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a b s t r a c t

This paper investigates the stress–strength reliability in thepresence of fuzziness. The fuzzy
membership function is defined as a function of the difference between stress and strength
values, and the fuzzy reliability of single unit and multicomponent systems are calculated.
The inclusion of fuzziness in the stress–strength interference enables the user to make
more sensitive analysis. Illustrations are presented for various stress and strength distri-
butions.
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1. Introduction

Stress–strength analysis has attracted a great deal of attention in reliability literature. In a traditional setup of stress–
strength analysis, a unit or system operates as soon as its strength exceeds the stress imposed upon it. Most of the studies
in this setup focus on the computation and estimation of the reliability for various stress and strength distributions such as
exponential, Weibull, normal, and gamma. A comprehensive review of the topic is presented in [1]. Some recent discussions
in this direction are in [2–6].

Stress–strength reliability has also been studied under multi-component setup, i.e. the system consists of more than
two components. Bhattacharya and Johnson [7] considered the k-out-of-n structure under stress strength setup. According
to their definition, the system consists of n components, and functions if at least k components survive a common ran-
dom stress. Hanagal [8] studied the series system reliability under stress–strength setup. The stress–strength reliability of
a consecutive k-out-of-n system has been studied in [9]. Recent works on multi-component stress strength reliability are
in [10–13].

In this paper, we study the stress–strength reliability in the presence of fuzziness which is attached to the difference
between stress and strength values. In particular, we follow the idea of Huang [14] who investigated the reliability analysis
in the presence of fuzziness attached to operating time of a system. The paper is organized as follows. In Section 2, we define
and study the fuzzy stress–strength reliability for a single unit system. Section 3 extends the results to a multicomponent
system having an arbitrary structure.

2. Reliability evaluation and estimation

Let X and Y denote respectively the strength and stress random variables. If X and Y are independent with respective
distribution functions FX and FY , then the traditional stress–strength reliability can be computed from

R = P {X > Y } =


x>y

dFX (x)dFY (y). (1)
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The conventional stress–strength reliability given by (1) can be rewritten as

R = P {X > Y } =


∞

0


∞

0
CA(y)(x)dFX (x)dFY (y),

where the characteristic function for the set A(y) = {x : x > y} is given as

CA(y)(x) =


0, if x ≤ y
1, if x > y.

For the fuzzy event ‘‘X is fuzzily bigger than Y ’’ (denoted by X ≻ Y ), let µA(y)(x) denote the corresponding membership
function. Then from the definition of fuzzy probability [15], the fuzzy stress–strength reliability can be represented as

RF = P {X ≻ Y } =


∞

0


∞

0
µA(y)(x)dFX (x)dFY (y), (2)

where we define the appropriate membership function as

µA(y)(x) =


0, if x ≤ y
h(x − y), if x > y

for an increasing function h. Thus Eq. (2) can be rewritten as

RF = P {X ≻ Y } =


∞

0


∞

y
h(x − y)dFX (x)dFY (y). (3)

Eq. (3) assigns a value for the reliability by considering the difference between strength and stress values. The traditional
stress–strength reliability only considers the event that X is greater than Y . In the fuzzy case, the reliability considers the
distance X − Y when X is greater than Y . According to this new fuzzy stress–strength interference, for X = x and Y = y,
with an increase in the values of x − y the system becomes more reliable. Therefore, such a consideration may enable us to
make a more sensitive analysis.

Below we illustrate the computation of RF when stress and strength distributions are exponential.

Example 1. Let FX (x) = 1 − e−λ1x, x > 0 and FY (y) = 1 − e−λ2y, y > 0. Suppose that h(u) = 1 − e−ku, u > 0, i.e. the
corresponding membership function is

µA(y)(x) =


0, if x ≤ y
1 − e−k(x−y), if x > y.

Then

RF =


∞

0


∞

y
(1 − e−k(x−y))λ1e−λ1xλ2e−λ2ydxdy

=
λ2

λ1 + λ2
−

λ1λ2

(λ1 + k)(λ1 + λ2)
.

It is easy to see that RF tends to conventional reliability R =
λ2

λ1+λ2
as k → ∞.

The computation of RF can be difficult for more complex distributions Fx and FY . In this case, it might be appropriate to
get bounds for the fuzzy reliability RF .

Let h(u) = 1 − g(u) and g(u) be a convex function. Then one can show that (see Appendix)
RF ≤ R · [1 − g(E(X − Y | X > Y ))] . (4)

The conditional expected value E(X − Y | X > Y ) can be more easily calculated than (3).

Example 2. Let X ∼ N(µX , σ
2
X ) and Y ∼ N(µY , σ

2
Y ). Then it can be shown that

E(X − Y | X > Y ) = µX − µY +
1

1 − Φ


µY −µX√

σ 2
X +σ 2

Y




σ 2
X + σ 2

Y

2π
e
−

(µX−µY )2

2(σ2
X +σ2

Y ) ,

and

R = P(X > Y ) = P(X − Y > 0) = 1 − Φ

 µY − µX
σ 2
X + σ 2

Y

 ,

whereΦ(z) is the cdf of standard normal variate. Thus an upper bound for the fuzzy reliability can be obtained using the last
two equations in (4). In Table 1, we compute the upper bound Ru

F for different values of kwhen µX = 3, σX = 0.5, µY = 1,
σY = 1 and h(u) = 1 − g(u) = 1 − e−ku. We also compute RF by the method of computer simulation.
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Table 1
Simulated value and upper bound for the fuzzy reliability.

k RF Ru
F

2 0.8901 0.9485
3 0.9228 0.9614
5 0.9432 0.9632

2.1. A simple unbiased estimator for RF

Eq. (3) can also be written as

RF = E(h(X − Y ); X > Y ).

Thus for two independent random samples X1, . . . , Xn and Y1, . . . , Ym from the populations FX and FY respectively, an
empirical estimate of RF can be formulated as

R̂F =
1
nm

n
i=1

m
j=1

h(Xi − Yj)I(Xi > Yj) =
W
nm

,

where

W =

n
i=1

m
j=1

h(Xi − Yj)I(Xi > Yj).

It is clear that E(W ) = nmRF , i.e. R̂F is an unbiased estimator. The variance of R̂F is derived as (see Appendix)

Var(R̂F ) =
1
nm


(n − 1)(m − 1)R2

F + u1 + (n − 1)u2 + (m − 1)u3

− R2

F , (5)

where

u1 =


∞

0


∞

y
h2(x − y)dFX (x)dFY (y),

u2 =


∞

0


∞

y


∞

y
h(x1 − y)h(x2 − y)dFX (x2)dFX (x1)dFY (y),

and

u3 =


∞

0

 x

0

 x

0
h(x − y1)h(x − y2)dFY1(y1)dFY2(y2)dFX (x).

Using Theorem 3.4.13 of Randles and Wolfe [16] we can obtain a normal approximation for R̂F . For N = n + m,
√
N(R̂F − RF )

has a limiting normal distribution with mean 0 and variance

u2 − R2
F

1 − θ
+

u3 − R2
F

θ
,

where limN→∞
n
N = θ ∈ (0, 1).

3. Reliability under coherent systems

Consider a system consisting of n independent componentswhose strengths are denoted by X1, . . . , Xn with common cdf
FX (x) = P {Xi ≤ x} , i = 1, . . . , n. Suppose that these components are subject to a common random stress Y . If the system
has a series structure, then the fuzzy stress–strength reliability of the system is

RS
F = P {X1:n ≻ Y } =


∞

0


∞

y
h(x − y)dFX1:n(x)dFY (y),

where X1:n = min(X1, . . . , Xn). Because FX1:n(x) = 1 − (1 − FX (x))n,

RS
F = n


∞

0


∞

y
h(x − y)(1 − FX (x))n−1dFX (x)dFY (y).

Similarly, if the system has a parallel structure, then

RP
F = P {Xn:n ≻ Y } =


∞

0


∞

y
h(x − y)dFXn:n(x)dFY (y),
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where Xn:n = max(X1, . . . , Xn). Because FXn:n(x) = F n
X (x),

RP
F = n


∞

0


∞

y
h(x − y)F n−1

X (x)dFX (x)dFY (y).

Next, consider the case when the system has (n − i + 1)-out-of-n structure, i.e. the system functions if at least n − i + 1
of the components survive a common random stress Y . In this case, the reliability is formulated as

Ri,n
F = P {Xi:n ≻ Y } =


∞

0


∞

y
h(x − y)dFXi:n(x)dFY (y),

where Xi:n is the ith smallest among X1, . . . , Xn, and

dFXi:n(x) =
1

B(i, n − i + 1)
F i−1
X (x)(1 − FX (x))n−idFX (x).

Now, consider the general case when the system has an arbitrary coherent structure φ. Then

Rφ

F = P {φ(X1, . . . , Xn) ≻ Y } =


∞

0


∞

y
h(x − y)dFφ(X1,...,Xn)(x)dFY (y).

The distribution Fφ(X1,...,Xn)(x) can be written in terms of system signature. According to Samaniego [17],

Fφ(X1,...,Xn)(x) =

n
i=1

piFXi:n(x),

where p = (p1, . . . , pn) is the signature of a coherent system φ with

pi =
# of orderings for which the ith failure causes system failure

n!
,

i = 1, . . . , n, and
n

i=1 pi = 1. Thus

Rφ

F =

n
i=1

pi


∞

0


∞

y
h(x − y)dFXi:n(x)dFY (y)

=

n
i=1

piP {Xi:n ≻ Y }

=

n
i=1

piE(h(Xi:n − Y ); Xi:n > Y ).

Example 3. For the stress and strength distributions and themembership function in Example 1, the reliability of (n−i+1)-
out-of-n structure can be calculated from

Ri,n
F =

1
B(i, n − i + 1)


∞

0


∞

y
(1 − e−k(x−y))(1 − e−λ1x)i−1(e−λ1x)n−iλ1e−λ1xλ2e−λ2ydxdy

= P {Xi:n > Y } −
λ1λ2

B(i, n − i + 1)


∞

0


∞

y
e−k(x−y)(1 − e−λ1x)i−1(e−λ1x)n−i+1e−λ2ydxdy.

It is clear that
∞

0


∞

y
e−k(x−y)(1 − e−λ1x)i−1(e−λ1x)n−i+1e−λ2ydxdy

=

i−1
m=0

(−1)m

i − 1
m


∞

0


∞

y
e−x(λ1(m+n−i+1)+k)e−y(λ2−k)dxdy

=

i−1
m=0

(−1)m

i − 1
m


1

(λ1(m + n − i + 1) + k)(λ2 + λ1(m + n − i + 1))
,

and

P {Xi:n > Y } =
1

B(i, n − i + 1)

i−1
m=0

(−1)m

i − 1
m


1

(m + n − i + 1)

1 +

λ1
λ2

(m + n − i + 1)
 .
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Table 2
Fuzzy stress–strength reliability of all coherent systems with three components when λ1 = 1 and λ2 = 5.

k RS
F Rφ1

F R2,3
F Rφ2

F RP
F

1 0.1563 0.3199 0.4018 0.4985 0.6920
2 0.2500 0.4643 0.5714 0.6627 0.8452
3 0.3125 0.5446 0.6607 0.7411 0.9018
4 0.3571 0.5952 0.7143 0.7857 0.9286
5 0.3906 0.6298 0.7494 0.8140 0.9433

10 0.4808 0.7097 0.8242 0.8720 0.9678

Therefore

Ri,n
F =

1
B(i, n − i + 1)

i−1
m=0

(−1)m

i − 1
m


1

(m + n − i + 1)

1 +

λ1
λ2

(m + n − i + 1)


−
λ1λ2

B(i, n − i + 1)

i−1
m=0

(−1)m

i − 1
m


1

(λ1(m + n − i + 1) + k)(λ2 + λ1(m + n − i + 1))
,

for i = 1, . . . , n.

Example 4. For the stress and strength distributions and the membership function in Example 1, consider the reliability of
the coherent system with structure function

φ1(x1, x2, x3) = min(x1,max(x2, x3)).

The signature of this structure is p = ( 1
3 ,

2
3 , 0) (see, e.g. Table 1 of Eryilmaz [18]). Therefore

Rφ1
F =

1
3
R1,3
F +

2
3
R2,3
F ,

where R1,3
F and R2,3

F can be calculated from Example 2. Similarly, for the structure

φ2(x1, x2, x3) = max(x1,min(x2, x3)),

the signature is p = (0, 2
3 ,

1
3 ), and hence

Rφ2
F =

2
3
R2,3
F +

1
3
R3,3
F .

In Table 2, we compute fuzzy stress–strength reliability of all coherent systems with n = 3 three components, i.e. the
series and parallel structures, 2-out-of-3 structure, and the structures defined by φ1 and φ2.

Appendix

Proof of (4). If h(u) = 1 − g(u), then from (3) we have

RF = R −


∞

0


∞

y
g(x − y)dFX (x)dFY (y)

= R − E(g(X − Y ); X > Y )

= R − R · E(g(X − Y ) | X > Y )

= R · [1 − E(g(X − Y ) | X > Y )] .

Because g is convex,

E(g(X − Y ) | X > Y ) ≥ g(E(X − Y | X > Y ))

and hence the proof is complete. �

Proof of (5). It is clear that

Var(R̂F ) =
1

(nm)2
E(W 2) − R2

F . (6)
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The second moment ofW can be computed from

E(W 2) = E


i1≠i2


j1≠j2

h(Xi1 − Yj1)I(Xi1 > Yj1)h(Xi2 − Yj2)I(Xi2 > Yj2) +


i1=i2


j1=j2

h2(Xi1 − Yj1)I(Xi1 > Yj1)

+


i1≠i2


j1=j2

h(Xi1 − Yj1)I(Xi1 > Yj1)h(Xi2 − Yj2)I(Xi2 > Yj2)

+


i1=i2


j1≠j2

h(Xi1 − Yj1)I(Xi1 > Yj1)h(Xi2 − Yj2)I(Xi2 > Yj2)



= nm

(n − 1)(m − 1)R2

F +


x>y

h2(x − y)dFX (x)dFY (y)

+ (n − 1)


x1>y,x2>y
h(x1 − y)h(x2 − y)dFX (x1)dFX (x2)dFY (y)

+(m − 1)


x>y1,x>y2
h(x − y1)h(x − y2)dFY1(y1)dFY2(y2)dFX (x)


.

Thus the proof of (5) is immediate from (6).
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