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1. Introduction

Stress-strength analysis has attracted a great deal of attention in reliability literature. In a traditional setup of stress—
strength analysis, a unit or system operates as soon as its strength exceeds the stress imposed upon it. Most of the studies
in this setup focus on the computation and estimation of the reliability for various stress and strength distributions such as
exponential, Weibull, normal, and gamma. A comprehensive review of the topic is presented in [ 1]. Some recent discussions
in this direction are in [2-6].

Stress-strength reliability has also been studied under multi-component setup, i.e. the system consists of more than
two components. Bhattacharya and Johnson [7] considered the k-out-of-n structure under stress strength setup. According
to their definition, the system consists of n components, and functions if at least k components survive a common ran-
dom stress. Hanagal [8] studied the series system reliability under stress-strength setup. The stress-strength reliability of
a consecutive k-out-of-n system has been studied in [9]. Recent works on multi-component stress strength reliability are
in[10-13].

In this paper, we study the stress-strength reliability in the presence of fuzziness which is attached to the difference
between stress and strength values. In particular, we follow the idea of Huang [ 14] who investigated the reliability analysis
in the presence of fuzziness attached to operating time of a system. The paper is organized as follows. In Section 2, we define
and study the fuzzy stress-strength reliability for a single unit system. Section 3 extends the results to a multicomponent
system having an arbitrary structure.

2. Reliability evaluation and estimation

Let X and Y denote respectively the strength and stress random variables. If X and Y are independent with respective
distribution functions Fx and Fy, then the traditional stress—strength reliability can be computed from

R=P{X>Y}= // dFx (x)dFy (¥). (m
x>y
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The conventional stress-strength reliability given by (1) can be rewritten as

R=PX>Y}= / / Caw) () dFx (x)dFy (),
o Jo

where the characteristic function for the set A(y) = {x : x > y} is given as
_Jo, ifx<y
Cagp ) = {1, ifx > y.

For the fuzzy event “X is fuzzily bigger than Y” (denoted by X > Y), let j14((x) denote the corresponding membership
function. Then from the definition of fuzzy probability [ 15], the fuzzy stress—strength reliability can be represented as

o0 [o¢]
Re=P V)= [ [ o odRdr ), @)
0o Jo
where we define the appropriate membership function as
_Jo, ifx<y
Ham X) = {h(x—y), ifx>y

for an increasing function h. Thus Eq. (2) can be rewritten as

RE=P{X =Y} = / / h(x — y)dFx (x)dFy (y). (3)
0 y

Eq. (3) assigns a value for the reliability by considering the difference between strength and stress values. The traditional
stress—strength reliability only considers the event that X is greater than Y. In the fuzzy case, the reliability considers the
distance X — Y when X is greater than Y. According to this new fuzzy stress-strength interference, for X = xand Y =y,
with an increase in the values of x — y the system becomes more reliable. Therefore, such a consideration may enable us to
make a more sensitive analysis.

Below we illustrate the computation of Rr when stress and strength distributions are exponential.

Example 1. Let Fx(x) = 1 —e™™* x > 0Oand Fy(y) = 1 —e™*2Y,y > 0. Suppose that h(u) = 1 —e~* u > 0, i.e. the
corresponding membership function is

ifx<y

0,
Ham ) =1 k) iy S y.

Then
[o¢] o0
R = / / (1 — e Ky p e 1% 0,62 dxdy
0 y

Ay AAs
MAry A+ kGR+2)

It is easy to see that Ry tends to conventional reliability R =

A2
A+

The computation of Rr can be difficult for more complex distributions F, and Fy. In this case, it might be appropriate to
get bounds for the fuzzy reliability Rr.
Let h(u) = 1 — g(u) and g(u) be a convex function. Then one can show that (see Appendix)

Re <R-[1-gEX-Y|X>Y))]. (4)
The conditional expected value E(X — Y | X > Y) can be more easily calculated than (3).

as k — oo.

Example 2. Let X ~ N(ux, o) and Y ~ N(y, o). Then it can be shown that

_ (g —ny)?
2 2
2(0‘X +¢7Y) ,

2 2
1 ax—l—aye

EX—Y|X>Y)=pux—puy+
1—¢@ Ky =X 2
«/(r>%+03

and

My — MUx

\/ a)? + o&
where @ (z) is the cdf of standard normal variate. Thus an upper bound for the fuzzy reliability can be obtained using the last

two equations in (4). In Table 1, we compute the upper bound R} for different values of k when pux = 3, 0x = 0.5, uy =1,
oy =land h(u) = 1 —g(u) = 1 — e, We also compute R by the method of computer simulation.

R=PX>Y)=PX-Y>0=1—0¢
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Table 1

Simulated value and upper bound for the fuzzy reliability.
k Re RY
2 0.8901 0.9485
3 0.9228 0.9614
5 0.9432 0.9632

2.1. A simple unbiased estimator for Rr

Eq. (3) can also be written as
Re=EhX —-Y);X >Y).

Thus for two independent random samples Xy, ..., X, and Y1, ..., Y, from the populations Fyx and Fy respectively, an
empirical estimate of Rr can be formulated as

n

A 1 il w
Re = — Zijh(xi — I =Y =
i=1 j=

where
n m

W= "> h(X — )IX > Y).

i=1 j=1

It is clear that E(W) = nmRg, i.e. IAQF is an unbiased estimator. The variance of IAQF is derived as (see Appendix)

Var (R) = % [(n—1D)(m— DR} + uy + (n — Duy + (m — Dus] — R, (5)

where

uy = f / H(x — y)dF O dEy (),
0 y

U = f / / By — ) hxs — y)dFx (o) dFy (x1)dFy (),
0 y y
and
us = f / / hx = y)h(x — y2)dFy, (v1)dFy, (v2)dFx ().
0 0 0

Using Theorem 3.4.13 of Randles and Wolfe [ 16] we can obtain a normal approximation for IAQF. ForN =n+m,
VNRr —Rr)
has a limiting normal distribution with mean 0 and variance
u — R u3 — R}
1—-0 6
where limy .« =0 € (0, 1).

3. Reliability under coherent systems
Consider a system consisting of n independent components whose strengths are denoted by X1, . . ., X;; with common cdf

Fx(x) = P{X; <x}, i=1,...,n Suppose that these components are subject to a common random stress Y. If the system
has a series structure, then the fuzzy stress-strength reliability of the system is

o0 o0
Rp =P {Xin > Y} = / / h(x — y)dFx,., (X)dFy (¥),
0 y
where X;.; = min(Xy, ..., X,). Because Fx,,(x) = 1 — (1 — Fx(x))",
o0 o0
R=n [ [ b0 - R R ),
0 y

Similarly, if the system has a parallel structure, then

Rp =P (Xun > Y} = /00 /OO h(x — y)dFx,,, X)dFy (y),
o Jy
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where X,.;, = max(X, ..., X,). Because Fx,, (x) = F{(x),

R =n /oo /m h(x — y)Ey ' (x)dFx (x)dFy (¥).
0 y

Next, consider the case when the system has (n — i + 1)-out-of-n structure, i.e. the system functions if at leastn — i + 1
of the components survive a common random stress Y. In this case, the reliability is formulated as

[o¢] o0
R" =P {Xin > Y} = / / h(x — y)dFx,, x)dFy (y),
0 y
where X, is the ith smallest among X, ..., X,, and

dFy,, (x) = E ' (0)(1 — Fx ()" dFx (x).

B(i,n—i+1)
Now, consider the general case when the system has an arbitrary coherent structure ¢. Then

n
Faxy, ) X) = ZP:‘FX,-:"(X),
i=1

where p = (p1, ..., pn) is the signature of a coherent system ¢ with

# of orderings for which the ith failure causes system failure
bi = )
n!

i=1,...,nand ) ;_,p; = 1.Thus
n o0 o0
RE =D "pi f f h(x — y)dFy,, (OdFy ()
i=1 0 Jy
n
=Y piP {Xin > Y}
i=1

= PEMXin — Y); Xin > Y).

i=1

Example 3. For the stress and strength distributions and the membership function in Example 1, the reliability of (n—i+1)-
out-of-n structure can be calculated from

) -l o0 o0 X .
Rx,n / / 1— e—k(x—y) 1— e—)qx i—1 e—)qx n—iy E_MXX e—kzydxd
1 A A ) I G L ST P y

A1Ao R k Jxyi—1,,—A i+1,—2
P{Xin > Y} — 7/ / e KO (1 — e M) (e e Y iy,
0 y

B@i,n—i+ 1)

It is clear that

0 oo
/ / e—k(x—y)(l _ e—)qx)ifl (ef)»]X)ﬂ*iJr]e*)\Z)’dxdy
0

- 0 poo
Z 1)""( ) / / E*X(M(m+n7i+1)+k)e*)'()nsz)dxdy
m=0 0 y

m 1 1
_Z(_) ( )(M(m+n—1+1)+k)(A2+A1(m+n_1+1))

and

i—1 1

1 1
PXin >V} = —————— > (=" ( ) :
B(””_1+1); (m+n—1+1)<1+“(m+n—t+1))
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Table 2
Fuzzy stress-strength reliability of all coherent systems with three components when A; = 1and A, = 5.
b 2.3 @
k RS Ry Ry RP? R
1 0.1563 0.3199 0.4018 0.4985 0.6920
2 0.2500 0.4643 0.5714 0.6627 0.8452
3 0.3125 0.5446 0.6607 0.7411 0.9018
4 0.3571 0.5952 0.7143 0.7857 0.9286
5 0.3906 0.6298 0.7494 0.8140 0.9433
10 0.4808 0.7097 0.8242 0.8720 0.9678

Therefore

R 1 . 1 1
F B(ln—l—i—l)z( )< )

(m+n—l+l)(1+“(m+n—l+l))

e '21:( 1 1
CBGn—i+1) & _)< )(k1(m+n—1+1)+k)(k2+k(m+n—1+1))

fori=1,...,n.
Example 4. For the stress and strength distributions and the membership function in Example 1, consider the reliability of
the coherent system with structure function

$1(x1, X2, x3) = min(x;, max(xz, x3)).
The signature of this structure is p = (%, %, 0) (see, e.g. Table 1 of Eryilmaz [ 18]). Therefore

1 2
@ 1,3 2,3

RFl = gRI; + §RF N
where R;’3 and R§‘3 can be calculated from Example 2. Similarly, for the structure

¢ (X1, X2, X3) = max(xy, min(xy, x3)),

the signature is p = (0, 2 1), and hence

5303

2 1

[} 2,3 3,3

R.* = =R, 4+ =R
F 3F 3°F

In Table 2, we compute fuzzy stress-strength reliability of all coherent systems with n = 3 three components, i.e. the
series and parallel structures, 2-out-of-3 structure, and the structures defined by ¢ and ¢;.

Appendix
Proof of (4). If h(u) = 1 — g(u), then from (3) we have

0 oo
Re=r- [ /y g — Y)dFx COdF (1)
=R—E@EX—-Y):X>Y)
=R—R-EEX—-Y)|X>Y)
=R-[1-EEX-Y)[X>Y)].
Because g is convex,
EEX-YV)I[X>Y)=gEX -Y |X>Y))
and hence the proof is complete. ®
Proof of (5). It is clear that

Var (R) = o 1)2E(W2) — R (6)
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The second moment of W can be computed from

EW?) =E( Y Y hX, = i)l > YiDh(X, — V)l > Yy,) + Y > H 06, — Yi)IX,, > Y,)
1712 j1702 i1=iz j1=h2

+ Z Z hXi, = YiDI(Xi, > Yj)hXi, — Vi)l (X, > Y},)
i1#i j1=)2

+ Z Z hXi, = YiDI(Xi, > Yj)hXi, — Vi)l (X, > Y},)
1=l j17#)2

= nm [(n —1)(m— DR? + // h?(x — y)dFx (x)dFy ()
x>y
+(m—=1) /// h(x1 — y)h(x2 — y)dFx (x1)dFx (x2)dFy (y)
X1>Y,X2>Y

+(m—1) /// h(x — yDh(x — y2)dFy, (y1)dFy, (yz)de(X)] .
X>Y1,X>Y2
Thus the proof of (5) is immediate from (6).
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