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1. Introduction

There are different methods to increase system reliability. One of them is to equip the system with standby units such as
warm, hot and cold. Compared to others, cold standby redundancy can be preferred when switching times are sufficiently
short, since cold standby component is inactive which means it does not fail in standby. Van Gemund and Reijns [1] studied
k-out-of-n system with a single standby and found an analytical way to compute the mean time to failure of the system.
Eryilmaz [2] investigated various mean residual life functions for the same system. Recently, Eryilmaz [3] studied k-out-of-n
system equipped with a single warm standby component.

In this paper, using system signature, conditioning on the index of the cold standby component and indices of the compo-
nents failed before cold standby component is put into operation, the reliability of coherent systems having a cold standby
component is derived.

Let X; denote the lifetime of the ith component in a coherent system having lifetime T. If X;’s are s-independent and have
common absolutely continuous distribution function, then the survival function can be represented as

n
P(T > ) =Y piP(Xin > 1),
i=1

where X1., < Xo., < --- < X, are the order statistics associated with X1, X5, ..., X, and p; = P(T = X;.;), in other words,
__ The number of orderings for which the ith failure causes the system failure
1 n! k]
fori =1, 2, ..., nwhichis well known as Samaniego’s Signature [4]. The ith element of the signature vector can be easily

computed from
_ Toipa(m) ()

P TG

fori=1,2,...,n.
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[5] where r;(n) denotes thenumber of path sets including i working components in a coherent system. Since signature has
vital importance to investigate the behavior of the system lifetime, recently many developments have been made in this
area, see [6-13].

In a coherent system with a single cold standby, the index of the standby component as well as the indices of failed
components has significant importance which makes the computation of the reliability more difficult. In Section 3, a method
for computing the reliability of coherent systems is presented. Finally, comparison of the reliability and mean time to failure
of some systems with and without cold standby component have been illustrated.

2. Notations

Below the notations that will be used throughout the article are provided.

n, number of components in the system;

Y, lifetime of the cold standby component;

X;, lifetime of the componenti, 1 <i <n;

Xs.n, Sth smallest among X;, 1 <i <n;

Xl(s), remaining lifetime of the components after X, fails: Xl(s) £ X — Xsn| Xy > Xsn), 1 <1<n-s;

¢, structure function of the system;

T = ¢Xq, ..., Xy), lifetime of the system without cold standby component;

T", lifetime of the system with a cold standby component;

Vs, discrete random variable representing the index of the cold standby component when X., fails: V; = ¢ & (X, =
Xen|T =Xsn), c=1,2,...,n;

B, (|Vs = c, a discrete multivariate random variable representing the indices of the failed components given V; = ¢, s =
1,...,nandc=1,...,n;

(BS,C|VS = C) = (Bl = bl’ BZ = b27 cee BS—l = bS—l|VS = C) < (OBI = 0b17 032 = Obzs e 03371 = 0b571|XC = XSITI’ T=
Xs:n) where 0 = (03, , Og,, ..., Op,_,) are the components which have failed before X;.;

R ¢ |Vs = ¢, adiscrete multivariate random variable representing the indices of the remaining components given V; = c,

s=1,...,nandc=1,....n: Re=Ri =r, R =12 ... . Rus =gV = 0) & X =X, X =X3.....
Xlgi),s = X(S) [Xe = Xon, T = Xoon).

Tn—s
3. Main results

Consider a binary coherent system with structure function ¢. Let T = ¢(Xq, ..., X,) denote the lifetime of a coherent
system without a cold standby component and T* denote the lifetime of the same system with a cold standby component
whose lifetime is Y. Moreover, X1, . . ., X, have a common continuous cumulative distribution function (c.d.f); F and Y have
a continuous c.d.f G.

Eryilmaz [ 14] studied coherent systems equipped with a cold standby component which may be put into operation at the
time of the first component failure in the system. In this paper, we consider the general case in which the standby component
may get involved at the time of the sth component failure s = kg, ...,z + 1 where kg is the minimum number of failed
components that cause the system failure whereas z,4 is the maximum number of failed components that system can still
operate. It is clear that P(T = X;.;) > Ofors = kg, ..., 25 + 1.

After replacing the standby component with sth failed component which causes the system failure at the same time, the
remaining lifetime of the system consisting of s — 1 failed components (0’s), n — s functioning components, and a standby
component (Y) can be represented as

(5) y(5) (s)
¢s(0g,, Opy, ..., Op_y, Yo, Xg s X s oo, X ).

When sth failure occurs which causes system failure at the same time, cold standby component gets involved to the system.
At this time, there are totally n — s 4+ 1 functioning components in the system. The reliability of the remaining lifetime of
the system is computed based on these n — s + 1 functioning components. However, places of the s — 1 failed components
should be taken into consideration (not their lifetimes since they failed already) in the structure function of the system to
calculate the main lifetime random variable T".

It is well known that the random variables Xl(s), cee X,ﬁs,)s are conditionally independent given X,., = x, and
1 F(xi +x)
PIXP > X1, X > XnslXen =2} = [ [ =2
= F®

The main goal is to find the reliability characteristics of T?, i.e.
zp+1

T" =T+ Y ¢e(0p,. 05, ... Op_,. Vi X X oo X)) ).
S:k¢
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Lemmal. Fort > Oands =ky,..., 24 + 1;

P{¢s(ob] Opys s Op Yo, XX XS ) > X = )

n—s
g | | f&xry + X)X dX,, . dXr, dye.
F" S(X) / /S(Obl Obz 0bS 10YesXry Xy e Xy §)>t ‘ 1_[ ' e ! ‘

.......... m=1

Proof. Due to the fact that Y and X, ..., X, are independent for s = kg, ..., z4 + 1

P{$s(0p;, Op,, -, Op_y, Yo, X, XD, X ) > £]Xsn = %)

Since the joint p.d.f. ofof), Xr(zs), .. X<S)

Tn—s

given X;., = x is

1
f(xrpxrzs---,xrnfshs:n—X) F“ S( ) l_lf(xrm +X)

The proof is complete. H

Remark 1. Due to the fact that given X;., = x, the random variables X(S), R X,Ss_)s are independent fors = kg, ..., z4 + 1.
So, the conditional probability given in Lemma 1 is indeed the survival function of the coherent system ¢; consisting of s — 1

failed components, n—s independent component having the same marginal survival function F (H") and the vsth component

has the survival function G(t). Moreover given X;., = x if we order the residual lifetime of the remamlng n — s components
such that

X(S)

lin—s — n—smn—s-

(s) (s)
= X2:11—5 == X

The survival function of the kth order statistics of the residual lifetime of the remaining n — s components fork =1, 2, ...,
n — s, can be found as

k—1 = i, = n—s—i
©) o n—s _F(t+x)> (F(t+x))
POros > then =2 = ) ( i ) (1 F(x) F(x)

i=0

Theorem 1. Let p be the signature of a coherent system T = ¢(Xq, ..., X;) which has a cold standby component with lifetime
distribution G. Then

zp+1

P(Tw >t) = Z (psP(Xs:n > t) +psZP(Vs =0) Z P (Bs,c = (blv cees b5,1))
c=1

1<by<--<bs_1<n

s=k¢

t
X f P{¢s(0p,. Opy -, Op_ 1, Yo, X0, XD XS ) > 6 — X[ X = x}dFs;n(x)> :
0

Proof. For a coherent system P(T = X,.;;) > Ofors = kg, ..., z; + 1. Any coherent system operating with n components
may fail at the time of sth component failure. If the system failure is caused by the failure of the sth component, then the
standby component gets involved to the system. Therefore the survival function of the coherent system with a standby
component can be written as follows:

(k) , (kg) (kg)
P(T" > £) = PT + i, 08, Oy -, Og s Yo X" X, X, ) > 6T =Xy} + P(T > €T > Xin)
(kp) , (kg) (kgp)
= pk¢P{T+¢k¢(OBlaOBza ~-~7OB,<¢,17YV,<¢5XR1 aXRZ ) ...’XRnfk¢) > t|T =XI<¢:n}
+P(T >, T > Xeym)
(kp) , (kg) (kg)
= pk¢P{T+¢k¢(OBlaoBza"'703k¢_13YVk¢5XR1¢ aXR2¢ a~'~7XRnf ) t|T _Xk¢ Tl}
(kp+1)  (k +1) (kp+1)
+ Pyt PAT + G410y, Oy O Yo o Xe,” o X" X P ) > T = X 1)
+P(T>¢tT> Xk¢+1:n)
— (k¢) (k¢) (k¢)
- pk¢P{T+¢k¢(OB]!OBza~--7OBk¢,17YVk¢1XR1 ’XRZ 7~--7XRn7, ) t|T Xk¢ n}
(kp+1) |, (k +1) (kgp+1)
+pk¢+1p{T + ¢k¢+1(031 s 0325 L) OBk¢ ) YVk¢+1 ) XR1¢ ) XRZ¢ s ey XRndikd) ) tlT Xk¢+1 n} + -
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(Zp+1) ,(zp+1) (zp+1)
+pz¢+1P{T + ¢z¢+1(031 s 032, ey OB% s sz¢+1 s XR1 s XRZ yoeeey XRn—z¢—1

+P(T >t,T> Xz¢+1:n)~

) > t|T = Xz¢+l:n}

It is obvious that P(T > £, T > X, 1) = 0.
Now, for s = kg, ..., zs + 1 consider the conditional probability

P(T + (05, 0g,.. ... Op,_,. Yuo. X X, ... Xg) ) > E|T = Xen}

_ Zn: P{Xc +¢s(on 0527 ey 055—1’ Ye, X,gsl),xlg?, e sX’({ZLS) >t, Xen =X, T :Xs:n}
=1 P(T = Xs:n)

n
ZP{XC + ¢S(OB] ’ OBZs ) OBS,I ’ YCsX‘gj)axng)v LR 7X[({f‘)_s) > tlxszn =X,T= Xs:n}P(XS:n = X::lT = Xs:n)

c=1

n
LPV=0 % P{Xc+ @5 (O, -, Op, Ve, X, oo X)) > €105, =0, ..., 05, =0
f

Tn—s
1<bj<--<bs_1<n

be_1’ Xen =X, T = Xs:n}

PXsn = X, T = Xsun)

><P(OB1 :0[71""’055—1 =0 Xs:n :XCvT:Xs:n)

bs—1”

n

=D PWVi=0) > PO =0,,....05 , =0, [Xqu=X,T=X)
c=1 1<by<--<bs_1<n

X P{Xc 4 5O, -+, Op_y, Yo, X X ) > t] 0, =0, ..., 05, =0

m ? s

b s Xsn = Xeo T = Xsn}
s—1

n
=Y P(Vi=c) Y = P(Bi= <b1,...,b571>)fp{¢s<ob1,...,ob,,1,Yc,x:f),...,x::;) >t — x|Xen = X}dFen(x),
c=1

1<by<--<bs_1=n

=) P(Vi=0) > P(Boe=(b1,....b 1)
c=1

1<bj<--<bs_1=n

e} t
X |:/ dFs:n(X) + / P{¢S(Ob1 DR 0b571 s Yc, Xr(ls)’ e ,X,—(slS) >t — X‘Xs:n = x}dFs:n(x)]
t 0

=Y P(Vi=c) Y  P(Bc=(bi,....h 1)
c=1

1<by<--<bs_1=n
t
X [/ P{¢s(0b1 s Obs,l . Ye, X,E]S)v cee ’Xr(:),s) >t — XX = x}dFs:n(X) + P(Xsn > t)] .
0

Hence,
Z¢+l

P(T" > 6) = Y [pPKen > ) +ps Y PVs=c) Y P(Boe=(b1,....bs 1))
c=1

s=kg 1<bi<--<bs_1<n

t
X / P{¢s(0b17 ey Opg_ s Y, Xr(ls), ce ,Xr(:ls) >t —X|Xep = X}dFs:n(x)> .
0

Theorem 2. Consider a coherent system having a signature vector p, with a cold standby component having distribution function
G while other components have common distribution function F. Then system reliability can be computed as follows:

zp+1

n
PT" >0 = ) (PP >0+ ) PVi=0) 3 P(Bc=(br....bs)
s=kg c=1 1<bi<--<bs_1<n

t n—s
- _c,(bq,by,....bs_ = _c,(bq,by,....bs_
x / Gt —x) Y by VPS> = XX = %) +G(E — 0y oy dFs;,,(x)> :
0 k=1

where f)i’ (b1:b.wbs-1) is the number of orderings for which kth failure among the (n—s) remaining components and a cold standby

component cause the system to fail where cth component (cold standby) assumed to be functioning and components having indices
b1, by, ..., bs_1 have already failed. Moreover X,ff,),fs is the kth order statistics of the residual lifetime of the remaining (n — s)
functioning components.

—C,(b],bz,...,bs_l)
k

__ The number of orderings for which the kth failure of the remaining components causes the system to fail
B n—sl

k=1,...,n—s,
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and

—c,(b1.by,...bs_1) __ )1, if the failure of the system can be caused by only the failure of the cold standby
n—s+1 ~ 10, ifthe failure of the system can be caused by the remaining components.

Proof. When the cold standby component is put into operation at time x for the system to survive up to time t, the cold
standby component must function between the time x and t since the failure of the cold standby component will lead to sys-
tem failure with probability 1. Assuming the cold standby component functions between the time t and x system failure can
be caused by the failure of the remaining components. Given X;., = x residual lifetime of the remaining (n — s) components

are independent and identically distributed. Therefore the survival function of the coherent system ¢s(0p,, ..., Op,_,, Yc,
Xr(f), e Xr(ns)_s) having s — 1 failed components at places by, by, ..., bs_; and a cold standby component at place ¢ can be
computed by its signature function f),i’(bl’bz"“’bs‘” fork=1,...,n—sand p;f‘;y’;z""”’s-” = 0. If the failure of the system

does not depend on the failure of the remaining components which means system survives until the cold standby component

fails in that case ﬁ;'(b"bz""’bs’l) =0fork=1,...,n—sand ﬁ;’_(’;lr’?"”'bs’l) =1 n

It is known that when both active and standby components have common exponential distribution, the random variables
X,gsl) s Xg) e X,gflls, Yy, are independent and have the same exponential distribution. Therefore, the structure function can
be written as

t
G605, - Op_y Yo X XS ) Zs(Op, - Oy Y Xy - Xk )

Corollary 1. Under the assumption of all components, including the cold standby component, have common exponential distri-
bution F(x) = 1 — e™**, x > 0 the reliability of coherent systems with a cold standby component turns into

zp+1 n
P(T" > t) = ZPSP(Xs:n > t) + ps ZP(VS =0) Z P (Bs,c =(b1,..., b571))
s=k¢ c=1 1<bi<--<bs_1<n

t n—s
= —c,(bq,by,...,bs— = —c,(bq,by,...,bs_
x / [F(r =0 Y B VP K > £ x) + F(e = 0Py G ”] dFsn ().
0 k=1

Example 1. Consider the coherent system with lifetime
T = min(X;, max(Xy, X3)).

The signature of this system is p = (%, %, 0). In this system, ks = z4 = 1. For s = 1, there are no failed components
(0s).P(V; = 1) =1, P(V; = 2) = P(V; = 3) = 0 which means only component 1 can be replaced by the cold standby
component. The remaining lifetime of the components after the first failure is XZ(D and X;D. P~ can be found as (0, 1, 0)
since when the cold standby component functions, the system works until both components 2 and 3 fail. For s = 2, all
components can be cold standby component with probabilities P(V, = 1) = % andP(V, =2) =PV, =3) = %. Suppose
component 1 is replaced with the cold standby component. Previously failed component can be 2 or 3 (0, or 03). Moreover,
let component 2 (3) be replaced by the cold standby component. In this case, previously failed component is 05 (0;).

pt@ =pt® = p2® = p>? is (1, 0) because for each case the failure of the remaining component will lead to system
failure.

s=1 c

Vi 1

B],c -

Ric 2.3)

P(V] = C) 1

peiie (0.1,0)
s=2 c
Vs 1 2 3
By @ |6 [6® |@
Ro.c 3 @ [ |0
P(V2 =0 p i i
et 1.0 | 1,0 [ (1,0) | (1,0)
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Using Theorem 2

P(T" >t) = %P(Xlﬁ >t) + %P(Xzs >t)
+1/t6(t—x) (ﬁm)2+2
3 Jo F(x)

Example 2. Consider the coherent system with lifetime

F(t) — F(x) @

2 [ F(t)
Fo I:,(x):|dF1:3(X)+ 3/ Gt —x)= ()sza(X)-

T = max(min(Xy, X2, X3), min(Xz, X3, X4)).

The signature of this system isp = (1, % 0, 0). In this system ks = z5 = 1.

s=1 c

Vi 2 3

Bl,c

R (1,3, 4) (1,2, 4)

P(vy =¢) 3 3

p-Pre (3.2.0,0)] (3.5.0,0)
s=2 c
Vv, 1 2 3 4
By 4) (1) 4) (D 4 (1)
Ro.c 2,3 3.9 (1,3) 2.9 (1,2) 2,3
PVa=c) |g 5 5 5
poBe (1,0,0)| (1,0,0)| (1,0,0) | (1,0,0) | (1,0,0) [ (1,0, 0)

P(TY > t) = 1P(Xm >t)+ 1P(X2:4 >t)
1 F(t) 2 ((E®)\’
vy f o ’{ (m)) *3((m>> "
1 (3]
+2/0 G(t—X)< (x)) dFy.4(x).

Example 3. Consider the coherent system which is known as consecutive 3-out-of-5:F with lifetime

F(t) —F(x) (F(O)\
o () )] a0

T = min(max(Xy, X, X3), max(Xz, X3, X4), max(Xs, X4, Xs)).

The signature of this system is p = (0, 0, = 55 2, ]0) In this system kg = 3 and zy = 4.

s=3 [«

Vs 1 2 3 4 5

B, 2,3 (1,3 (3.9 (1,2) 2,4 (4,5) (3.5 2,3 (3.9
R3 (4,5) (4,5) (1,5) (4,5) (1,5) (1,2) (1,2) (1,5) (1,2)
PVs=0) |g 3 : 3 3
peBac 3.12.0 [ G.3.0 ] G.32.0 [ ©0.0.D] ©0.0D] ©00D]F.3.0]G.3.0] G310
s=4 c

Vy 1 2 3 4 5

By, 2,3,5) (1,3,4) (1,3,5) (1,2,4) (1,2,5) (1,4,5) 2,4,5) 2,3,5) (1,3,5) (1,3,4)
[ @ 5) @ 5 @ @ (M ) @ @
P(Vy = c) 0 i b i 1
peBac (1,0 1,0 [ 10 o1y Jonp [Jon TJO01D 1,00 [0 (1,0)
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s=5 c

Vs 3

Bs . (1,2,4,5)
RSc ~

P(V5 = C) 1

pPe (1)

3 1 2
P(T" >t) = *P(X3:5 > t) + *P(X4-5 > t) + 7P(X5:5 > t)

4 F(t) 1[/F®O\  _F@) —Fx) F@)
*1gs ], 5~ >[ (m)) +2[(m)) “mmﬂdw

2 [t F(t) F(t) — F(x) E(t) 3t
+E§/ G(t —x) |:<IE(X)> +2F(X)F():| 35()+109/ G(t — x)dF3:5(x)

16 F(t) 14 t_
—— | Gt-x dF. Gt— dF,. — [ G(t — x)dFs;5(x).
+210 ( )F( ) 45(X)+210 (t — x)dFy5(x) + 10/(; (t — x)dFs:5(x)
Example 4. Consider the coherent system with lifetime
T = min(X;, max(X3, X3), max(Xs, X4))

The signature of this system is p = (4, 13 6, 0). In this system k; = 1and zy = 2.

s=1 c
Vi 1
B],c -
R 2,3,4)
P(Vi =r0¢) 1
pehie 0,2,1,0
s=2 c
Vs, 1 2 3 4
By, ) [6) 4 [6) ) 4 [6)
Ry (3.4 2.4 |23 (1,49 [ (1.4 (1,2) (1,2)
PV =0) 7 7 7 7
peBac (3.2.0] 1,0,0] G,3.0] 1,0,0)[ 3,3.0 | G.3.0 | (1,0,0)
s=3 c
Vs 1 3
Bs.c 2.49] 2.4
Rs. [OIED)
P(V3 =0¢) 3 3
peBae (1,0)] (1,0)

P(Tw>t)—*P(X14>t)+ P(X24>t)+ P(X34>t)
= 2
' [y e (]
- X X X
+- / Gt —x) 7, 2 - | dFae
4 Jo 1 |:<F(t)> L 3FO -~ F® (@) s (F(t)_— F(x)) F(t):|
F(x) F(x) F(x) F(x) F(x)

2

73 [t F(t)
+E§/ G(l’—X) <IE(X)> dFy.4(x)
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As it can be seen from the examples it is hard to compute P(T" > t) for systems having complex structures even if they
have few components. However for some particular systems of order n it can be computed easily.

Example 5. Consider the coherent system with lifetime

T = min(X;, max(Xy, X3, ..., Xp)).
The signature of this systemisp = (1, 1,...,/ 12

Furthermore p¢Bs¢ = (0,0, ..., 0, 1, 0) for all s and c. Therefore
———

n—s—1

n—1

t
PI>6)=3 (mP(Xsm > 1) +p, / G(t — 0Py > £~ X|Xen = x)dFs;n(x)) .
0

s=1

_1
2(n—1)

T 0).Inthissystemky = landzy =n—2.Fors=1,2,...,n—-2, P(V; =

)=1andP(V;=¢c)=0,c=2,...,n.Fors=n—1P(V,.y = 1) = 1 and P(V,_1 = ¢) = c=23...,n

In general, the computation of P(TY > t) is not easy even when components have exponential lifetime distributions. In
Fig. 1 one can see the reliability function of the four examples given above with and without a standby when F(t) = G(t) =

1—e 2, t>0.

In Table 1, the mean time to failure of different coherent systems with a standby unit (E(T")) and without a standby

unit (E(T)) having independent and identical exponentially distributed components with mean 1, have been computed.

It can be seen clearly from Table 1 that the mean time to failure of coherent systems is nearly doubled by adding a cold
standby component which shows the effect of the cold standby to coherent systems.



238 C. Franko et al. / Journal of Computational and Applied Mathematics 281 (2015) 230-238

Table 1
Mean time to failure of systems with and without standby.
T p E(T) E(T")

1 min(X;, max(Xz, X3)) 3.%2,0 0.6667 1.2222
2 max(min(Xy, X2, X3), min(Xa, X3, X3)) (3.3.0,0) 0.4167 0.7917
3 min(max(X;, Xz, X3), max(Xz, X3, X4), max(Xs, Xs, X5)) 0,0,2,1,2) 1.3333 2.0944
4 min(X;, max(Xz, X3), max(Xz, Xs)) G. 5. L0 0.5833 1.0625
5 min(max(X;, X3), max(Xz, X3), max(Xs, X)) 0,3.3.0 0.8333 1.3611
6 min(max(X;, Xz), max(Xi, X3), max(X;, Xs)) (R N)) 1.0833 1.9167
7 min(max(X;, X,), max(Xz, X3), max(Xs, X4), max(Xs, Xs)) 0, 4.3, 5.0 0.7000 1.1417
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