Xn, Yy) belong to By, }

r,sn 1 n . , n - l
= (Z) FG. o' —F@ o Z Z Z Z Cs(n; k, 1, h, i, j)F(x, v)

i=r j=s k=a I=0
x [F(x,y) — F(x, )" '[Fx(x) — F(x, I [F (u, v) — F(x, v)]"™!
x [Fy(y) — F(x,y) — F(u, v) + F(x, v)} < "F (x, y)" =K, (30)
h=0,1,...,s and
F® (x,y|u,v)=0 ifs<h<n,

r.,sin

where

n!
Nk=DG—=k'h=DIG—k—h+Dn—i—j+k"
a=max(0,i+j—n); b = min(, j).

Gk, L h,i,j) =

Proof. Similar to the proof of Theorem 2a, the proof of this theorem easily follows from Lemma 1, Theorem 3, Definition 1(c),
Description of Case ¢, and the equalities (24)-(29). O

Description of Case d. If u > x,v > y, thenwedenote A = {X; <x}, B={Y; <yL,D={Xi<x,y <Y, <v}, E={x<
Xi <u,Yi<ylandF = {x < X; < u,y < Y; < v}. Let & be the number of observations (X;, Y;), i = 1,2, ..., n, for which
X; < x, n be the number of observations for which Y; < y and ¢ be the number of observations for which X; < uand Y; < v.
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It is clear that D C AB°,E C A°B,F C A°B° and &, n, ¢ are the number of observations in n independent trials of the fourfold
experiment of the events A, Band ABU D U E U F, respectively, as in case (d1) of Definition 1. We have

P(AB) =P{X <x,Y <y} =F(x, ), (31)
P(D) = PIX<x,y<Y <v}
= F(x,v) — F(x,y), (32)
P(AB°) —P(D) = PIX <x,Y>y}—-PX<x,y<Y <v}
= Fx(x) — F(x,v), (33)
P(E):P{X<XSU,Y§y}:F(u,y)—F(X,y), (34)
P(A°B) —P(E) = PIX >x,Y <y} —-Plx<X<uY <y}
= FY(.V) - F(u,y), (35)
P(F) = Px<X<uy<Y<v}
= F(u,v) — F(x,v) — F(u,y) + F(x,y), (36)

P(A°B°) — P(F) PIX>x,Y>y}—-Px<X<uy<Y<uv}

; 1—Fx(x) —Fy(y) —F(u,v) + F(x,v) + F(u,y). (37)

Theorem 4.1a. If u > x, v > y, then

FAV Xy [ u,v) = PXpn <%, Yon <y | hof X1, Y1), . (Xn,Y)belongtoBuv}
1 i—k j—k

A hZZZZZCM(n k.p.q.h, i, )F(x, y)t

i=r j=s k=a p=0 gq=
x [F(x, v) = Fx, ))P[Fx(0) — F(x, v)] 7 P[F(u,y) —Fx. 1
x [Fy(y) — F(u, )Y ¥ 9[F (u, v) — F(x, v) — F(u,y) + F(x, y)]" P70°¥
x [1— Fx(x) — Fy(y) — F(u, v) + F(x, v) + F(u, y)]""t2-hteta (38)

h=0,...,n,

where

n! 1 )
kpli—k—p)q!G—k—q)!(h—p—q—k!(n—i—j+2k—h+p+q)!°
a=max(0,i+j—n); b = min(i, j).

Cs1(ns k,p,q, h,i,j) =

Proof. Using Lemma 1, Definition 1(d1), and Description of Case d, one has

1
Fi &y L, v) = ()G ot = Fa, T hZZP{s—: n=1j¢=h.

i=r j=s
Using Theorem 4.1 and equalities (31)-(37), we complete the proof. O

Finally, using the results of Theorems 1a-4.1a, the conditional distribution of bivariate order statistics is presented in the
following theorem:

Theorem 5. Let (X,Y) be a bivariate random vector with joint distribution function F(x,y) and (X1, Y1), ..., Xy, Y,) be
independent copies of (X, Y). If Xy, Ysn), 1,5 = 1,2, ..., n, is the vector of bivariate order statistics and B,, = {(t,s) € R? :
t <u,s <v}, (u,v) €R% then

FosnX,yu,v) = P{Xpn <X, Yo <y | hof (X1,Y1), ..., Xy, Yn) belong to By, }
FOxyluv) ifu<xv<y,

r,s:n
_ Fr(zs)n(X7Y|U,U) ifu<x,v >y,
TSy luy ifusxu<y,
Fﬁ‘i?(x,ylu,v) ifu>xv>y,

h=0,1,...,min(r,s).

Remark 2. One can verify the accuracy of the results presented in Theorems 1a-4.1a. Here, we present a different method for
deriving the conditional distributions of bivariate order statistics using the properties of extreme order statistics (X.n, Yn:n)
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as follows: Consider
Fonnx,y |l u,v) = P{Xpn <X, Ypn <y | hof (Xq,Y7),..., Xy, Yo)belong to B, }
. 1
(1) Fw, v)"[1 = F(u, v)]""
X P{Xnn <X, Ypn <y, hof (X1, Y1), ..., Xy, Yn)belong to By, }. (39)

Because X,,., < x implies that all X’s are less than or equal to x, we can write

P{Xn:n <X, Yn:n <Y, h of (le Y])a e (Xna Yn) belong to Buv}
n

= Z P{Xn:n vayn:n Sy; ()<j]syjl)EBUU»'~'5()(jh7th)eBuvv
J1a2seeidn
(th+1’ th+1) € Bfw’ cet ()(fn’ an) € Bflv}
n

= > P{Xun <% Yan <Y, (X1, Y1) € Bup, ..., (Xh. Vi) € By,
J1425enin

n
Xt Yirr) € B, oo (X, V) € B} = (h) P < X, Yo <y, (X1 Y1) € By, ... (X, Yi) € By,

uv?

n
Xnt1, Yne1) € By, ooy Xn, Yo) € B} = (h)P{X1 =X X=X Y1 Sy, Y Sy,
(le Yl) € Buvv e (th Yh) € Buvv (XIH—l’ YIH—I) €B,, ... s (Xn, Yn) € Bfw}

uv?

n
= (h) PIX <X Y <y, (X,Y) €By}'PIX <x,Y <y, (X,Y) € B, }"

= (Z)P{Xfx,ny,Xgu,Yg Nk
XxPIX<xY<y X<uY>vUX>uY<vUX>uYs>uv)™"
= (Z) [P{X < min(x, u), Y < min(y, v)}]h X [P{X <min(x,u),v <Y <y}+P{u <X <x,Y <min(y, v)}
+Plu<X<xv<Y<y]™" (40)
Therefore,
1
F(u, v)"[1 = F(u, v)]*=h
x [F(min(x, u), y) — F(min(x, u), v) + F(x, min(y, v)) — F(u, min(y, v))

+F(u,v) — F(u,y) — F(x, v) + Fx, y)]" " (41)
Ifu < xand v <y, then we obtain

P{Xpn < X, Yo <y, hof (X1, Y1), ..., Xy, Yn) belong to By, }

Fonn®,y | u,v) = [F(min(x, u), min(y, v))]"

= (Z)[P{Xfu,Y§v}]h[p{x§u,v <Y <y}+Plu<X<xY <uv}
+Plu<X<xv<Y<yl" "= (Z) F(u, v)"[F(u, y) — F(u, v) + F(x, v) — F(u, v)
+F(Uv) = F(u,y) = F(x, v) + Fix, )" = (Z) F(u, v)"[F(x,y) — F(u, v)]"™". (42)

Thus, taking into account (42) in (39), we obtain

Fopn®,y | u,v) = P{Xpn <X, Yon <y | hof (X1,Yy), ..., Xy, Yy) belong to By, }

_ [F(X7 Y) - F(uv v)]n_h
T [1=F@u,v)]+h

Now, letr = s = n in Theorem 1a. Then, it can be easily verified that F;, ., (%, y | u, v) in Theorem 1a equals (43).

Example with graph.LetF (x, y) = Fx(X)Fy (y){14+a(1—Fx(x))(1—Fy(y))} be the Farlie-Gumbel-Morgenstern distribution
and Fx(x) = x, Fy(y) =y, 0 < x,y < 1.Thisclass of distributions has a simple analytical form and is suitable for calculations.
Below, we provide a graph of the conditional distribution of bivariate order statistics given in Theorem 5. The graph is drawn
using Wolfram Mathematica 7 (see Fig. 1).

(43)
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Fig. 1. GraphofF ¢;(X,y |u,v), n=10,u=03,v=06,r=3,s=2,h=2,a=1.
3. Conclusions

In this paper, we consider novel modifications of bivariate binomial distributions and obtain new trivariate discrete
distributions. These distributions are an important class of distributions that are used to derive conditional distributions
of bivariate order statistics constructed from a bivariate random sample under the condition that a certain number of
observations fall in the given threshold set. The novel trivariate discrete distributions are of interest for distribution theory.
The probability generating functions of these distributions are also derived and presented in the Appendix. The conditional
distributions of bivariate order statistics presented in Section 2 can be applied widely in many fields of probability and
statistics. Note that bivariate order statistics are also important for the construction of new bivariate distributions with high
correlation. For example, Baker’s-type distributions are constructed on the basis of distributions of bivariate order statistics
and attract significant interest in the statistical literature: See, e.g., Bairamov and Bayramoglu [22] and Huang et al. [23].
The findings of Theorem 5 in Section 2 can be used for constructing novel modifications of Baker’s-type distributions with
high correlation. The results presented in the paper can also be applied widely for reliability analysis of complex systems
and studying the dependence among financial markets in crises and other extreme situations.
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Appendix
A.1. Probability generating functions

The probability generating function (p.g.f.) of the bivariate binomial distribution (1) is @(t, s) = (wy1ts + w12t + 7215 +
792)". Below, we provide the p.g.f.’s of the trivariate distributions given in Theorems 1-4.1.

Lemma A.1. Consider the fourfold sampling scheme given in case (a) in Definition 1. Then, the joint probability generating
function of the random vector (&, n, ¢) with probability mass function (p.m.f.) P1(i, j, h) in (2) in Theorem 1 is

@(t,s,2) = (a1tsz + apts + ast + g8 + as5)", (44)
where

a1 =P(C), ay=P@AB)—P(C), oa3=P@AB), as=PAB) and as=P(AB).

Proof. To derive the joint probability generating functions, let us write

r _ |1 ifinthe rthtrial A appears, r _ |1 ifinthe rth trial B appears,
1 =10 otherwise, 2= 10 otherwise,

=1,2,...,n.

r _J1 ifinthe rthtrial C appears,
Y3 =10 otherwise,
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Itisclearthaté = > ', ¥/, n =Y r_,vsand¢ = Y |, v5.Because the trials are independent, the p.g.f. of the random
vector (£, 1, ¢) is

1 n
d(t,s, z) = ( Z t"’s"zz’@qxl,xb,(}) , (45)

X1,X2,x3=0
where
Qs =PlyY] =X, 05 =X, 75 =x3); X1,%,x3 =0, 1.
We have
q1.1,1 = P(ABC) = P(C),
q1.1.0 = P(ABC®) = P(AB) — P(0),
1,01 = P(AB°C) =0,
qo.1,1 = P(A°BC) = 0,
qo.0,1 = P(A°B°C) =0,
qo,1,0 = P(A°BC®) = P(AB),
q1.0,0 = P(AB°C®) = P(AB"),
do.0.0 = P(A°B°C®) = P(A“B°).
Then, substituting these values in (45) and simplifying, we obtain (44).
The proofs of the following lemmas are similar. O

Lemma A.2. Consider the fourfold sampling scheme given in case (b) in Definition 1. Then, the joint probability generating
function of the random vector (¢, n, ¢) with p.m.f. P,(i, j, h) given in (4) in Theorem 2 is

D, (t,s,2) = (aqt5Z + aats + a3tz + agt + ass + )", (46)
where

a1 = P(0), ay = P(AB) — P(C), a3 = P(D), a4 = P(AB°) — P(D),
as = P(A°B) and o« = P(A°B°).

Lemma A.3. Consider the fourfold sampling scheme given in case (c) in Definition 1. Then, the joint probability generating
function of the random vector (£, n, ¢) with p.m.f. P3(i, j, h) given in (5) in Theorem 3 is

¢3(t, S, Z) = (OllfSZ + ats + a3sz + a4t + asS + Otg)n, (47)
where

a1 =P(C), a»=P@B) —P(C), a3=PE), as=P(AB),
as = P(A°B) — P(E) and &g = P(ABS).

Lemma A.4. Consider the fourfold sampling scheme given in case (d) in Definition 1. Then, the joint probability generating
function of the random vector (£, n, £) with p.m.f. P4(i, j, h) given in (6) in Theorem 4 is

Dy(t, s, z) = (ogts + otz + a3z + aat + ass + agz + a7)", (48)
where

a1 = P(AB), ay = P(D), a3 = P(E), a4 = P(AB°) — P(D),

as = P(A°B) — P(E), o = P(F), a7 = P(A°BY) — P(F).

Lemma A4.1. Consider the fourfold sampling scheme given in case (d1) in Definition 1. Then, the joint probability generating
function of the random vector (¢, n, ¢) with p.m.f. P41(i, j, h) given in (7) in Theorem 4.1 is

D41(t,,2) = (1tsz + aztz + 35z + agt + oss + ogz + a7)", (49)
where

a1 = P(AB), ay = P(D), a3 = P(E), a4 = P(AB°) — P(D),
as = P(A°B) — P(E), ag = P(F), a7 = P(A°B°) — P(F).
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