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ABSTRACT

VARIATIONS ON STRUCTURED SPARSITY FOR MACHINE LEARNING

Oktar, Yigit

Ph.D. in Computer Engineering Advisor: Asst. Prof. Dr. Mehmet Tiirkan August,

2020

Dictionary learning is conventionally utilized as a feature learning method.
Such framework is commonly used in reconstructive signal processing tasks. Learnt
features can also be used as inputs to further classification and clustering schemes.
Using block-sparsity, sparse framework can be cast as a clustering problem directly.
In its conventional form, learning of linearly non-separable cases is not possible, due
to inability of distinguishing two classes within the same subspace. With sum-to-one
and non-negativity constraints on the sparse codes and still assuming block-sparsity,
one can arrive at superproblems of k-means, called k-flats, k-simplexes, and k-
polytopes. A polytope is defined to be an intact object composed of many same
dimensional Simplexes. K-polytopes experimentally reaches the capacity of
ensemble k-means and surpasses the capacity of kernel k-means. K-polytopes is
futher generalized through the concept of simplicial learning cast as a one-class

learning method, in which intact






ness is dropped and heterogeneous dimensionality is allowed. Due to
combinatorial nature of the problem, an evolutionary approach is taken. Such
adaptation solves linearly non-separable cases easily and appears to be a reliable
method. Still an important shortcoming remains due to assuming orthogonality of
dimensions. Convolution is a practical solution to the problem of orthogonality
presented. Using convolutional case, a shift-invariant k-means version is formulated
and unsupervised feature learning performance of convolutional dictionary learning
is evaluated. With these new modifications and considerations, sparse and redundant

representations framework appears to be a crucial tool for machine learning.

Keywords: Sparsity, Polytope, Simplicial, Convolution, Machine learning

OZET

MAKINE OGRENIMI ICIN YAPISAL SEYREKLIK UZERINE
CESITLEMELER

Oktar, Yigit

Bilgisayar Miihendisligi Doktora Programi Damisman: Dr. Ogr. Uyesi Mehmet

Tiirkan Agustos, 2020

Seyrek ve bol gosterimler icin sozliik 6grenimi genelde bir 6znitelik 6@renimi
yontemidir. Bu yéntem yapici sinyal isleme uygulamalarinda sikca kullamhr. Ogre-

nilen 6znitelikler, makine 6grenimi icin siniflandirma ve kiimeleme yontemlerine de



girdi olarak verilebilir. Kalip seyreklik kullanarak, seyreklik sistemi bir kiimeleme
problemine cevrilebilir. Olagan durumda, aym alt uzaydaki iki simifin ayirt edile-
memesinden dolayi, dogrusal olarak ayrilmayan durumlarin 6@renimi olasi degildir.
Bire toplam ve eksi olamama kosullan ile kalip seyreklik birlikte kullamildiginda, k-
flats, k-simplexes, k-polytopes olarak adlandirilacak cesitli k-means
iistproblemleline ulasilir. Polytope ayni boyut sayisina sahip simplekslerden olusan
biitiin bir cisimi belirtir. K-polytopes deneysel olarak k-means topluluklan kadar iyi
ve cekirdek k- means’ten daha iyi sonuclar verir. Biitiinsellik birakildig: ve boyutsal
heterojenlik oldugu takdirde, k-polytopes bir tek simif 6grenim yontemi olan
simpleksel 6grenim ile genellestirilebilir. Kombinasyonel dogas1 geregi, ¢coziim icin
evrimsel yontem secilmistir. Bu cesit bir uyarlama dogrusal ayrilmayan durumlari
kolayca ogrenebilmekte ve de giivenilir bir yontem olarak goriinmektedir.
Boyutlarin birbirine dik oldugu varsayildig1 icin hala eksiklikler vardir. Evrisim
diklik sorununa pratik bir ¢6ziim saglar. Evrisimli durum kullamilarak, kaydirmaya

degisimsiz k-means problemi sunulmus ve evrisimli sozliik 6@reniminin denetimsiz

oznitelik 68renimi basarim degerlendirilmistir. Bu eklentiler ve degerlendirmeler
sonucunda, seyrek ve bol gosterimler sistemi cok onemli bir makine 6grenimi

yontemi olarak karsimiza cikmaktadir.

Anahtar kelimeler: Seyreklik, Polytope, Simpleksel, Evrisim, Makine 6grenimi
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CHAPTER 1: SUMMARY

1.1 Introduction

Machine learning is a currently very popular subdomain of artificial intelli-
gence. Machine learning algorithms learn models based on observed data. An algorithm
is a recipe for a machine to be executed step by step. As opposed to conventional
algorithms, machine learning algorithms fit models to the data observed, thus provide
an abstraction layer between the data and the machine, much like the human learning
process. In short, machine learning algorithms aim to learn models based on observed
data, later to be used for predictions without being hardcoded to perform the task
(Bishop, 2006).

Two main types of such algorithms are fisted as supervised and unsupervised. In
supervised setting, algorithm builds a model of data that contain both the inputs and
the desired outputs, referred to as the training data. Then, according to the model it can
then predict the output of a new input. Two versions of supervised algorithms include
classification and regression. In classification, outputs or labels are restricted to be a set
of values, whereas in regression outputs represent a range of values. In unsupervised
learning, outputs are absent in the data, in other words there are no labels. Therefore,

algorithms tend to analyze data only based on the input values. For example, in cluster

Xiv



analysis, observations with similar input values are grouped together to form clusters,
based on some similarity metric chosen.

Another type of machine learning algorithms is fisted as feature learning, aiming
at finding better representations of data (Bengio et al., 2013). Classic example of this
domain includes Principal Component Analysis (PCA) (Pearson, 1901). These al-
gorithms try to preserve the information in the data but transform it into a more useful
form, as a preprocessing step before classification or clustering. Feature learning can
itself be supervised or unsupervised, depending on whether it requires labels or not.

The framework that is adopted in this thesis, namely sparse and redundant
representations equipped with dictionary learning is conventionally listed as a feature
learning method. In fact, sparse and redundant representations are most commonly
utilized in reconstructive signal processing tasks such as compression (Akbari et al.,
2016) , denoising (Nejati et al., 2016; Zhuang and Bioucas-Dias, 2018), and inpainting
(Zhuang and Bioucas-Dias, 2018). However, they can also be used as preprocessing tools
for further classification and clustering schemes for machine learning (Elham- ifar and
Vidal, 2013). In this thesis, examples of adapting sparse framework as direct
applications of clustering and classification problems are presented through variations
on structured sparsity (Huang et al., 2011), a notion to be introduced in Sect. 1.1.2. First

of all, a more formal introduction to sparse representations is given.

1.1.1 Sparse Representations

Sparse representations are widely used in reconstruction tasks. They model the
data through a few linear combinations attained from an overcomplete set of elements
or basis, often referred to as the dictionary. This dictionary can either be fixed analyti-
cally or be adapted to the data at hand through learning. Conventional optimization of

dictionary learning for sparse representations is given in Eqn. (1),

argminV' ||yi - Axj||| subjectto H*Ho < ¢, Vi, 1)
A>(n) i

where A is the overcomplete dictionary and Xj denotes the sparse representation of yj,

Vi. While minimizing the reconstruction error of y* over A, each sparse vector x* may



have maximally ¢ number of nonzero components due to “¢o-norm constraint. In
literature, approximate iterative solutions by sparse coding and dictionary update have
been proposed to this nonconvex problem and its variants (Elad et al., 2010; Gribonval

et al., 2015).

1.1.2  Structured Sparsity

In this original version of the problem, any of the atoms in the dictionary can be
picked. In other words, there is no constraint on which parts of the sparse codes to be
filled. Instead of picking atoms individually, if groups of them are to be picked collec-
tively then this corresponds to structured sparsity and direct connections to
clustering problem can be made when groups appear in blocks (Eldar and Mishali,
2009; Eldar and Bolcskei, 2009) and this is the topic of Chapter 2. Therefore, as of
now structured sparsity can be seen as an additional constraint on sparse
representations that make them appear closer to problems in the machine learning
domain.

There are three main objectives of this thesis. First objective is to formulate
a general sparsity based clustering framework that can effectively learn linearly non-
separable cases as in Chapter 3. Such a framework is based on structured sparsity
and additional constraints on sparse codes. In Chapter 4, this framework is further
generalized to provide a direct solution to the classification problem by the
introduction of one-class learning. The last objective is to show the importance of
spatial information in machine learning of signals through convolutional sparse

representations, and provide insight for future studies in this light as in Chapter 5.

1.2 Contributions and Organization of Thesis

1.2.1 Chapter 2: Clustering and sparsity
Chapter 2 introduces the problem of clustering in a formal manner. Famous
challenges in clustering are listed. The notorious phenomenon, namely the curse of

dimensionality is introduced as a challenge in high dimensional real-world machine



learning applications. The problem of overfitting is another well-known challenge, in
which some kind of memorization is observable instead of learning. Noise and out-
liers issue is another notable challenge in clustering. Then, feature extraction, feature
selection, and combinatorial feature selection methods are mentioned to alleviate
these problems. All these methods are performed within original or reduced number
of dimensions. Then, concept of sparse representations is introduced as a way of
feature transformation with the benefit of expanded dimensions. Sparse
representations are resilient to noise and outliers when certain conditions are met,
and also by manipulating level of sparsity, problem of overfitting can be addressed.

A detailed mathematical overview of sparse representations is then given and
sparsity concept is then tied with clustering. There are two ways to relate sparse rep-
resentations with the clustering problem. First, sparse representations can be seen as a
feature transformation method as a preprocessing step for clustering. More interest-
ingly, structured sparsity in the form of block sparsity, corresponds to a subspace clus-
tering scheme directly. However, the dual of sparsity concept namely the dictionary
may not be proper to designate subspaces as clusters. Therefore, adaptive dictionaries
are needed to shape the state-model entity into well-formed clusters. In this light,
dictionary learning problem is introduced and formulated in a formal manner. Most
notably, MOD (Engan et al., 1999) and K-SVD (Aharon et al., 2006) are two well known
approximate iterative solutions to the problem. After establishing the necessary back-
ground information, examples from literature are given that use sparse representations
framework as a direct tool for clustering to solve segmentation (Ramirez et al., 2010),
and denoising (Dong et al., 2011) problems.

Later in the chapter, related concepts from signal processing and machine
learning perspectives are given. Compressive sensing and multiple measurement
vectors approach are mentioned under the hood of signal processing perspective. On
the other hand, support vector machines, decision trees, and neural networks are
reviewed from the machine learning perspective. The chapter concludes with a
discussion of shortcomings of conventional sparse representations and proposals to
overcome those issues. One issue is related to random initializations and addressed in

Appendix A. The other issue is more fundamental and is about learning linearly non-



separable cases to be addressed both in Chapter 3 and 4.

1.2.2 Chapter 3: K-polytopes as a superproblem of k-means

Chapter 3 builds on top of Chapter 2 and presents the well-known /c-means
problem in the context of sparse representations. A motivation to generalize k- means
arises when one considers its drawbacks even assuming an optimal solution. Namely,
/c-means cannot learn linearly nonseparable cases (i.e. clusters with noncon- vex
shapes) and the number of clusters is hardcoded. Kemelization and ensembling are two
approaches that solve nonlinearity issue, but they do not utterly generalize /c-means
problem as a superproblem. Through special constraints applied on sparse
representations, one can arrive at certain superproblems of /c-means. K-flats (Canas et
al., 2012), for example, is a superproblem of /c-means, and one of the contributions of
the chapter is to show that it can be implemented within a sparse framework. In this
chapter, /c-simplexes and /c-polytopes problems are additionally introduced as
superproblems of /c-means in which piecewise-linear models can be learned.

In this light, first of all block-sparsity concept is mathematically defined, and
the concept of subdictionary arises. Each assignment block, corresponds to a sub-
dictionary that can be thought of as a central prototype that claims an entity (or not)
depending on the reconstruction error, much like a centroid claiming the closest point
to itself. Therefore, sparse coding with block sparsity corresponds to assigning entities
to respective central prototype, whereas dictionary update corresponds to updating the
central prototypes as in an iterative solution. Proposed formulations originate from the
fact that /c-means problem can be represented within a sparse framework. In fact, in
/c-means there are £ many blocks with sizes 1 and sparse codes are restricted to be 1
also. In that case, dictionary atoms directly designate centroids, and no further atom
normalization should be carried out. Generalizing to bigger blocks when there are no
constraints on the magnitudes of sparse codes corresponds to k g-subspaces, when the
block size is g. A sum-to-one constraint on sparse codes forces subspaces into (¢ — 1)-
dimensional flats. A further non-negativity constraint forces (¢4 — 1)-dimensional flats
into (¢ — 1)-dimensional simplexes. In this regard, one can arrive at /c-simplexes su-

perproblem. A solution to /c-simplexes problem is given, in which data points are first



assigned to closest simplex. In sparse coding perspective, this corresponds to finding
the positive barycentric coordinates of the projection point. After acquiring all sparse
codes, a dictionary update then updates the simplexes. A complexity of 0(m’) is
determined for this type of solution, where m is the number of data points.

However, there are two drawbacks of /c-simplexes formulation. First of all,
there is no constraint on the size of simplexes and a single simplex is still of convex
shape. Therefore, /c-simplexes is further generalized into Zc-polytopes formulation
where simplex edge size is now limited and a prototype can be now piecewise-linear. A
definition of the word poly tope is given as an intact object composed of many simplexes.
Intactness is important here, as it defines a single object. In /c-simplexes there is only a
single projection object. However, in fc-polytopes there are many candidate simplexes
to test for within a polytope. Therefore, an additional hypergraph data structure is kept
to define the shape of the polytope, where each valid simplex within the polytope can
only be g-dimensional, corresponding to a hyperedge relating ¢ many vertices within
the hypergraph. Note that, for a simplex to be valid it should at least receive some
amount of projections.

Chapter 3 includes a solution to /c-polytopes problem, consisting of subdivision,
pruning, and merging subroutines. Subdivisions are needed when the edge size of a
simplex is above the limit. Similarly, pruning is needed when the simplex does not
require any or enough projections. Topologically important merging process is needed
to fix excessive pruning and subdivisions. A detailed complexity analysis of /c-polytopes
gives out a complexity of 0(m?) again.

Most importantly, performance of /c-polytopes is compared against k-means,
As;—flats, Gaussian mixture models (Reynolds, 2015), kernel A-means (Dhillon et al.,
2004), and ensemble A-means (Iam-on and Garrett, 2010). It appears that ensemble /c-
means is the most general method in literature and proposed method matches the
performance of ensemble A-means even surpassing it at certain cases. It is also exper-
imentally validated that, if the minimum intercluster margin is known, A-polytopes is
also able to recover the number of clusters accurately in another set of experiments.
The chapter concludes with a discussion considering the case in which clusters are not

homogeneously *-dimensional but heterogeneous and also a discussion on supervised



setting leading to the formulation in Chapter 4.

1.2.3 Chapter 4: Evolutionary simplicial learning

Chapter 4 generalizes A-polytopes formulation, which is only about clustering,
into a general framework that can be applied to many other tasks, such as one-class
learning, or multi-class classification. In its final form, called evolutionary simplicial
learning, the proposed framework learns more general piecewise linear constructs,
namely an arbitrary union of simplices to the data at hand through evolution.

Chapter 4 starts with an introduction to one-class learning. It is possible to cate-
gorize one-class learning methods by the type of the model targeted. In one approach,
enclosing hypersurfaces (i.e. decision boundaries) are targeted. As an opposing ap-
proach, graph based methods seek skeletons within. Most importantly, dictionary
learning can also be regarded as an inner-skeleton method. In fact, in sparse repre-
sentations based classifier (SRC) models, data is classified accordingly favoring the
most reconstructive or representative dictionary (Wei et al., 2013). This form of SRC is
defined as generative-only. While there are parallels between inner-skeleton and
generative methods, there is a relationship between decision-boundary and discrimina-
tive approaches. A method can both be generative and discriminative at the same time
and discriminative dictionary learning methods are examples of such approach (Jiang
et al., 2013; Song et al., 2019).

A crucial point is that SRC methods are not capable of learning linearly non-
separable cases, as a linear generative dictionary learning method is incapable of dis-
tinguishing two classes within the same subspace. In other words, SRC is insensitive to
intensity/magnitude of a pattern. In that case, simplicial learning is introduced both as
a generative-only method and as a generalization of /c-polytopes concept of Chapter 3
that can learn any linearly non-separable case in theory. In this light, definitions of a
polytope, a simplicial complex, and a simplicial are given as generalizations of piece-
wise linear constructs. Polytope refers to an intact object composed of homogeneously
dimensional simplexes. A simplicial complex is a formal set of simplices satisfying
following two conditions: (i) every face of a simplex from this set is also in this set and

(ii) the non-empty intersection of any two simplices is a face of these two simplices. A



simplicial is instead defined as an arbitrary union of simplices, being the most flexible
structure.

There are various recent studies involving these structures (Luo et al., 2017;
Belton et al., 2018). Not surprisingly, Chapter 4 uses a sparse representations frame-
work to formulate simplicial learning in an efficient manner. Three ingredients in sim-
plicial learning, similar to &-polytopes formulation are, sum-to-one constraint, non-
negativity, and group sparsity this time instead of block-sparsity. A single hypergraph
data structure is kept, to keep track of groups, or valid simplexes within the simplicial,
each hyperedge relating arbitrary number of vertices this time.

However, there is no direct restriction on the number of simplices or the di-
mensions of those simplices. Additional penalty terms are needed to keep number and
dimensionality of simplices small for a compact solution. An evolutionary process seems
feasible for this problem that looks combinatorial in nature. In this regard, a fitness
function is needed to guide the search process. An optimization process only for the
number and the dimensionality of simplices is not enough. Volume, or more formally
content of the simplices must be considered also. Luckily, content of an arbitrary
simplex can be calculated using Cayley-Menger determinant (Michelucci and Foufou,
2003). Because of allowed heterogeneous dimensionality, an important issue arises,
namely how to effectively compare the content of a triangle and a line-segment as an
example. In this light, an approximated cumulative discrete content formula is devised,
introducing exponential penalty to content through dimensionality. However, a direct
addition of this term to the sum of squared errors is not practical. Therefore, devising
a formula involving logarithmic scale is chosen as the final option.

Having pinned down the fitness function, mutations and breeding processes
then perform the actual search. Mutations are performed on the hypergraph data
structure kept as an incidence matrix of zeros and ones. Breeding process extracts two
subsimplicials from two simplicials each and merges them together. While breeding
determines the core dimensionality, mutations instead fine tune the simplicial to the
data at hand. An important implementation detail is that, while starting as a single
point is enough for low dimensional datasets, in high dimensional cases a procedure

involving fc-means is used as a subroutine to designate an initial simplicial.



Proposed method is tested in two phases of experiments. At first, the per-
formance is evaluated in a one-class classification task for outlier detection. In 17
datasets considered, 12 competing methods are reported involving ESL. ESL not only
presents best average Area Under the Curve (AUC) Receiver Operating
Characteristics (ROC) performance it has the least standard deviation, and it seems as
the most reliable method among considered ones for this performance measure. In
second phase, multi-class experiments are performed. In challenging synthetic data sets
created, involving linearly non-separable cases requiring intensity/magnitude
distinction, ESL easily outperforms all other dictionary learning methods considered,
such as Sparse Representation based Classification (SRC) (Wright et al., 2008), Label
Consistent
K-SVD (LCKSVD1 and LCKSVD2) (Jiang et al., 2013), Dictionary Learning with
Structured Incoherence (DLSI) (Ramirez et al., 2010), Fisher Discrimination Dictio-
nary Learning (FDDL) (Yang et al., 2011), Dictionary Learning for Commonality and
Particularity (DLCOPAR) (Kong and Wang, 2012) and Low-rank Shared Dictionary
Learning (LRSDL) (Vu and Monga, 2016, 2017). In real-world tasks of digit classifi-
cation (USPS (Hull, 1994) and MNIST (LeCun et al., 2010)), ESL performs as a superior
generative method nearly performing at the capacity of Gaussian SVM. Chapter 4

concludes with a discussion of possible probabilistic and discriminative modifications.

1.2.4 Chapter 5: The problem of orthogonality

Even with all these enhancements, an important shortcoming remains in the
case of inputs that contain ’spatial’ information. In conventional consideration, each
dimension of data is assumed to be independent from another, as a result of
vectorization process. More technically, the bases are assumed to be orthogonal (as in
n-dimensional Euclidean space). However, neighboring or close data cells in digital
signal forms such as sounds, images, or videos most probably have certain dependency,
which is referred to as ’spatial’ information throughout Chapter 5. Convolutional
neural networks have advantage in such cases as they preserve and process the ’spatial’
information. Chapter 5 offers an overview of this orthogonality problem from the

perspective of sparse representations through convolutional case, and provides further



insight for future studies on this topic.

Chapter 5 opens up with a discussion on how many possible spatial configura-
tions a signal could have been in going back from a n-sized vector format. The result is
dk(n)n\ where dk(n) is the k-th Plitz function, which gives the number of ordered
factorizations of n as a product of & terms, designating a /c-dimensional signal.

The chapter goes on to explain that orthogonal consideration is problematic for
classical problems such as /c-means also. Considering /c-means to be applied on images,
an orthogonal vectorized distance calculation between two images might not be natural.
Similarly, in Computer Graphics domain, for natural interpolation between two
rotation matrices, quaternions are used for spherical linear interpolation instead of
naive linear interpolation (Jafari and Molaei, 2014).

These ideas lead to shift invariant formulation of /c-means as a more natural
clustering problem of images. Convolutional sparse representations are utilized to for-
mulate the shift invariant /c-means problem, and a solution to this problem is then
given, through OMP and MOD as subroutines. Convolutional dictionary learning is
listed as a generalization of this formulation, as a general unsupervised feature ex-
traction method. Performance of convolutional dictionary learning as an unsupervised
feature extraction method is validated many times in literature (Zeiler et al., 2010;
Garcia-Cardona and Wohlberg, 2018). However, the main aim of this chapter is to pro-
vide an extensive comparison with classical orthogonal consideration. An important
note is that, a shift from /y to & constraint is applied in sparse representations to take
care of computational complexity and information loss problems.

Two sets of experiments are performed using the SPORCO library (Wohlberg,
2017) for the needs of convolutional dictionary learning. A modified version of MNIST
is created in which each image uniformly randomly received a shift in each axes from
a mean of 2,4, 8, and 16 pixels respectively. It is observed that, shift invariant /c-means
formulation is very resilient to shifts, while /c-means, kernel /c-means, and ensemble /c-
means performances drop to random guess performance in case of big shifts.

In another set of experiments, unsupervised feature extraction performance of
CDL is measured. Competing methods are Histogram of Oriented Gradients (HOG)
(Dalai and Triggs, 2005), Local Binary Patterns (LBP) (Ojala et al., 1996), and Gabor
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Feature Extraction (GFE) (Haghighat et al., 2015), while dictionary learning has 3
versions to be tested. DL is global only method where atom size is that of image size. In
patch-based dictionary learning (PDL), smaller patches are extracted in a sliding
window manner in a local only manner. Convolutional dictionary learning (CDL)
method can be regarded as a both global and local method. Experimental results
suggest that CDL is superior to both DL. and PDL when the data set contains enough
samples. GFE, as an unsupervised simulation of first layers of a CNN perform the best,
CDL is the second best, very close to the performance of HOG. A level below, DL, PDL,
and LBP perform similarly.

The chapter goes on with certain possible variations on neural networks. A
sparsely overlapping block-wise connected continuous layered network is proposed as
an alternative to a ID CNN. Geometric algebra (Wang et al., 2019) and multilinear (Lu
et al., 2011) approaches to machine learning are mentioned, noting that these methods

should also work for ID signals to start with.

1.2.5 Chapter 6: Conclusion and perspectives
In Chapter 6, conclusions are drawn based on the main ideas and contributions
of the work, and various future perspectives are presented for the domain of sparse

representations to be applied on machine learning.

1.3 Conclusion

Dictionary learning for sparse and redundant representations conventionally
appears as a feature learning method in the domain of machine learning. However,
using structural constraints, namely using block-sparsity, it can be cast as a clustering
problem directly. In conventional form, learning of linearly nonseperable cases is not
possible. Through additional magnitude constraints on sparse codes, one can arrive at
superproblem of /c-means, such as /c-simplexes, or fc-polytopes that can learn linearly
non-separable cases. Simplicial learning is a further modification of /c-polytopes
concept for the problem of classification through the introduction of once class learn-
ing. Due to combinatorial nature of simplicial learning, an evolutionary approach is

taken. Evolutionary simplicial learning can easily handle linearly non-separable cases
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and surpass the capacity of classical dictionary learning methods considered.

Due to considering dimensions as orthogonal to each other via vectorization
process, there are still problems for machine learning of signals. Convolution operator
is a practical tool that can preserve spatial information in this regard. Through con-
volutional sparse representations a shift-invraint /c-means problem is formulated and
solved. Furthermore, unsupervised feature learning capacity of convolutional dictio-
nary learning is evaluated. With all these modifications and considerations, sparse and
redundant representations framework appear to be an indispensable tool in advancing

machine learning research.

CHAPTER 2: CLUSTERING AND SPARSITY

2.1 Introduction

As a subdomain of machine learning, clustering is an approach to unsupervised
learning. There is no labeling required, unlike classification tasks. In broad terms,
clustering can be expressed as exploring the unknown. The wide range of clustering
applications includes search engines, social networks, visual tasks such as image seg-
mentation, and DNA analysis. Search engines need to cluster information in order to
be able to retrieve relevant data in the times of querying. Social networks inherently
appear in a clustered nature. Image segmentation is a visual application of clustering.
Not surprisingly, molecular biology is a promising domain for clustering applications,
due to its aim of discovering the unknown world (Kiselev et al., 2019).

Clustering can simply be defined as the task of grouping entities in terms of a
similarity measure. Here, the critical issue is to understand what is meant by “similar”.
Similarity is in a sense the inverse of a distance metric between two entities. The shorter
the distance, the more similar the entities, and vice versa. It is important hence to note
that, clustering results will be crucially dependent on the similarity notion chosen. A
conventional distance metric is the squared Euclidean distance between two data points
x and y which is defined as dist(x, y) = [|x —y |||- Many other similarity measures, e.g.,

(Borgefors, 1986; Maesschalck et al., 2000), could be utilized to tackle the broad range
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of domain specific clustering problems.

Clustering methods are usually categorized under four main groups. The first
group is based on the cluster formation methodology including top-down, bottom-up,
and analytic optimization techniques (Gordon, 1987). A second group lists methods
depending on the cluster model acquired such as hierarchical (Sibson, 1973), centroid
(as in k-means (Lloyd, 1982)), distribution such as expectation maximization (Carson
et al., 2002), density (Ester et al., 1996; Kriegel et al., 2011), subspace, group, and graph-
based models (Felzenszwalb and Huttenlocher, 2004; Novak et al., 2010). Thirdly,
depending on the relationship type between entities and clusters, hard or soft clustering
can be distinguished by defining binary or fuzzy relations, respectively. A final
clustering group, based on the nature of cluster-cluster relations, defines the distinction

between overlapping versus disjoint partition groups in general.

2.1.1 Challenges in Clustering

Clustering problem is not a trivial task, especially in the case of high dimen-
sional data, found in most real-world applications. Conventional clustering methods
usually fail in such scenarios. This phenomenon is referred to as the curse of dimen-
sionality (Parsons et al., 2004). The problem here can be described with a synthetic
example where there is a set of data originally in a low-dimensional space, which is
gradually expanded with irrelevant information within some additional dimensions. As
such dimensions are incrementally added, the inherent distribution of original data will
gradually become obscure because of the increased volume, and that statistically sound
subset becomes sparser in higher dimensions. This is especially problematic in the case
of clustering, which employs some conventional distance metrics, as with each
additional dimension, such functions will lose their discriminative power.

In addition, large amounts of data does not mean that learning algorithms will
be successful. The problem of overfitting (Hawkins, 2004) usually occurs when the model
being captured is excessively complex because of very high dimensional feature space.
Also, the data at hand may not be very representative of the whole ground-truth model.
In that case, learning algorithms tend to fit a model to data samples at hand, thus

missing the true underlying structure. In other words, some kind of memorization
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occurs instead of learning.

Noise and outliers are additional challenges to be tackled in practical signal
processing and learning tasks. Especially, non-Gaussian noise is common in applica-
tions that involve measurements. Outliers, on the other hand, are inconsistent observa-
tions among the general population. Combined with certain output constraints, these
peculiarities pose great challenges for problems involving both linear and non-linear
systems. The effects of these additional considerations are best investigated in some

recent studies as (Stojanovic et al., 2016; Stojanovic and Nedic, 2016).
2.1.2 Remedies for Challenges

Because raw data is usually in a crude form, as explained, clustering approaches
require a preprocessing step to cope with high dimensions and undesired sampling
issues. Various preprocessing techniques have been proposed to increase performance
in cases of high dimensions, e.g., (Hinton and Salakhutdinov, 2006; Yan et al., 2007;
Baudat and Anouar, 2000; Jolliffe, 2002). They generally reshape the sample space
through transformations or eliminations to observe the dataset in a refined way that
would be more suitable for further processing. In an example, Principal Component
Analysis (PCA) (Jolliffe, 2002) is a method that transforms sample attributes into a
form that would have the highest variance, thus more suitable for discrimination tasks
with an additional benefit of reduced dimensions. In general, this concept can directly
be generalized as feature transformation. However, it is important to note that such
techniques do not discard irrelevant features, i.e., all features are preserved and
reshaped through (non)linear combinations. As an extended approach, dimensionality
reduction via feature selection performs elimination of irrelevant features and
considers what seems to be the most important subset of features abiding by certain
optimality criteria. Both of these techniques help future classification or clustering
tasks to achieve more accurate representations in return.

Although feature selection can simply be used as a solution to high dimensional
problems, elimination process however might lead to some loss of important informa-
tion that have strong meaning in different context, i.e., in different subspaces. In this
light, subspace search (Parsons et al., 2004), a combinatorial approach to subset se-

lection, can be performed as an extension of feature selection where many subsets of
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features are distinctively analyzed while keeping original dimensions intact. A class of
clustering methods has been proposed which includes searching for clusters in sub-
spaces rather than the original space, thus referred to as subspace clustering (Parsons
et al., 2004). Considering data points in isolated but relevant dimensions eliminates the
interference of irrelevant dimensions, hence provides a solution to the clustering
problem. Observing data in many alternate subspaces can provide means to clustering
certain groups in certain subspaces, and the rest in different ones. The whole data can

effectively be partitioned through merging the solutions in these subspaces, in a way
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Figure 1. Sparse and redundant representations implement a transformation Y = AX
that increases the dimensionality of feature space from /N to M and searches

for suitable subspaces within the new M-dimensional feature space.

that would not be possible by observing all dimensions at once. In general, subspace
clustering problem can be formulated by defining the number of subspaces, subspace
dimensions and a corresponding basis when supplied with a set of data points that fie
within a union of subspaces.

Note that it is also possible to take an extended approach to subspace search
within expanded dimensions through sparse and redundant representations (Elad, 2010),
which implements a transformation that increases the dimensionality of feature space,
as illustrated in Fig. 1, and then searches for suitable subspaces within this new feature
space. This chapter focuses on the sparsity-based clustering methods, considering
sparse and redundant representations as a both feature transformation and a
“structure” of clustering with the help of adaptive (learned) overcomplete dictionaries.

Having considered the challenge of high dimensional data, it is also important
to mention certain techniques to overcome the problem of overfitting. In the case of
clustering, a common way to deal with overfitting is to minimize within cluster variance
(Demiriz et al., 1999). More generally, overfitting occurs when the model accommodates
more parameters than needed (Everitt and Skrondal, 2002). In the sparse and

redundant representations framework, the sparsity measure directly corresponds
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2.2 Sparse Representations and Clustering
to parameter quantity, and can be manipulated easily. For example, by keeping the

sparsity constraint strict enough, a model based on a few parameters can be formed,
exhibiting less overfitting.

In the case of noise and outliers, it has been shown that under certain conditions,
it is highly probable that sparse and redundant representations admit a local minimum
around the reference signal-generating model (Gribonval et al., 2015). This means
sparse representations are indeed resilient to noise and outliers when certain criteria
are met, such as appropriate scaling of dimensions, number of measurements, and
model parameters. In practical applications, the nature of noise may not be Gaussian,
but exhibit high levels of outliers. There are successful studies which overcome such
situations with flexible structures for noise handling, e.g., a method based on a hybrid
norm for minimizing the data fitting error term (Barazandeh et al., 2017), a nonpara-
metric scheme minimizing some norms of residual and original signals (Mayiami and
Seyfe, 2012). Furthermore, sparse and redundant representations are widely used in
signal denoising applications, which provides the potential for robust models, even in
the presence of (non-)Gaussian noise and outliers (Elad and Aharon, 2006; Shao et al.,
2014; Zhu and Vogel-Heuser, 2014).

The rest of this chapter is organized as follows. Section 2.2 first overviews the
problem of sparse representations, and then relates the clustering problem to the
sparsity constraint, namely, to sparse coding. Following this, Sec. 2.3 introduces the
principles of dictionary learning for sparse representations, and then connects the
clustering problem to learned dictionaries. Section 2.4 then discusses related concepts
to sparsity-based clustering. Finally, Sec. 2.5 mentions shortcomings of the standard
formulation proposed in this chapter for general machine learning, and paves way to

upcoming chapters.
2.2.1 Sparse representations: An overview

Sparse representations have become a key research topic with various
applications in signal and data processing, e.g., denoising (Elad and Aharon, 2006;
Protter and Elad, 2009), modeling (Peyre, 2009), restoration (Mairal et al., 2008b,c),
compression (Bryt and Elad, 2008; Peotta et al., 2006), and even more (Fadili et al.,
2007; Mairal et al., 2008a; Liao and Sapiro, 2008). Put simply, sparse representations
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represent most or all information contained in a data with a weighted linear
combination of a small number of elements or atoms chosen from an overcomplete
or redundant basis or dictionary. Such a dictionary is a set of atoms whose number
is much larger than the dimension of the data space. Any entity then admits an
infinite number of representations, and the sparsest such solution has interesting
aspects for various data processing tasks.

The main objective is to obtain a sparse approximation of a given input data
y e R™. Given a full rank matrix A e M."¥ A A one tries to optimize the
solution of

y = AX subject to min||x||o (2)

where x e RM denotes the sparse representation of y and ||x|o is the ~o-norm of x, i.e.,
the number of non-zero components in x. The matrix A is the dictionary and its
columns (atoms) are assumed to be normalized in any norm.

In general, sparse representations for any set of data can be imposed in the
form of a matrix factorization as Y = AX, where Y denoting the original data with N
features and K samples, and X as the sparse representation matrix of Y in the new
M-dimensional feature space as depicted in Fig. 1. Assuming that A is fixed, the £-
norm constraint on the columns of X forces each data sample to use only a small
number of feature templates (atoms). Hence, sparse codes, namely the columns of X,
together with the atoms they use, define a subspace.

In practice, the whole problem can be relaxed as an approximate convex opti-

mization while fixing A and solving for x* for each yj Mi independently, by

minimizing
the total approximation error over all samples by

K
argmin” ||yj — Axilla subjectto ||xj|lo < £ Vi, A3
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which is known as the sparse coding problem. Here, the parameter k defines the max-
5{1}1&1;’1 czstg%l}s?iet]);’r?zlslé)rzg;ii of’% ttlllllfl %ﬁ&%ﬁ?ntgﬁon of yi during the sparse coding process.

There is no known technique for obtaining the exact solution under general
conditions on the fixed dictionary A, except for the exhaustive combinatorial
approach. Searching for this sparsest representation is hence unfeasible. This
problem is computationally intractable (Davis et al., 1997) and thought to be NP-
hard (Tillmann, 2015). A wide variety of pursuit algorithms (Chen et al., 1998;
Mallat and Zhang, 1993; Pad et al., 1993; Blumensath and Davies, 2008) have been
introduced as heuristic greedy methods aiming at approximate solutions with
tractable complexity.

For the £o-norm constraint, greedy approaches are the most appropriate as
the above problem in this form is NP-hard. Matching Pursuit (MP) (Mallat and
Zhang, 1993) and Orthogonal MP (OMP) (Pati et al., 1993) are most widely used
examples to these iterative methods. On the other hand, it has been shown that for
many high dimensional cases, £i-norm constraint (instead of £o-norm) is sufficient to
ensure the sparsest solution (Donoho, 2006). Note that the very same problem with
Ji-norm constraint can then be solved via regular linear programming tools, such as
interior point (Nesterov and Nemirovskii, 1994) or regression shrinkage (Tibshirani,
1996). Basis Pursuit (BP) (Chen et al., 1998) is the generalized term for “-norm
constrained version, as an approximation to the original problem.

Note that, since the transformed feature space in X has higher dimensions
than that in Y, this feature transform can also be coined as “dimensionality
expansion”, as opposed to dimensionality reduction such as in PCA. This is an
advantage because, through dimensionality expansion, it is possible to utilize the
subspace clustering approach at large.

Sparse coding can be thought of as a method of information localization. In
this sense, sparse representations and the clustering problems are usually
complementary, as clustering itself includes a form of information localization.
However, note that the sparsity constraint alone does not imply clustering. For

example, random sparsity is an expression of information being localized to a certain
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extent, but clustering would not be evident at all for such a case. Thus, sparsity
property needs indeed to be structured in order to be significant in informative sense.
By nature, in most real world examples sparsity property and clusters are usually
observable together. As an example, in social networks, not everyone is friends with
everyone else, and people appear to be in certain friendship groups. Similarly
protein-protein interactions in molecular biology are selective, while proteins of
same functional domain and cellular location tend to cluster (Schwikowski et al.,
2000). A striking sparsity example can be given for the brain. The brain, that
fundamentally based on compartmentalization, not only has spatial but also
temporal sparsity. Neurons are active in relatively small number of time periods, and
also, the activated population of neurons are spatially sparse, i.e., only a small
portion of neurons are active at any time (Barnes et al., 1990).

At this stage, there are two possible directions towards a solution for the main
topic, namely for the clustering problem. Firstly, it is possible to supply sparse rep-
resentations (i.e., sparse codes) acquired to any existing data clustering method -as
extracted features- to be further processed as exemplified in (Elhamifar and Vidal,
2013) . In this simple case, sparse representation framework remains as a tool of
feature transformation and/or selection, as a preprocessing step for clustering.
Secondly, it is possible to formulate the sparsity concept as a clustering problem
directly through additional structural constraints on sparse and redundant

representations.

2.2.2.1 Sparsity as a feature transform

The first option is to use the transformed feature space, namely sparse codes,
as an input to any existing data clustering algorithm. As a special case, if the
dictionary is chosen as the data itself, i.e., A =Y, the result is a formulation as YX =
Y. In this

form, X contains information about a kind of self-similarities among the original
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data. However, the diagonal entries of X has to be forced to be zero to prevent the
trivial solution of YI = Y, where I represents the identity matrix with suitable
dimensions. The columns of the dictionary are usually normalized, arriving at a final
formulation as YX =Y where Y denotes Y with normalized columns. In an example,
this logic is utilized to solve the problem of segmenting multiple motions in videos
(Elhamifar and Vidal, 2009, 2013). After solving for X through ;’i-norm constraint
optimization, a similarity matrix is further calculated by |X| + |X|, which is then
processed by spectral clustering for final segmentation. Experiments on chosen video
sequences show that this approach is exceptionally successful in this clustering task.

If above YX =Y is solved for X with a greedy approach, such as MP or OMP
with an £,-norm constraint where k& = 1, then the non-zero coefficient with the index
j within Xj, will show that y* and y, are the most similar in terms of directionality;
in other words y* and yj are highly correlated in terms of angular similarity. This
can be regarded as an alternative similarity measure to Euclidean distance. Note also
that for any sparsity constraint with £ > 1, this formulation can be generalized as
directional decomposition of the data.

As a relevant note, there is in fact a whole field of directional statistics (Mar-
dia and Jupp, 2009; Mardia, 2014), in which data points are represented as scaled
directions -contrary to points in cartesian coordinates- and their distributions are
examined from that perspective. In that regard, Von Mises-Fisher probability
formulation deals with distributions on circles, spheres, or in general n-dimensional
hyperspheres (Fisher, 1953). In relation to the clustering problem, cosine similarity
or angular distance as its inverse, can be used alternatively. Spherical k-means
(Zhong, 2005) aims to maximize the cosine similarity objective, thus it is equivalent
to k-means clustering on a unit hypersphere. Von Mises-Fisher directional
distributions can also be used as a probabilistic approach for clustering (Banerjee et
al., 2005; Gopal and Yang,

2014).
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Figure 2. An example sparse coding case: (left) a portion of the dictionary is shown
with colored columns (atoms), and (right) example sparse code-pattems
colored with the same color as the atoms used during coding. There are
two disjoint subspaces (green and blue code-pattems), and there also

exists non-structural code-pattems (green-yellow and blue-yellow).

2.2.2.1 Structured sparsity as a means of clustering

Instead of using sparse codes as features for the existing clustering
algorithms, sparse code appearance patterns can directly be utilized for clustering.
While noting that there is no structural constraint on code-pattems in the
conventional sparse coding approaches, additional structural code-pattem
constraints can easily be injected and then manipulated so that subspaces can
directly be designated as clusters. As a simple example, Fig. 2 depicts a coding case
where, as well as two disjoint subspaces as desired (green and blue code-pattems),
there also exists non-structural patterns (green and yellow, blue and yellow).
Structural constraints can enforce the condition that all sparse code-pattems appear
in disjoint subspaces, which will naturally designate structured clusters.

As a structured sparsity technique, group sparsity enforces grouping of the
elements belonging to the sparse-code vectors by allowing coefficients to fill the
vector group-by-group. The sparse code is conceptually partitioned into overlapping
or disjoint groups, and an additional norm constraint is used on this group level. In
this kind of structure, there is a cascade of norm constraints, usually two-layered, as

opposed to a single, general one in the conventional sparse coding approaches. As an
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example, /|- norm constraint based well-known /asso (Tibshirani, 1996) method can
be extended to group lasso (Meier et al., 2008) with an £;-norm constraint on the
group level.

Considering the sparsity concept as a cascade of norm constraints forced on
sparse codes on multiple levels leads to the possibility of multiple norm combinations,
and also to other structural variations. An example is sparse group lasso (Friedman
et al.,, 2010), which extends group lasso through a global *-norm constraint in
addition to ;’i-norm group sparsity and £;-norm within group constraints. Such an
enforcement yields sparsity both on the group and global levels, whereas group lasso
alone does not enforce sparsity within a group. As a second example, strong group
sparsity (Huang and Zhang, 2010) has ('i-norm within group constraint, and the
support selected is restricted to that lying within the smallest possible subset of non-
overlapping groups. Through a generalization, any structure can further be imposed
on the sparse code set. In a recent study (Huang et al., 2011), group sparsity was
extended through a subset imposing cost function while defining the coding
complexity for that sparse subset. Note that by manipulating such cost functions, a
range, including block, hierarchical or even graph sparse code-pattems can be
enforced. It is important to keep in mind that structured sparsity is a sparse coding
approach that will work particularly well if the data itself has that specific structural
nature (Huang and Zhang, 2010). Without initial structure, the structured coding
will much be less meaningful.

Most relevant to the clustering problem, block sparsity (Eldar and Mishali,
2009; Eldar and Bolcskei, 2009; Elhamifar and Vidal, 2009) is a specific case of
disjoint group sparsity where groups appear in blocks. A block sparsity of level 1
corresponds to some designation of disjoint subspaces. In such case, these subspaces
can directly be assigned as clusters and that will correspond to a non-overlapping

subspace clustering scheme as depicted in Fig. 3.
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Figure 3. A block sparsity example illustrating the designation of disjoint
subspaces which are assigned as clusters: house (green) and face (blue)
clusters. The dictionary and the data represented in the sparse domain

are shown on the top-row.

2.3 Dictionary Learning and Clustering

2.3.1 Dictionary learning: An overview

A crucial question in sparse representations is the choice of the dictionary.
Possible choices include various sets of analytic waveforms such as overcomplete
DFT, DCT, wavelets. However, both the sparsity and the quality of the
representation depend on the used dictionary, and most importantly its suitability
for the data and the problem at hand. Therefore, the underlying main idea of
dictionary learning for sparse representations suggests that the data can be better
approximated sparsely as a weighted linear combination of a set of preleamed
dictionary atoms, rather than off-the-shelf overcomplete bases or dictionaries, e.g.,
(Elad and Aharon, 2006; Protter and Elad, 2009; Peyre, 2009; Mairal et al., 2008b,c;
Bryt and Elad, 2008; Fadili et al., 2007). The
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sparsity constraint associated with the learning problem generally leads to a solution
which can fit any practical application by means of pursuit algorithms with *¢-norm
and 4-norm sparsity measures.

The objective is to obtain an explicit dictionary matrix A which is optimally
representative of a given set of training samples under some strict sparsity
constraints. Formally, given a set of training data with NV features and J samples
stored in the columns of a matrix T, the search for an optimum dictionary A involves

solving the constrained minimization as
argmin ||T — AZ||", subject to ||zj||o < k Mj “4)
AZ

where the sparse matrix Z e R™~/ has its columns zj as the sparse representation
vectors of the corresponding training samples tj Mj. Note that the constraint on A
is implicitly assumed to be valid to obtain unit norm atoms. Here |. ||[r denotes the
Frobenius norm.

The problem in Eqn. 4 is combinatorial and highly non-convex, and thus a
local minimum can be expected (Rubinstein et al., 2010a). Alternatively, this
formulation can be rewritten as a joint optimization with respect to the dictionary A
and sparse vectors zj Mj while including the sparsity constraint in the formula as a

penalty term

J
Mgflinjz_; {argz-‘gﬂiﬂ [llt; — Az + ozl ] }

which is not jointly convex but convex with respect to one of its variables when the
other one is fixed (Elad and Aharon, 2006). ct, here represents the sparsity
regularization parameter for zj Mj.

In this way, the whole problem can be factorized into two approximate convex
optimization steps as: a) sparse coding: optimizing Zj Mj by fixing A; b) dictionary
update: optimizing A by fixing zj Mj. A solution can be reached by iteratively solving

these two steps.
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While sparse codes zj Mj can be calculated in the sparse coding step as dis-
cussed in Sec. 2.2, the problem is then to optimize A by minimizing the representation
error of the training samples. This optimization is known as the dictionary update

problem, and it can be formulated as

J
arg min I>-A* A& (6)
A
3=1

The above described optimization problem can be solved using various tech-
niques. Non-parametric dictionary learning methods, such as Method of Optimal Di-
rections (MOD) (Engan et al., 1999) and K-SVD (Aharon et al., 2006), have been
developed, resulting in non-structural learned dictionaries. There are also paramet-
ric learning structures for such as translation invariant dictionaries (Blumensath and
Davies, 2006; Jost et al., 2006; Aharon and Elad, 2008; Engan et al., 2007), multiscale
dictionaries (Mairal et al., 2008c; Sallee and Olshausen, 2003), unions of orthonormal
bases (Lesage et al., 2005; Sezer et al., 2008) and sparse dictionaries (Rubinstein et al.,
2010b). Moreover, for various data and signal processing tasks, the literature
provides online learning algorithms (Mairal et al., 2010; Skretting and Engan, 2010),
task-driven learning approaches (Mairal et al., 2011), tree-structured hierarchical
methods (Monaci et al., 2004; Nakashizuka et al., 2009; Jenatton et al., 2011), and
iteration- tuned schemes (Zepeda, 2010; Zepeda et al., 2011).

2.3.2 Dictionary learning linked with clustering

As mentioned above, a chosen fixed dictionary may not always be appropriate
for clustering the data at hand, especially when the data under investigation is of an
unknown nature. This situation is exemplified in Fig. 4, which builds on top of the
previously selected example, depicting that sparse codes are not structured, but lie
apparently on intersecting subspaces. There is no obvious cluster-like appearance in
sparse codes. However, it is possible to acquire disjoint subspaces through adapting
the dictionary to the data at hand, by learning a more suitable dictionary.

Constraining block sparsity structure onto sparse codes using the sparse
coding step, followed by a dictionary learning step, basically corresponds to learning

a block- sparse model for the data. This is a form of non-overlapping clustering,
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where distinct subspaces are defined by adaptive subdictionaries together with the
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Figure 4. The chosen dictionary may not always be appropriate for clustering the
data. An example sparse decomposition depicts that sparse codes are not

structured, but lie on intersecting subspaces.

sparse codes. Examples from literature prove that such an approach is a successful
alternative to self-similarity (Sprechmann and Sapiro, 2010). As an example in
(Ramirez et al., 2010), subdictionaries are modeled to learn a subspace for each
cluster in an image segmentation task. Initially, data samples are assigned to best
representing subdictionary according to a certain representation quality that
includes a data fidelity term and a sparsity promoting term. Then, these assignments
are fixed, and solutions for better adapted subdictionaries are calculated with an
additional incoherence term. This proves to be an efficient and effective solution for
the image segmentation problem targeted. A successful denoising application
example can also be given in (Dong et al., 2011). Here, the concept of double-header
Ji-optimization is introduced with an additional £i-norm restriction that enforces
best representing centroid for each cluster through an adaptive dictionary.
Simultaneous centroid enforcement and sparse coding create a noise-resilient

structure. Encouragingly, this denoising application is reported to match the state-
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of-the-art BM3D (Dabov et al., 2007) performance. In fact, denoising is a very
suitable domain for such clustering formulations. Yet in another denoising study in
(Huang et al., 2014), authors successfully aim at the decomposition of images into
multiple semantic layers through unsupervised clustering based on self-learning,
allowing detection and removal of undesired patterns such as Gaussian noise and

rain strikes.
2.4 Related Concepts

2.4.1 Signal processing perspective

Compressive sensing (CS) aims at reducing the number of measurements
needed to describe a signal while exploiting its compressibility. It can mathematically
be expressed by

z=<by= = Ox 7

where $ 6 IHV*M s the stable measurement matrix with N < M, and it is responsible
of dimensionahty reduction from y E MM to z £ R" such that z designates less number
of measurements taken. The main goal is to recover the original compressible signal
y, or equivalently the sparse signal x, from z. Note here that £ RM*M js an
orthonormal sparsifying basis for obtaining fc-sparse representation signal x such
that y = tPx and x = \PTy. k largest coefficients in x are kept while discarding the
smallest for k << M (Baraniuk, 2007). The solution to this problem involves two steps.
First, a suitable $ has to be designed, and then a reconstruction algorithm is needed
to recover y from z. For stability, a sufficient condition is that © = satisfies the
restricted isometry property (RIP) (Candes et al., 2006). An alternative approach for
stability is to ensure that the matrix # is incoherent with the sparsifying basis How-
ever, in practice, the signal y at hand may not be sufficiently sparse in an
orthonormal basis, but in a redundant and overcomplete dictionary. Through a
generalization, then can be replaced with a highly overcomplete and coherent
dictionary A tying the gap between CS and sparse representations (Candes et al.,
2011).

Considering compressible signals in a “structured nature” paves way to
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model- based CS. These methods significantly decrease the bound of required
measurements to V=0 (k) for tree-sparse and (in the limit) for block-sparse signals,
whereas standard CS models can robustly recover fc-sparse compressible signals
from N = 0(k log(M/k)) measurements. Such approaches to CS have helped to
decrease the required amount of measurements for robust recovery of signals in
applicable domains. Similar methods can also be used for CS recovery of clustered
signals (Baraniuk et al., 2010; Cevher et al., 2009; Yu et al., 2012).

Up to this point, sparse and redundant representations have been considered
through a single measurement vector (SMV) framework, in which each signal is con-
sidered individually, even though sparse representations solution is obtained for
multiple signals. In the multiple measurement vectors (MMYV) approach, on the other
hand, multiple signals are simultaneously considered by processing multiple sparse
vectors together while selecting a column (an atom) from the dictionary A. The

optimization of MMV can be formulated as
arg min R(X.) subject to Y = AX @3
X

where R(X) represents the number of rows in X containing non-zero entries (Cotter
et al., 2005; Chen and Huo, 2006).

The perspective of MMYV is especially powerful when solutions have an initial
common sparsity profile. However, dictionary learning with MMV approach will be
extremely ill-posed because all-zero rows in X may cause corresponding dictionary
atoms either to disappear or to diverge during the dictionary update step. However,
this approach can be successfully used to discard certain atoms from a highly
overcomplete dictionary to obtain a more compact representation. As a final relevant
note, algorithms similar to ones used for MMYV recovery can be adapted for the block
sparsity structure, thus can be linked to clustering (Davenport et al., 2012; Yuan and

Lin, 2006; Eldar et al., 2010; Eldar and Mishali, 2009).

2.4.2 Machine learning perspective

Three conceptually different machine learning methods are reviewed in
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relation with sparse representations. These methods include support vector machines
to be mentioned along large margin modeling (Steinwart and Christmann, 2008),
decision trees as examples of symbolic machine leaming(Quinlan, 1986), and neural
networks as a connectivist approach.

Large margin modeling can be defined as finding hyperplanes which
maximize the margin between classes (Cortes and Vapnik, 1995; Tsochantaridis et
al., 2005; Ce- vikalp et al., 2010). Such a model is composed of a bias, weight vectors
and support vectors. Support vectors are selected as data points which lie closest to
hyperplanes, and these are sufficient to express the whole data set. In other words,
support vectors lie on the margin and, for certain applications, carry all the relevant
information about the data. Thus, the solution is sparse in nature. It has been shown
that a slight modification of ;i-norm sparsity optimization method, namely Basis
Pursuit, is equivalent to Support Vector Machines (SVMs) (Steinwart and
Christmann, 2008), which are large margin formulations (Girosi, 1998). Building on
top, large margin clustering is also possible through maximizing inter-cluster
margins (Xu et al., 2004; Zhang et al., 2009). Therefore, drawing parallels between
the two variants of this approach can lead to a more generalized theory that is able
to capture the gist of the sparsity concept analytically, since both variants can be
thought as mathematically constructive methods.

Symbolic machine learning is traditionally associated with ID3 decision tree
learning (Quinlan, 1986). In general, the symbolic approach to machine learning can
be thought as inductive learning, in which certain rules are inversely deduced from
the observed data. However, symbolism has a broader presence in the Al world in
general, as a means of high-level abstraction over numerical units, often introducing
human- readable representations (Haugeland, 1989). In line with this definition,
model-based clustering can be classified as an approach to symbolism. For example,
centroids in k-means, as rather shallow symbols, with a distance rule for assignments,
define an abstract object that provides partitioning. Similarly, large margin
modeling can be seen as another shallow symbolic approach; in this case, support
vectors with their strict boundaries provide an abstraction layer. In this sense,

symbols, as abstracted objects, provided with rules for decisions can be regarded as
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sparse representations, since this approach allows a relatively small number of
symbols to express enormous amounts of data. It is important to note that the shallow
analogies given here may not be common, as symbols generally need to be very high-
level abstractions, as in (Gowda and Diday, 1992,1991).

Connectivist approaches, such as traditional neural networks (Du, 2010), tend
to process data in pure numerical units. Perceptron is a generalization of a single
neuron cell that works on the numerical unit level (Rosenblatt, 1958). However, with
only a single layer, perceptrons are not capable of learning the nonlinearity. A multi-
layer generalization of perceptrons solves this problem, while also introducing a
possibility for sparsity through the activation function (Rosenblatt, 1961). However,
such generalization still depends on numerical units for computation. Convolutional
Neural Networks (CNNs) provide an abstraction over multi-layer structure, in which
a degree of “symbolism” is introduced, as apparent from the human-readable filters
that are formed within the nodes (Krizhevsky et al., 2012). Note that connectivism,
rather than enabling deep understanding, simply replicates the evolved structure of
the human brain, unlike analytic approaches. As a recently popularized approach,
clustering with deep learning (Schmidhuber, 2015; Hershey et al., 2016) at this stage
may be successful, but currently it is not sufficient to provide a deep analytic
understanding of inner-working procedures of sparse structures and clustering

peculiarities.

2.5 Shortcomings and a proposal

One shortcoming of conventional dictionary learning for sparse
representations is about initialization. In cases where systems are restricted to
random initializations, a supposedly optimal state update based on such an improper
dictionary might hamper the system from start conveying undesired effects to later
iterations. Such shortcoming is addressed in a standalone manner in Appendix A, in
which intermediate error codes are used to boost dictionary learning process
especially in cases of random initializations.

However, there is a deeper problem that haunts sparse representations to be
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applied as a standalone machine learning tool itself, besides being a feature transfor-
mation method. This problem is related to atom normalization, mentioned along with
dictionary learning step. If normalization is not applied, the system diverges eventu-
ally. Because of normalization and lack of positional information, conventional
dictionary learning, as a standalone tool, is not able to learn linearly non-seperable
datasets. For example, assuming two clusters as in Fig. 5, conventional sparse
representations will not be able to learn the example given as atoms when normalized
become unit directions and most importantly lose positional information. Two
solutions are proposed to overcome this problem, namely superatoms or structural

centroids.
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Figure 5. On the left, a drawback of normalizing the atoms is presented. Two classes
cannot be discriminated. Superatoms on the right overcome this problem.
will be normalized rays passing through the origin as exemplified on the right of Fig.
5. When sparsity is one, they are lines piercing the data space, effectively are points.
When number of nonzeros are two, it corresponds to shooting planes intersecting the
data space as an arbitrary line with possible offsets. By this procedure, positional
behavior can be attained.

However, a neater and a more systematic solution is possible by restricting
magnitudes of sparse codes, instead of normalizing the atoms (or superatoms). This
is the topic of next chapter, where a generalization of k-means is systematically for-
mulated within a sparse representations framework in which a centroid can now be
structural, namely can be any piecewise linear construct, such as a line-segment, a

triangle, a polygon, or a connected composition of these, instead of only being a point.
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CHAPTER 3: A-POLYTOPES CONCEPT

3.1 Introduction

It has already been proven that under certain circumstances dictionary
learning for sparse representations is equivalent to conventional /c-means clustering.
Through additional modifications on sparse representations, it is possible to
generalize the notion of centroids to higher orders as noted in Sec. 2.5. Using higher
dimensional, nonconvex prototypes may alleviate the curse of dimensionality while
also enabling to model nonlinearly distributed datasets successfully. In this light, a
systematic generalization of /c-means is targeted in this chapter.

A motivation to generalize /c-means emerges when one considers its
shortcomings irrespective of its implementation, i.e., even assuming a globally
optimal solution. First of all, it is possible to model only spherically shaped clusters;
therefore, it will fail when clusters have nonconvex shapes. As another shortcoming,
the number of clusters to search for has to be supplied by the user. A generalization
in this context has to overcome one or both of these drawbacks without deviating too
much from the original problem formulation.

To address the first issue, kemelized generalizations of /c-means have already
been proposed (Scholkopf et al., 1998; Dhillon et al., 2004). However, cluster model
shapes then depend on the kernel function chosen and this type of generalization fails
to address the second issue. Ensemble clustering approaches (Fred and Jain, 2002;
Hore et al., 2009; Iam-on and Garrett, 2010), based on multiple runs of /c-means can
additionally model arbitrarily shaped clusters, but still do not provide a solution to
the number of clusters issue. Another generalization attempt is /c*-means (Cheung,
2003) where ellipse-shaped models can be learned while also discovering the cluster
count. On the other hand, there have been studies that specifically target the second
issue. In X-means (Pelleg and Moore, 2000), certain information criteria are used to
find the inherent number of clusters using /c-means as a subroutine. Mean shift

clustering (Cheng, 1995) is another related generalization where number of clusters
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is not pre-specified, but it runs much slower. These generalizations basically fail to
address both issues in a unified way. Note here also that although these proposals
include /c-means as a subproblem, they do not utterly generalize the original problem
definition. In other words, they are not superproblems of /c-means, but approach the
/c-means problem in generalized manners.

Through elevating the notion of centroids (central prototypes) to higher
dimensions, it is possible to generalize the problem definition itself. In the related Zc-
planes approach (Bradley and Mangasarian, 2000), planes are chosen as central
prototypes instead of points. More generally, (/-dimensional flats (e.g., 0-flat is a
point, 1-flat is a line, 2-flat is a plane) can be chosen as central prototypes (Tseng,
2000; Canas et al., 2012). One may notice that /c-means is a Zc-flats problem, because
a centroid point is a 0-flat, namely a zero-dimensional flat. Hence, /c-means might as
well be called £-0-flats.

The fact is that a central prototype can be of higher dimensions having an
arbitrary shape. By replacing the keyword “the centroid point” with any geometrical
construct one can arrive at many other formulations such as Zc-lines, /e-triangles, k-
rectangles, or even k-polygons. To consider these novel concepts in a structured way
(instead of going case-wise), one needs to adopt a unifying framework. An interesting
aspect of this line of generalization is its close relation with sparse and redundant
representations. Mathematically, it can be shown that both /c-means and /c-flats are
of the form of dictionary learning with additional constraints on sparse representa-
tions (Szlam and Sapiro, 2009). Thus, a modified sparse representations framework
appears to be a promising candidate for unification as already mentioned in Sec. 2.5

In this chapter, two superproblems of /c-means, namely /c-simplexes and Zc-
polytopes are formulated through a novel sparse representations framework. This
framework, not only generalizes /c-means to provide solutions to both issues men-
tioned above, but also introduces a new geometric perspective to sparse
representations by breaking it away from its subspace-centric viewpoint through the
usage of positional and bounded (possibly nonconvex) spaces. This conceptual
breakthrough has a superior value on its own although a rather naive solution to /c-

polytopes is presented. In this quest, structured sparsity, more specifically block-
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sparsity concept mentioned in
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previous chapter has to be mathematically formulated.

3.1.1 Formulating block-sparsity
In the conventional sparse representations framework, a constrained
optimization problem is solved as already given in Eqn. 4. As noted before, there is
no structural constraint on code-pattems in the conventional sparse coding
approaches. Most relevant to the clustering problem, block sparsity (Eldar and
Mishali, 2009; Elhamifar and Vidal, 2009) is yet a specific case of disjoint group
sparsity where groups appear in blocks. This optimization problem is formulated in
Eqn. (9) as
argmin*Hyj - [Ax... Ak ... Are]x<|" s.t.
Adxdi ©)
IWlo< V¥ A(Ake K™, VK) A (k A k* =>x? = 0),

where k* indicates the index of the optimal sub-dictionary for the data pointy T h e
constraint k / k* 4 xf = 0 ensures the block sparsity, and x£ represents sparse
coefficients other than the assignment block, i.e., that are all forced to be zero. In
fact, a sub-dictionary here can be thought of as a central prototype that claims an
entity (or not) depending on its reconstruction error, much like a centroid claiming
the closest points to itself. Therefore, sparse coding with block sparsity determines
which entities will be assigned to which central prototypes. To extend this analogy,
dictionary update hence corresponds to updating the central prototypes (i.e., sub-

dictionaries) which follows the assignment step.

3.1.2 K-means within a sparse framework

A close relationship between sparse representations and /c-means clustering has been
drawn in k-SVD (Aharon et al., 2006). As formulated in Eqn. (10), the sparse code
Xj,Vi, has only one non-zero entry because of the constraint ||xjj, = 1, corresponding
to the simplest case of block sparsity, namely blocks of size 1. If those sparse-code
entries are forced to be positive and sum-to-one, then it is a direct formulation of the
classical /c-means clustering problem. Dictionary elements (atoms) here directly
designate centroids.

axgmin *||yi-Ax.il! s.t.
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Ao {xi} i (10)
[Ixji=1A|xili=1A0<x., V*.

In the recent years, many different paths based on above equation have been
taken to ameliorate its drawbacks by either relaxing these restrictions or introducing
additional terms (Yu et al., 2009; Wang et al., 2010; Zhang et al., 2015). On the con-
trary, the proposed study tries to generalize this equation to higher-order blocks

while respecting all these original constraints.

3.2 K-simplexes

For a general block-sparse formulation in Eqn. (9), x.,Vi, is restricted to be
block sparse with a block size of ¢ and there are k such blocks. Hence, this setup
directly corresponds to /c-subspaces of dimension ¢ (Szlam and Sapiro, 2009). In
other words, central prototypes are subspaces. By definition, a subspace is a flat that
passes through the origin, and /c-subspaces will most probably fail if there are more
than one cluster within the same subspace. In that case, flats having arbitrary offsets
will have more flexibility for the problem of clustering. On the other hand, there has
not been a keen consideration on how to exactly formulate /c-flats within the sparse
representations framework. One of the contributions of this chapter is to show that
this is possible through introducing a sum-to-one constraint, i.e., I'x. = 1, within the

block-sparsity setting, and this will pave the way to formulating /c-simplexes.

Table 1. Clustering frameworks and respective

constraints.

.o I'x.=1x.i=10<x.
k - means =1 / / /
/c-subspaces <gq X X X
Zcflats <gq + 1 / X X
Zc-simplexes <9+1 / / /
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(c) Simplex
tad-tob /
ta+(1—1tb

(a) Subspace (b) Hat

Figure s. A simple example of how additional constraints on sparse codes affect the
solution of sparse representations, (a) The conventional sparsity
constraint together with (b) sum-to-one (ti + t, = 1) and (c¢) sum-to-one

and nonnegativity (ti + 2 =1 and ti, t, > o) constraints.

Consider that there are two arbitrary vectors a and b in an arbitrary space
of dimension 7Z". These vectors basically correspond to two specific points in a two-
dimensional subspace of /Z". Within this subspace, the expression £a+ (1 — 1) b traces
the line passing through both a and b, where ¢ is any real number. In a more specific
case, iffand 1 — 7 are restricted to be non-negative, then the aforementioned equation
represents a local line-segment connecting these a and b points. Note here that if this
expression is written in the form of a matrix-vector multiplication as [a b] /t « — 8)]7,
it is apparent that column vectors a and b correspond to dictionary atoms and the
vector corresponds the weighting coefficients of the sparse representations
framework, where sum-to-one constraint is also satisfied. A depiction of these cases
is given in Fig. 6.

Let us now consider three linearly independent vectors and sum-to-one con-
straint on the weighting coefficients. In this case, a plane passing through these three
vector points will be traced, and a triangle will be the geometric equivalent with an
additional non-negativity constraint. Generalizing this, it is possible to observe that
the constraint 1"'x, = 1 replaces a (/-dimensional subspace with a (4— 1)-dimensional

flat lying within that subspace, and further with a (¢ — 1)-dimensional simplex within
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that flat with the additional 0 < x*. On top of this generalization, in a block-sparse
formulation, each block corresponds to one of these single geometric object systems.

Hence, each sub-dictionary represents a prototype, and if there are kK number of sub
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dictionaries then one arrives at fc-subspaces, fc-flats and fc-simplexes, respectively.
A summary of these clustering frameworks with their corresponding constraints are
presented in Table 1. A-simplexes appear to be the most consistent generalization
that respects the original constraints in /c-means.

In fact, when & number of g-dimensional simplexes are simultaneously to be
fit to the data, the optimization problem takes the form of Eqn. (11) involving also

block sparsity as

argmin V"' ||y® - [Ax... A* ... Ag]x<|] s.t.
A>(n) i

(Ix*|lo <o+ 1 A |xjlli=1A 0<Xj, Vi) A A

(A, € K™\ VK) A (k » k* =>x? = 0),
where there are k simplexes being used in total, Ax denotes the n” simplex and each
Ax has g + 1 columns therefore simplexes are of dimension ¢. Note that ||xj||i =1 and
0 < Xj together imply 1"Xj = 1 just as in the case of /c-means. As mentioned before,
the restriction of Kk * k* =>e xf = o0 ensures block sparsity where K* is the closest
simplex for the data point y*. For the case when ¢ = 0, this boils down to the
formulation of A-means given in Eqn. (10), logically zero-dimensional simplex being

a point.

3.2.1 A solution to kr-simplexes

The optimization problem given in Eqn. (11) is highly nonconvex. Therefore,
similar to standard sparse representations, an iterative solution to A;-simplexes can
be given through alternating between sparse coding and dictionary update. From the
viewpoint of prototype-based clustering, one needs to be able to calculate the distance
between a given data point and an arbitrary simplex (Golubitsky et al., 2012) so that
the point can be assigned to the proper prototype, i.e., the assignment step. In sparse
coding terms, this corresponds to orthogonal projection of y* onto the closest
simplex, resulting in weighting coefficients representing the positive barycentric
coordinates of the projection point. Note that sum-to-one constraint enforces
invariance to translations and rotations. Invariance to rescaling follows from the

formulation itself. After acquiring sparse representation vectors Xj, Vi, conventional
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dictionary update methods
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Figure 7. For the given two clusters: (left) a general solution to /c-simplexes is pre-
sented, i.e., there is no restriction on the sizes of simplexes, (right) a more
natural clustering occurs when simplex sizes are restricted. (Best visual-

ized in color.)

can be used, which corresponds to the prototype update.

3.2.2  Complexity analysis

Each data point y* will be projected onto each simplex (i.e., there are k sim-
plexes), then assigned to the closest one. Projection onto a single simplex is claimed
to have a time complexity of 0{n) where n is the dimension of data space (Duchi et
al., 2008). In a sensible model, for each data point there must be at most one simplex,
resulting in a bound k& <m and m is the number of data points. Therefore, complexity
of the coding phase is 0(m’n). Updating prototypes through Moore-Penrose inverse
has a time complexity of 0(m’kq), where kq denotes the total number of atoms
(columns) in A. This atom count can be at most m in a sensible model, arriving at a
complexity of 0(m®). Since overcompleteness implies n < kq < m, this phase seems as

the bottleneck.

3.2.3  Drawbacks of k-simplexes
Although it is promising when conceptually compared to fc-means or fe-flats,

there are two major drawbacks of fc-simplexes for the clustering problem. The first
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drawback is that simplexes can appear in many forms with different sizes. For a
given data distribution, there will be infinitely many best-fit simplexes with varying
sizes and these simplexes may not be apparent solutions to the clustering problem as
depicted in Fig. 7. It is clear that an optimization only for minimizing the
approximation error may not result in natural clusters. As a solution, an additional
term that will penalize the size of simplexes can be introduced in Eqn. (11), which
leads to a multi-objective optimization problem. An alternative approach would be
to limit the size of simplexes, and this approach has been taken in this chapter as it
does not require a joint optimization. For the rest of this chapter, r will denote the
maximum allowed edge size of a simplex. The second drawback is that simplexes are
convex structures. Therefore, a single simplex will not be enough to model a cluster
if clusters appear in nonlinear forms. It is highly desired to have prototypes that can
have nonconvex shapes. To be able to overcome this drawback, further

generalization of /c-simplexes is possible through the concept of /c-polytopes.

3.3 K-polytopes

This thesis sticks with the definition that a polytope is an intact object that
admits an exact simplicial decomposition. For example, a polygon (a two-
dimensional polytope) always admits a triangulation. Then in general terms, a
polytope is a connected composition of many simplexes.

Having pinned down the formulation of A;-simplexes, formulating /c-

polytopes is simpler as given in Eqn. (12)

argminV'||yi - [Ax... Ag ... ANX*" s.t.
A,{xi} i
(IIxjio <? + 1A ||xjlli=1 A 0 <X], Vi) A "
(A*e 72" A (q+1)<p, VK) A (k" k*=>m xf =0),
where the constraint on sub-dictionaries Ax in Eqn. (11) is replaced with a new term,
which means that a prototype is still g-dimensional but has ¢ + 1 <p vertices.

In contrary to /c-simplexes in which there is indeed (*) =1 possible projection

within a block (i.e., projection onto the simplex defined by Ax e 72."(°*1)),
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Eqn. (12) suggests new prototypes being more general and there are ( many ¢-
dimensional simplexes to test for within each single block. In simpler terms, many
different polytopes can be defined over p number of vertices and those different poly-
topes should be distinguishable. Therefore, an additional structure is needed to
define the shape of a polytope. This translates to keeping a set of valid simplexes
within the polytope among all possible ( of them, for each A,.. In the remaining part
of this chapter, the set of valid simplexes will be denoted as Hg, Vk.

An important observation at this point is that the set Hx refers to a connected
hypergraph. First of all, Kx indexes Ar. and each entry within the set 'Hx refers to a
valid simplex without possessing any positional information. Vertices are abstracted
out as nodes of the hypergraph and each valid simplex corresponds to a hyperedge
that relates (¢ + 1) nodes. Note here that the most general form of /c-polytopes can be
attained if a hyperedge is not only allowed to relate (g + 1) nodes but also fewer.
However, this utmost generalization is beyond the scope of this chapter and only hy-
peredges that relate exactly (g + 1) nodes are considered. Such generalization will be
the topic of Chapter 4.

If the hypergraph is not connected, it means there are actually two or more
polytopes defined over Ax, and thus Ax is in fact composed of more than one block
that indeed contradicts the hypothesis of k& polytopes to start with. There is also
another possibility that although a simplex is valid within a polytope, it may not
receive any projections. Namely, there is no data point that is projected to that
simplex, hence the simplex is redundant. Additionally, some of these simplexes might
not be redundant but may receive just a few projections. Therefore, a new constraint
can be applied to the set H such that the hyperedge /i £ '"Hi should claim at least A
many data points. However, such constraint must not violate the condition that V.x
being a connected hypergraph.

Let us denote a specific positional simplex as Agi that is defined by the hy-
peredge hg, and as the number of data points those are claimed by that simplex. Any
node of hx simply corresponds to a vertex of Axjn Let A“ ; and A%k, refer to two
arbitrary vertices (or atoms) a and b of the simplex Akji. Then the size of the edge

connecting these nodes will be || A“ , — A* J|, or simply ||a — b||;. Finally, let
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Table 2. Clustering success rates over 100 randomly initialized runs. Top value in
each cell designates the mean, middle value is the maximum accuracy attained

and the bottom value is the average running time.

A;-means fc-flats GMMs kernel /c-means  ensemble fc-means — Aj-polytopes

88.6% 60.1%  76.9% 91.0% 100.0% 100.0%
Crescents 88.6% 91.3%  88.8% 99.8% 100.0% 100.0%
0.01s 0.06s 0.01s 0.08s 4.56s 6.05s
61.4% 51.3%  59.9% 61.3% 96.2% 99.9%
Spirals 61.9% 58.1%  65.5% 76.8% 100.0% 100.0%
0.01s 0.14s 0.03s 0.12s 11.71s 23.12s
92.0% 44.0%  73.9% 92.9% 96.1% 96.3%
IRIS 96.0% 933%  96.7% 98.0% 98.0% 98.0%
0.01s 0.02s 0.02s 0.02s 1.38s 1.43s
71.0% 43.1%  65.2% 70.5% 79.8% 78.2%
MNIST 77.8% 50.9%  82.5% 80.2% 83.7% 83.8%
0.05s 0.23s 0.82s 0.68s 25.83s 32.83s

us denote the set S as the union of all Hx namely S = Hg, where § desirably be a
hypergraph with £ many connected components, each referring to the K individual
polytope, Kk =1... k The whole optimization problem then takes the form of Eqn.
(13) such that
argminY'Hy* - [Ax... A* ... Ag]x<||| s.t.
A,{x»} i
e(xiflo<?+1 A|xjlli=1A 0<Xj, Vi) A A
A*en"™ P A(q+1)<p, VIe)A(lc"k*=>xf=0) A

(A, € 7Mx(<iH) A A<Vi A ||A¥j - AL <r)

where r denotes the maximum allowed edge size of a simplex as mentioned earlier.

3.3.1 An algorithm for k-polytopes

Before presenting the proposed algorithm to tackle the problem, it can be
immediately noticed that initializing the system with £ many random polytopes will
not be an effective strategy, although this scheme is usually applied in /c-means
clustering (Celebi et al., 2013). Therefore, the proposed approach starts with a single
random (/-dimensional simplex which gradually evolves into £ many meaningful

polytopes, having evenly sized (/-dimensional simplexes as faces. This is
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accomplished through processes of subdivision, pruning and merging, depending on
the parameters r and A.

While sticking with the conventional iterative process of sparse coding and
dictionary update, two main problems arise: (o the initial random simplex is probably
not structurally correct, and (ii) dictionary update steps may introduce unevenly
sized simplexes and some of these simplexes may become unnecessary. These two
problems are addressed through an adaptive structured sparsity scheme as follows.
Any simplex Agj, defined by the edge hx G 'Ug is subdivided appropriately when the
size of at least one of its edges surpasses T i.e., the simplex Akj, is divided into two
simplexes if there exists at least one pair of vertices a and b such that t < |ja — b|}..
As a result, this subdivision procedure introduces new simplexes 4”,> and Ag,xn into
Are, and new valid hyperedges /'x and /" into 'Hg. Similarly, if a simplex is not being
used at all, or rarely used such that v"x < A, the corresponding hyperedge Ay is to be
removed from %g In addition, if there exists some vertices uniquely being used by
the removed /i then these vertices should also be removed from Ax. This procedure
corresponds to the pruning stage.

Notice that the resulting polytopes will be grids of simplexes through pruning
and subdividing, hence only a structurally approximate solution to the problem. For
example, a T-shaped cluster in two-dimensions may not be effectively learned by the
presented subdivision process. Another problem is that, pruning may introduce ex-
cessive number of clusters in cases of highly convoluted datasets. Through a merging
process, close enough simplexes from different connected components (or even from
the same component) can be stitched together depending on the parameter r,
allowing more general and flexible shapes rather than simplex grids only. In this final
form, r indeed regulates the desired minimum intercluster margin. This merging
process will also allow the algorithm to recover the number of inherent clusters even
in the absence of k. In other words, r can be adaptively determined when k is known;
k can be adaptively discovered when r is known and fixed.

The algorithm can be traced in mind as follows. Initially there exists a single
random simplex. After a few iterations of sparse coding and dictionary update, this

simplex will extend through the data and eventually one of its edges surpasses r. In
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this case, the simplex will be subdivided appropriately resulting in new simplexes.
Some of these newly introduced simplexes will possibly not attain the required A,
thus will be pruned. Pruning may result in more than necessary number of
prototypes, where merging depending on r will then take place between close enough
prototypes. In the end, a low dimensional skeleton-like structure will be learned as
these steps are iterated. At this point, it is crucial to observe that the pruning
procedure removes hyperedges from 'Hg, which may cause 'Hg to become
disconnected. This actually corresponds to the block sparsity constraint in the
system, and also equivalently to the emergence of more than one prototype.

The main objective of the algorithm is to determine k best-fit prototypes with
the given set of constraints. However, upon convergence there may be C prototypes,
or equivalently C number of connected components in the hypergraph §. If C " k,
the parameters r and A have to be readjusted so that the system is forced to converge
with & prototypes. In summary, it is possible to evolve the initial random simplex to
a proper structure as described above. This scheme corresponds to an adaptive
structured sparsity approach, where the dictionary A may be growing or shrinking.
The pseudocode of the overall algorithm and its block-diagram as well as the details

of subdivision, pruning and merging methods are available in Appendix B.

3.3.2 Complexity analysis

At first, let us consider the complexity of a single iteration. The toted number
of simplexes is the number of hyperedges in S, denoted by |E\. As noted above there
is a bound as |\E| <m, and this leads to a total time complexity of 0{m’n) for sparse
coding. To update prototypes, i.e., the matrix A, least-squares optimization has a time
complexity of O(m? where px is the number of vertices in K polytope. The sum c i*
simply equal to the total number of columns in A and n < “px < m. Hence, updating
prototypes has 0(m’) complexity.

In the subdivision process, available edges of all simplexes must be iterated.

In a (/~-dimensional simplex, there are g(q + 1)/2 edges. Therefore, time complexity
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of detecting oversized edges is 0(mg®). A naive subdivision process can introduce at
most 27(¢“*1”/2 new simplexes depending on r; however it is assured that 29~4"1A2 <
from the earlier bound on |E\. An exceedance of this bound signals to a necessity of
updating r. Therefore, total time complexity for subdivision is 0(m?). A similar anal-
ysis for pruning yields 0{m) complexity, since there is no new simplexes introduced
but only eliminated. Perhaps conceptually the most challenging procedure is
merging. Two(a) (b) (©) (C)] simplexes
their vertices

having all

distant from each other do

not mean that i — . ' they are not in
proximity. . . Therefore, the
distance between each
pair of simplexes has
to be calculated.

Surprisingly, there exists an iterative method to compute the distance between two
arbitrary convex sets in linear time through Gilbert-Johnson-Keerthi algorithm
(Lindemann, 2009). Then, the merging process has 0(m’n) time complexity same as
the projection phase.

To sum up here, the bottleneck of the proposed algorithm is the prototype
update phase with 0(m?) time complexity, which is also the bottleneck for
conventional dictionary learning methods. Note that worst-case time complexity of
fc-simplexes and /c-polytopes are equal, but /c-polytopes is slower within a constant

factor because of additional procedures.

3.4 Experimental Results

A crucial point is that a hypergraph based data structure is needed to
maintain § efficiently. Connected components have to be decided after an instance
of convergence, where each component indicates the local structure responsible for
its cluster. Due to conceptual difficulty of implementing the proposed system in high
dimensional cases, in this study, only ID and 2D polytopes are tested for 2D and 3D

data spaces, respectively.
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In a set of experiments, fc-polytopes is compared to /c-means, fc-flats (fc-
lines), Gaussian Mixture Models (GMMs) (Reynolds, 2015), kernel k-means (Bishop,
2006) with a Gaussian kernel a in the range 0.1 to 1.0, and ensemble /c-means (Iam-
on and Garrett, 2010) with an ensemble size of 30. Test datasets used are chosen as
synthetically generated crescents and spirals, and as real world datasets: IRIS
(Dheeru and Taniskidou, 2017) and MNIST (LeCun et al., 2010). A preprocessing is

applied

(e) ®

Figure s. Example convergence states for (top) Crescents and (bottom) MNIST. (a)
Ground-truth clusters, and clustering results with (b) k-means, (c) A;—flats,
(d) GMMs, (e) kernel /;-means, (f) ensemble /;-means, (g) /;-polytopes. (Best

visualized in color.)
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to IRIS and MNIST with t-SNE (van der Maaten and Hinton, 2008) in order to
reduce dimensionality. All tests are carried out on an Intel(R) Core(TM) i5-6600
CPU @ 3.30GHz Quad-core sGB RAM machine using Matlab R2017a. Table 2
summaries resulting average and maximum clustering success rates together with
average running times for each dataset over 100 randomly initialized runs. Figure s
further depicts example convergence states for crescents and MNIST. It is obvious
from these results that the proposed structure (being bounded and piecewise linear)
is a powerful tool for such difficult cases in a clustering application.

Table 2 provides certain striking observations. First of all, /;-flats is
apparently not a method for generalized clustering as its prototypes are unbounded.
GMMs provide better maximum accuracy compared to both /;-means and /;-flats;

however, they
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Figure 9. if-polytopes aware of inter-cluster margins is capable of recovering exact
number of clusters. Experimental results in (left) 2D and (right) 3D. (Best

visualized in color.)

are susceptible to random initializations as the mean accuracy suggests. Kernel k-
means seems as a better candidate for generalized clustering but performs still poorly
in cases of spirals and MNIST, possibly due to the kernel function chosen. Lastly,
ensemble /c-means appears to be the most generalized method available in the
literature. The proposed fc-polytopes is able to surpass ensemble fc-means in all test
cases except the average accuracy in MNIST. This is possibly due to the fact that, the
method becomes susceptible to random initializations when the cluster count gets
higher.

In a second set of experiments, the ability of /c-polytopes to discover inherent
number of clusters is analyzed. If the minimum intercluster margin is known, cor-
responding to desired r in the formulation, then the exact number of clusters can be
recovered. Experimental results of some nontrivial clustering problems are
presented in Fig. 9 for both ID and 2D prototypes in 2D and 3D data spaces,
respectively. It is apparent that the proposed method is able to recover the number
of clusters successfully, even without being supplied with a parameter & but only with
r. Hence, the proposed structurally adaptive approach results in a more expressive

representation.

3.5 Discussion

In this chapter, novel problem formulations for /c-simplexes and /c-polytopes
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are discussed and solutions to these optimization problems are proposed within the
sparse representations framework. These formulations and solutions indeed result

in a
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more intuitive and geometric understanding of sparse representations, which may
open doors to many studies that draw parallels between sparse representations and
various other machine learning methods.

It is possible to further generalize the proposed formulation through an
ensemble approach, which might possibly give even better results. Similarly, a
generalization through kernels would greatly reduce the required number of vertices
but further increase the complexity.

In an advantage, one can speculate that the proposed approach will mostly
be immune to the curse of dimensionality. Note also that prototypes attained by this
proposed method can be any nonconvex geometric objects. Hence, linearly
nonseparable clustering problems are not an issue for the proposed framework.

A drawback of current formulation of fc-polytopes arises when the clusters
are not homogeneously g-dimensional, but some parts of clusters are in lower dimen-
sions, or even some parts may have dimensions strictly higher than ¢ in nature. Such
a problem needs to be addressed by allowing the polytopes to have simplexes that
can adaptively change their dimensions depending on the nature of data assigned to
these prototypes.

Finally, a surprising aspect of the proposed framework emerges when it is
considered in a supervised setting. In general supervised settings, classification
methods try to learn decision boundaries between more than one classes. However,
the proposed method here is capable of learning one class at a time. In other words,
for each class, a separate model can be learned without the need for opposing classes.
Therefore, no learning is required from scratch when a new class is introduced, since
learning a new model for the newly arrived class will suffice. These last two
discussion items lead to the next chapter where /c-polytopes concept is further
generalized through the introduction of simplicial learning as a one-class learning

method.
CHAPTER 4: EVOLUTIONARY SIMPLICIAL LEARNING

4.1 Introduction
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At this point, it is proper to introduce one-class classification, as the
fundamental form of the general classification problem, to bridge the gap between
reconstructive signal processing and machine learning. Supervised machine learning
in the form of classification inherently suggests the existence of more than one label.
The concept of one-class learning, also known as one-class or unitary classification,
emerges when there only exists a single label within the dataset, and one needs to
discriminate it against all possible unseen labels (Moya and Hush, 1996). It is actually
a special case of binary classification where there is the “in-class” label and also the
“out-of-class”, but there is not any or enough number of “out-of-class” samples
within the training dataset. Therefore, in the absence or weakness of the opposing
class samples, conventional binary classification methods will have difficulties as they
target the decision boundary in-between.

One-class learning methods can be categorized by the type of the targeted
classifier model. There exist decision-boundary approaches which seek enclosing
hyperspheres, hyperplanes or hypersurfaces in general (Khan and Madden, 2014).
These methods can adjust the level-of-detail through the usage of parametrized
kernels to cope with the over- or under-fitting problem. On the other hand, graph-
based methods try to fit a skeleton with-in data in a bottom-up manner. As an
example, a minimum spanning tree model can be utilized as a one-class classifier
(Juszczak et al., 2009), in which the classification procedure relies on the distance to
the tree. A generalization of graph-based approaches is attained through the concept
of hypergraph, in which a hyperedge can now connect more than two data points or
vertices. Hypergraph models not only allow custom but also lead the way to
heterogeneous dimensionality. Such models are investigated in (Wei et al., 2003;
Silva and Willett, 2008). As detailed in Sec. 4.2, simplicial learning through an
extension of dictionary learning can be thought as the utmost generalization of the
graph-based domain, in which vertices of a hypergraph can now move freely in
space, taking the form of a simplicial. Note that in the present formulation, the
targeted model is not necessarily a simplicial complex which is a much stricter
construct that prohibits self-intersections (Barbarossa et al., 2018). The term

simplicial refers here to an arbitrary union of simplices in the most general sense.
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Most importantly, the dictionary learning concept can be categorized as an
inner-skeleton method. However, the skeleton attained is not bounded in space but
rather an infinite one, where each infinite linear bone is connected to all others at the
origin. Technically speaking, a bone corresponds to a linear subspace of arbitrary
dimensions. This conception will be indeed helpful when dictionary learning is
considered within a multi-class classification framework. In its traditional multi-
class formulations, the sparse representations based classifier (SRC) models a
separate dictionary for each distinct class through a data fidelity term together with
an £,-norm regularization constraint on sparse codes ip = 0 or 1 in general). Later,
the test data is encoded sparsely and classified accordingly favoring the most
reconstructive or representative dictionary (Wei et al., 2013). In the absence of other
modifications, this form of SRC is known to be generative-only.

In a simplistic manner, one can draw parallels between inner-skeleton and
generative formulations which discard the existence of other classes; on the other
hand, also between decision-boundary and discriminative approaches which need
the existence of opposing classes. Not surprisingly, a method can be both generative
and discriminative at the same time. Discrimination, in this sense, rises from the fact
that while learning a dictionary (or a model) for a class, the data points from other
classes are also taken into consideration, i.e., distance to those other points are to be
maximized. Some examples of discriminative dictionary learning methods can be
given as (Mairal et al., 2009; Jiang et al., 2013).

There is a subtle but crucial point that goes unnoticed in SRC applications
and this forms the backbone of this chapter. Corresponding to this upcoming point,
XOr problem of neural networks dictates that a single layer perceptron is not
capable of separating XOr inputs as only a single linear decision boundary is at hand.
This has paved way to multilayer formulations that can solve linearly non-separable

cases. As already
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Bright class

L/~ Pale class

Figure 10. Conventional dictionary learning is incapable of distinguishing inten-

sity/magnitude, or more technically two classes within the same subspace.

noted in Sec. 2.5, a similar problem haunts conventional dictionary learning methods
silently. It is now time to define that problem in a more technical way. Consider the
case as demonstrated in Fig. 10, in which there are two classes of digit s. “Pale class”
includes pale images, while “Bright class” contains exactly the same images but they
are brightened up. In technical terms, there are two opposing classes lying on the
same subspace in the eyes of linear dictionary learning methods. No matter how much
discriminative they are, traditional techniques will be incapable of totally
distinguishing these two classes. In other words, dictionary learning in its
conventional form is insensitive to intensity/magnitude and it will never be able to

solve problems requiring intensity/magnitude distinction.
4.2.1 Definitions

Conventional dictionary learning basically tries to fit a union of subspaces to
the data. Such subspaces are indeed infinite-extent and all crossing the origin without
offsets, designated by the dictionary elements usually referred to as atoms. In
Chapter 3, £k many polytopes are fit to the data. Simplicial learning as an adaptation
of both dictionary learning and /c-polytopes concept aims instead at fitting more
general bounded generic piecewise linear objects to the data.

Table 3 considers certain bounded generic piecewise linear objects. There are
many not-equivalent formal definitions of the first construct, namely a polytope as

discussed before. This study strictly sticks with the definition that “a polytope is an
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intact object which admits a simplicial decomposition.” Hence, a polytope is made
up of one or more simplices, whereas it is still in question that such simplices can be
of different dimensions.

There are two possible ways to generalize the concept of polytope. In the first
generalization, connectedness can be discarded leading to the fact that there is not a
single object but multiple objects being considered at the same time. The second one
allows the building-blocks namely simplices to have different dimensions, thus
leading to heterogeneously dimensional objects. A formal name for such union of
simplices is a simplicial complex, but restricted self-intersections are imposed for a
rigorous treatment. By definition, a simplicial complex is a set of simplices satisfying
the following two conditions: (i) every face of a simplex from this set is also in this set
and (ii)) the non-empty intersection of any two simplices is a face of these two
simplices. Losing a bit of formalism, utmost flexibility can be reached by allowing
such objects to intersect each other and themselves in arbitrary ways, and such final
construct is simply named as a simplicial in the remaining part of this thesis, to refer
to an arbitrary union of simplices in the most general sense. For a more rigorous
treatment of these definitions and related concepts, readers might refer to the subject

of algebraic topology.
4.2.2 Related work

Simplex and simplicial complex based data applications are becoming
popular in literature as data analysis receives more and more topological
considerations (Luo et al., 2017; Huang et al., 2015; Belton et al., 2018; Tasaki et al.,
2016; Patania et al., 2017). Moreover, utilizing simplices for data applications is not
a completely new idea from the perspective of sparse representations (Wang et al.,
2016; Nguyen et al., 2013). Quite similarly, in this chapter an adaptation of sparse
representations framework is chosen that casts a union of subspaces to a union of

simplices. A rigorous mathematical formulation is detailed in the following.
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4.2.3 Mathematical formulation

There are three necessary modifications to make a successful transition from
the traditional dictionary learning formulation to simplicial learning. As in k-
polytopes, an additional sum-to-one constraint is needed on the sparse codes. In
addition, the second necessary modification is an additional non-negativity on sparse
codes again as in the case for /c-polytopes. This time, last modification on the road to
simplicial learning is group sparsity (Yuan and Lin, 2006; Jacob et al., 2009) instead
of block-sparsity. The possibility of this variation is already mentioned while
formulating the concept of /c-polyopes as in Sect. 3.3.

While referring back to Sec. 4.1, when positional information is removed
from a simplicial, the structure left then corresponds to a hypergraph, in which a
hyperedge refers to a specific simplex within the simplicial. In relation to group
sparsity, a hyperedge exactly corresponds to a group of atoms, hence a valid pattern

of sparse codes.

Table 3. Distinctions between the terms for generic objects.
May notbe Piecewise Heterogeneous Arbitrary

intact linear dimensionality intersections
Polytope X / ? v
Simplicial complex v v / X
Simplicial v v / v

As a consequence, a set of groups/hyperedges, or more technically a hypergraph data
structure needs to be kept to define the shape of the simplicial parallel to /c-polytopes
formulation. This hypergraph structure will be denoted as V. ={hj}! where hj desig-
nates the j hyperedge referring to j” simplex within the simplicial. In accordance
with this definition, simplicial learning with a structure imposed by % can be formu-
lated in Eqn. (14) as follows,

argmin ||y, — Ax,)" subject to

A{xi},{M i (14)

IIxjllo <q/ AI"Xj=1A0<XjA{k £h*->ux£=0,VA;), Vi,

where i * is the hyperedge indexing the closest simplex for the data pointy; ¢* = \h*|
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denotes the dimension of that simplex, and the (/¢ * /i* —>m x* = 0, V/c) constraint
ensures the group sparsity such that only the optimal group (i.e., hyperedge referring
to the closest simplex) in Xj is to be filled and other entries which are represented as
x* shall all be zero. Note here that groups can be not only overlapping but also of
different sizes, hence leading to heterogeneous dimensionality. In this final form, 7-i
needs to be learned together with A but a further careful consideration is needed
over the compactness of the simplicial in return.

In summary, as is, the optimization in Eqn. (14) is highly ill-posed since there
is no restriction on the number of simplices to be used or the dimensions of those
simplices. One could even choose a very high dimensional simplicial construct and
zero-out the approximation error easily. Therefore, additional penalty terms need to
be investigated based on the number and the dimensionality of simplices for a
compact solution. Such a challenge appears to be highly combinatorial in nature and
an evolutionary approach can be adopted after a careful consideration of an

appropriate fitness function, as described and detailed in Sec. 4.3.

4.3 Evolutionary Approach

To obtain an optimal or a suitable simplicial in a heuristic manner, certain
number of simplicials are to compete against each other on instances of the same
dataset. Basically, an evolutionary approach includes a suitable fitness function to
guide this search process, and sub-procedures such as mutations and breeding to

perform the actual search.

4.3.1 The fitness function

There are certain critical points to be carefully considered before designating
the fitness function for the defined problem in this study. First of all, a
straightforward optimization procedure for the number and the dimensionality of
simplices will not be enough to attain a compact model desired. For example,
consider that the data is distributed in the shape of a triangle with certain area. In

this case, a triangle with the most compact area should be preferred as a targeted
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model. However, one could fit a triangle to this data with correct angles but excessive
area. In such a case the dimensionality or the number of simplices indeed do not
change. In conclusion, one needs also to take the arearea (or volume), or more
technically the content of the simplices, besides considering the number and the
dimensionality of simplices. When the simplex is of dimension 2 (namely a triangle),
the content is called the area, when the simplex is 3 dimensional (namely a
tetrahedron), the content refers to the volume. Therefore, the term “content”
generalizes area and volume concepts to higher dimensions.

The content of an arbitrary simplex can be calculated using Cayley-Menger
determinant (Li et al., 2015). Let K be a g-dimensional simplex in R", and B denote
(q+1) x (q+1) distance matrix of vertices {vi,v2,v,+;} such that = |juj—Vk\\2. Then

the content CK of K is given in a relation in Eqn. (15) as follows,

15)

where B is (¢ +2) x (¢ +2) matrix obtained from B by bordering it with a top row of
(0,1,+.., 1) and a left column of (o,1,..., 1)'.

Related to the content calculation here, another issue arises because of the
allowed heterogeneous dimensionality in the optimization formula. The content of a
line-segment (as an object) and a triangle (as an object) are incomparable in a general
continuous setting since a triangle contains infinitely-many line-segments itself. To

resolve this problem, an exponential term is introduced through an approximated
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cumulative discrete content calculation as given in Eqn. (16) as follows,

1H|

Ea+Q)« 0s)

=1

where |H\ denotes the number of hyperedges or equivalently the number of
simplices,

Cj is the content of the j simplex and gj is the dimension of that simplex. As a

content Cj <1 would complicate the exponentiation used, 1 + Cj) is needed in the
discrete approximation.

Having pinned down with the above term which will be a component in the
fitness function driving the evolutionary process, a fitness function candidate (in a

minimization form) is given in Eqn. (17) as follows,

Sy — Axilli+a ) (1+C))%,

17)

where sum of squared error (SSE) used as the data fidelity term and approximated
cumulative discrete content as to regulate the compactness of the representation, a
denotes the regularization parameter controlling the contribution of the compactness
prior on the solution.

While initially experimenting above fitness function, it is observed that the
parameter a has a very broad optimality range, which changes drastically from
dataset to dataset. This is due to the fact that there is a high dynamic range imbalance
between two cumulative terms. Therefore, a variant of the defined fitness function is
considered by transforming Eqn. (17) into the logarithmic scale in order to compress
the dynamic range, leading to a more natural maximization setting formulated in

Eqn. (18) as follows,

logq (Ze ||y.-fiAxe||z)
1+ Blog, (,}, +3 1+ Cj)q,-) ,

where n denotes the number of data points and the parameter ;3 regulates over- or

(18)

under-fitting. When /3 = 0, the fitness function simply reduces to the data fidelity

term favoring only for the reconstruction quality. Instead, a high ;3 value forces the
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simplicial to be compact. Empirical investigations suggest that a (3 value around 0.05
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could be a global setting as it provides excellent results over all datasets considered
in this study. Note that there might be no simplices at certain times of the evolution
process. This would erroneously lead the sum of content to be zero, thus logarithm to
be infinity. The parameter 7 eliminates this possibility by fixing its value to 10. Hence,

this parameter forces the lower logarithm to evaluate at least to value 1.

4.3.2 Mutations and breeding

First of all, it is important to note here that the hypergraph H is kept in the
form of an incidence matrix of zeros and ones, where the row count corresponds to
the number of simplices and the column count matches to the number of vertices or
rather the number of atoms (columns) in the dictionary A. Mutations can be easily
applied on this binary matrix. In detail, there are four main processes that provide
the background for evolution: (1) increasing/decreasing the dimension of a simplex,
(i) adding/removing a simplex to/from the hypergraph, (iii) subdividing a simplex
and (iv) adding/removing a vertex to/from the dictionary. All of these mutation
operations are performed randomly without any optimality consideration.

As an additional tool to assist the searching process, breeding of two simpli-
cials is also undertaken in which both dictionary elements and hypergraph structures
of those two simplicials are split and then merged appropriately in order to create a
new simplicial representative of two parents up to certain extent. Details of the
breeding procedure are depicted in Alg. 1. At first, hypergraph structures and the
corresponding dictionary elements are extracted for these two simplicials Si=(H i,
Ai) and S2 = (H 2, A3). Then random submatrices Ha £ Hi and H b €E H: from each
hypergraph are attained together with the corresponding columns of these
dictionaries, contained in matrices A, e Ax and A4, ¢ A;. While vertices (atoms) are
directly concatenated in A..» (line 7), hypergraphs are concatenated in a disjoint
manner in Hmw (line g). In short, two subsimplicials are extracted and then grouped
together in a disjoint manner to form a new simplicial Sy Such tool can be suitably
employed to exploit the underlying dimensionality of the dataset since these splitting
and merging processes may lead child simplicials to acquire a properly

representative data- dimensionality in a very fast manner, much faster than mutation
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processes to perform
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Algorithm 1 Breeding Algorithm
1: (Hi, Ai) 4— get_structure(S'1)
2: (H-2, Az) 4- get_structure(S')
3: H, <- arandom submatrix of Hi
4: A; 4—  the submatrix of Ai corresponding to H,
5: Hb 4— arandom submatrix  of A2
6: Ab 4-the submatrix of A,

7: Ar, corresponding toHb
[Aa Ap)

8: Hnew 9- H-a O' Snew 4 (H—new, Anew)
4— O Hp

alone. Therefore, as a general observation, breeding determines the core dimension-
ality of the simplicial and mutations fine-tune the simplicial to the data. However,
sufficiently high dimensional simplicials should be employed in the initialization

stage for breeding to determine the core dimensionality.

4.3.3 Implementation details

The algorithm to learn an evolutionary simplicial model on a set of data
points {yi}iLi *t°*“d in the columns of a data matrix Y is given in Alg. 2. At first, the
initial simplicial is to be generated from the given data points (line 1). It is observed
that choosing a single point (i.e., centroid of the dataset) as an initial simplicial is
sufficient for low-dimensional problems. Through mutations and breeding
processes, the initial simplicial takes an appropriate form in a fast manner since the
search space is relatively small. However, a procedure involving the fc-means
algorithm (Jain, 2010) as a subroutine is employed to designate the initial simplicial
for high dimensional problems. In such cases, starting from a single point greatly
slows down the process of evolution since the search space is quite large. Hence, an
initialization based on fc-means ensures that the starting simplicial is already a
relatively fit one. A last point worth mentioning related to initialization here is that
the initial simplicial S should satisfy the condition that the numerator of Eqn. (18) is
positive, i.e., lly* — Ax*111 < n to lead a meaningful evolution.

On line s, the algorithm performs the projection of data points {y*} in Y onto
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Algorithm 2 Evolutionary Simplicial Learning (ESL) Algorithm
1: pop 4- init_pop(Y)
2: while not converged do 3:
pop 4- mutations (pop)
4 pop 4- breeding (pop)
5: for all S in pop do
6 X 4-sparse_coding(Y, S)
7 A  4-dictionary_update(Y, X)
8 F 4—fitness(A, H)
pop 4- sortand choose based on F values

10: Shest 4- pop(1)

el

each simplex of the simplicial §' (Duchi et al., 2008; Golubitsky et al., 2012) which
basically corresponds to the sparse coding optimization. The closest simplex for the
data point yi, Vi, is determined through the minimum approximation error acquired
after projecting y* onto each simplex. The positive barycentric coordinates of the
projection points corresponding to the sparse codes are acquired, and then the
necessary spots of the sparse representation matrix X is filled accordingly.

On line 7, dictionary matrix A is updated using a direct least-squares solution.
To optimize argminA ||Y — AX]||f, by forcing its derivative to zero, the analytic solu-
tion is obtained with A = YX" where X' represents Moore-Penrose pseudo-inverse of
X. Note that there is no evolutionary process for learning A, namely the vertices of
the simplicial S. Instead, vertices are updated once exactly on this line at each
iteration of the algorithm.

Finally, the surviving simplicials are determined based on the fitness scores
they attain (fine 10). Experimental trials suggest that keeping the population size at
10 is an efficient strategy, while an iteration count of 5 is sufficient instead of a full
convergence. Notice here that the parent simplicials are to be kept in the population

pool when their fitness scores are higher than their children’s.
4.4 Experimental results

The proposed method is tested in two phases of experiments to evaluate its
classification capabilities. In the first experimental setup, the performance is
evaluated in a one-class classification task for outlier detection. Datasets contain
certain degree of outliers in such outlier detection problems, and methods learn

models -agnostic of data labels- in an unsupervised manner. In the second

67



classification task, the performance of the proposed method is evaluated in a multi-
class setting. At this stage, seven synthetic multi-class datasets are generated in
addition to two handwritten digit recognition datasets. The synthetic datasets are
special in that they contain cases which require intensity/magnitude distinction,
especially very challenging for conventional dictionary learning methods.

All experiments are performed on an Intel(R) Core(TM) i7-6700HQ CPU @
2.60GHz 16GB RAM machine running on Microsoft Windows 10. Benchmark of
outlier detection dataset named PyOD (Zhao et al., 2019) is run with Python 3.6 and
the proposed ESL algorithm is implemented using Matlab 2014a on the same
machine. All multi-class experiments are carried out on Matlab 2014a. DICTOL as
the part of LRSDL project (Vu and Monga, 2017) is utilized for the implementations

of other dictionary learning methods.

4.4.1 Outlier detection

In total 17 benchmark datasets are taken from ODDS Library (Rayana, 2016)
for the one-class learning task. Information regarding these datasets in terms of
number of samples, sample dimensionality and outlier percentages is summarized in
Table 4 and interested readers might refer to (Rayana, 2016) for details about each
individual dataset. Using these benchmark datasets, a random 60% to 40% train-
test set split is repeated for 10 independent simulations and the mean Area Under
The Curve (AUC) Receiver Operating Characteristics (ROC) results are reported in
Table S.

The proposed Evolutionary Simplicial Learning (ESL) method is evaluated
against an extensive outlier detection benchmark named as PyOD (Zhao et al., 2019).

The competing methods include Angle-based Outlier Detector (ABOD) (Kriegel
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Table 4. Information regarding the datasets used in outlier
detection experiments.

Dataset #Samples #Dimensions Outlier Ratio (%)

arrhythmia 452 274 14.6018
cardio 1831 ) 9.6122
glass 214 9 4.2056
ionosphere 351 33 35.8974
letter 1600 32 6.2500
lympho 148 18 4.0541
mnist 7603 100 9.2069
musk 3062 166 3.1679
optdigits 5216 64 2.8758
pendigits 6870 16 2.2707
pima 768 0 34.8958
satellite 6435 36 31.6395
satimage-2 5803 36 1.2235
shuttle 49097 9 7.1511
vertebral 240 6 12.5000
vowels 1456 12 3.4341
wbe 378 30 5.5556

et al., 2008), Clustering-based Local Outlier Factor (CBLOF) (He et al., 2003), Fea-
ture Bagging (FB) (Lazarevic and Kumar, 2005), Histogram-based Outlier Score
(HBOS) (Goldstein and Dengel, 2012), Isolation Forest (IForest) (Liu et al., 2008), K
Nearest Neighbors (KNN) (Ramaswamy et al., 2000), Local Outlier Factor (LOF)
(Bre- unig et al., 2000), Minimum Covariance Determinant (MCD) (Hardin and
Rocke, 2004), One-class Support Vector Machine (OCSVM) (Scholkopf et al., 2001)
and Principal Component Analysis (PCA) (Jolliffe, 2002) and one of the most recent
results obtained in (Weng et al., 2018) on the same benchmark (with an average of
20 runs for each dataset).

Last two rows of Table 5 illustrate the mean AUC ROC results over all
datasets and their standard deviations. ESL not only presents the best average AUC
ROC performance among all methods in the benchmark but also has the least
standard deviation. One can conclude that it is the most reliable method among
considered techniques for this performance measure. Moreover, ESL shows top

AUC ROC performance in
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(a) Cluster in cluster (b) Two spirals (c) Comers

SK

Is

(d) Half-kernel
(e) Crescer (B) Outliers

Figure 11. Examples of learned simplicials on synthetic
datasets
three datasets. However, additional tests show that it does not have a noticeable

advantage in Precision at n (P@n) performance.

4.4.2 Multi-class experiments

Synthetic datasets: For the multi-class classification task, six challenging syn-
thetic datasets are generated by following the procedures in (MathWorks, 2019) and
these datasets are depicted in Fig. 11. Four of these datasets contain binary classifica-
tion tasks while the remaining two of them (Comers and Outliers) consist of four-
class classification problems. In addition, a synthetically altered dataset (named as
MNISTSg) is included in the experimental setup, in which all samples of the digit s
from the original MNIST (LeCun et al., 2010) are designated as the “Bright class”
while a new “Pale class” is generated from all these original samples by dimming
with a scale of 0.25 according to the previous discussion related to Fig. 10.

The proposed ESL algorithm in this setup is compared against Sparse Repre-
sentation based Classification (SRC) (Wright et al., 2008), Label Consistent K-SVD
(LCKSVD1 and LCKSVD2) (Jiang et al., 2013), Dictionary Learning with

Structured
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Incoherence (DLSI) (Ramirez et al., 2010), Fisher Discrimination Dictionary Learn-
ing (FDDL) (Yang et al., 2011), Dictionary Learning for Commonality and
Particularity (DLCOPAR) (Kong and Wang, 2012) and Low-rank Shared
Dictionary Learning (LRSDL) (Vu and Monga, 2016, 2017). Experimental results in
terms of classification success rates are presented in Table 4.4.2. It is apparent that
ESL easily outperforms all considered dictionary learning methods over all cases.
This should not be a surprising result since all utilized synthetic datasets require
intensity/magnitude distinction to various extents. On the other hand, some
discriminative methods such as LCKSVD2, FDDL and LRSDL undergo meaningful
learning (i.e., better than random) over some datasets. This observation leads to an
important conclusion that discriminative modifications may alleviate insensitivity to
intensity to a certain degree.

Fig. 11 depicts examples of learned simplicial models on six synthetic
datasets. As it can be observed clearly, simplicials are bounded and they are
composed of sim- plices (i.e., points and line-segments in these cases) with arbitrary
offsets, providing an advantage over unbounded and without-offset dictionary
learning models in all these classification tasks.

Digit classification: In most of the practical pattern recognition applications,
the pattern or rather the direction of the feature vector utilized plays an important
role on the success rate. For instance, a “star pattern” is a “star pattern” no matter
how much bright or pale it is. Therefore, the advantage of simplicial learning over
dictionary learning is expected to diminish in some real-world applications. This is
observable in digit classification experiments featuring USPS (Hull, 1994) and
MNIST datasets as reported in Table 7. In this set of experiments, ESL is compared
to classification methods including Supervised Dictionary Learning (Mairal et al.,
2009) with generative training (SDL-G) and with discriminative learning (SDL-D),
Task-driven Dictionary Learning (Mairal et al., 2011): unsupervised (TDDL-G) and
supervised (TDDL-D), FDDL, KNN, Gaussian SVM, Locality-constrained Linear
Coding (LLC) (Wang et al., 2010) and Locality-sensitive Dictionary Learning (LDL)
(Wei et al., 2013). LL.C and LDL methods have the sum-to-one constraint on sparse

codes, therefore they learn spaces with arbitrary offsets but learned models are still
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not bounded (without the nonnegativity constraint).

As apparent from Table 7, ESL appears to be a successful generative-only
method which performs nearly at the capacity of Gaussian SVM (i.e., a well-known
and widely used discriminative classifier). However, it cannot outperform
discriminative dictionary learning methods such as FDDL and TDDL-D in these
datasets. A final note is that ESL can also be modified through discriminative
elements. Discriminative methods SDL-D and TDDL-D have a 1.5 - 2% advantage
over their generative counterparts SDL-G and TDDL-G. Hence, a successful
discriminative version of ESL can then be projected to reach state-of-the-art, an

estimation open to discussion or further investigation.

4.5 Computational Complexity

Lets first dissect the loop starting on line 5 and ending on line 9 in Alg. 2 since
this part mainly determines the time complexity. On line s, each data point y* is
projected onto each simplex within the simplicial S and then assigned to the closest
one. There are |H| simplices within a simplicial, namely the number of hyperedges
in the corresponding hypergraph. An efficient projection onto a single simplex is
claimed to have a time complexity of 0(n), n is the dimension of data space (Condat,
2016). In a sensible model, there must be at most one simplex for each data point,
resulting in a bound \H\ < m and m is the number of data points. Therefore,
complexity of the sparse coding phase is 0(m’n). On line 7, dictionary update is
performed by Moore- Penrose pseudo-inverse, having a time complexity of 0(m?v)
where v denotes the total number of columns (atoms) in the dictionary A. Since
overcompleteness implies n < v < m, this phase arrives at a complexity of 0{m?>).
Lastly, line s includes the content calculation for each simplex. Since it involves
calculating the determinant of a (g+2) x (g+2) matrix and ¢ is the dimension of the
simplex, the complexity can be given as 0(J2j Qj) assuming that LU decomposition is
employed for the determinant. An important remark here is that . ¢° is negligible
compared to m: and dictionary update is still the most expensive step within the loop.
However, having very high dimensional simplices will slow down the algorithm. Note

also that sorting, applying mutations and breeding are not computationally
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expensive when compared against operations within the loop.

Lets now discuss the sensitivity of the algorithm to the ratio between actual
dimension of the ambient space and actual inner size of the data. As noted before,
mutations alone increase or decrease the dimensions of the model in a relatively slow
manner. This is the main reason of breeding which may speed up the algorithm by
creating children that are much less dimensional than their parents. Assuming that
the starting simplicials have high enough dimensions, the breeding process uncovers
the core dimensionality and then mutations will uncover local varieties. In short, it
would take a long amount of time to recover the actual inner size of the data if only
mutations were being used, but the algorithm can cope with this issue via the
breeding process in a more effective way.

As a final note, the complexity of the proposed evolutionary approach is
highly related to the population size. Therefore, the population size can be adjusted
accordingly to satisfy the computational requirements versus the performance
criteria. Moreover, the implemented Madab code in this study is experimental, hence
even larger population sizes can be manageable with more optimized

implementations.

4.6 Discussion

Dictionary learning through simplicials is more flexible than classical dictio-
nary learning models since simplices are bounded and freely positioned in space. The
proposed sparsity based evolutionary structure, called ESL is highly applicable if the
characteristics of the problem at hand requires such successful localized models. In
this study, a global fitness function is employed and there is no restriction on the local
fitness of each individual simplex within the simplicial. If the local fitness of each
simplex is considered and optimized individually, the resulting simplicial model
might be in a more compact form. For example, the unnecessary simplex of the green
simplicial in Fig. 11(c) would most probably be eliminated as it does not have any
local fitness, thus lead to an increased accuracy of classification. Another point worth

mentioning here is that the employed fitness function in Eqn. (18) is reminiscent of
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Poisson distribution, in a multidimensional form (Inouye et al., 2017; Belyaev and
Lumen’skii, 1988). Hence, other probabilistic considerations and also discriminative
elements can be adapted to strengthen both theoretical and application aspects of the
proposed framework.

As exemplified in this paper, simplicial learning can successfully address some
weak points of conventional dictionary learning for the considered machine learning
problems; it is a promising approach inherently capable of performing signal
processing tasks and can become a general machine learning tool with many

application domains.
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Table 5. Mean AUC ROC results, and running times.

Dataset ABOD CBLOF FB HBOS IForest KNN LOF
hvthmia 0769 0784 0778 0822 0.801 0.786  0.779
arrhythmia g 394 0.34s  o.6s8 0.29s  0.49s  o.1s 0.09s
cardio 0.569 0.928 0.587 0.835 0921 0.724 0.574
0.46s 0.16s 0.97s  o.018 0.42s 0.19s 0.128
| 0.795 0.850 0.873 0.739 0.757 0.851 0.864
glass 0.04s  0.05s  0.04s o.01s 0.31s  o.01s 0.018
. b 0.925 0.813 0.873 0.561 0.850 0.927 0.875
lonosphere g o756 0.07s  0.08s  o.01s 0.33s  o.028 0.018
lett 0.878  0.507 o366 0.593 0.642 0.877 0.859
etter 0.42s 0.14s 0.888 0.018 0.42s 0.16s 0.118
Ivmbh 0911 0973 0.975 0.996 0.994 0975 0.977
ympho 0.03s  0.055  0.04s o.01s 0.31s  o.01s 0.018
it 0.782  0.801 0.721 0.574 0.816 0.848 0.716
1 8.61s 1.50s 55.79s 0.08s 2.24s 7.79s 7.43s
musk 0.184  0.988  0.526 .00 1.000 0.799  0.529
2.61s 0.52s 14.49s 0.08s 1.52s 2.05s 1.93s
—_— 0.467  0.509 0.443 0.873 0.725 0371 0.450
optdigits 2.96s  0.61s  14.60s 0.04s 1.24s 2118 1.94s
dieit 0.688 0.949 0460 0924 0944 0.749 0.470
pendigits 1.71s 0.37s  4.44s  o.01s 0.72s  0.71s  o0.668
i 0.679  0.735 0.624 0.700 0.681 0.708 0.627
pima 0.15s  0.09s  o.2s  o.01s 0.34s  0.04s  o.01s
satellite 0.571  0.669 0.557 0.758 0.702 0.684 0.557
2.118 0.63s 8.52s 0.03s 1.018 1.23s 1.14s
satimase. 0.819  0.992 0.457 0980 0.995 0954 0.458
8¢ 1.91s 0.52s 6.52s  0.028 0.80s 0.99s 0.87s
shutfle 0.623  0.627 0.472 0986 0.997 0.654 0.526
17.36s 1.38s 70.16s 0.03s 3.07s 10.128 13.85s
tebral 0426 0349 0417 0326 0391 0382 0.408
vertebra 0.05s  0.06s 0.04s o.01s 0.30s  o0.01s 0018
' 0.961  0.586 0.943 0.673 0.759 0.968 0.941
vowels 031s  o.1s 0.34s  o.01s 0.38s  0.09s  0.04s
whe 0.905  0.923  0.933 0952 0931 0937 0.935
0.08s 0.08s 0.09s  o.018 0.32s 0.028 0.018
MEAN 0.703  0.764 0.677 0.782 (0.818 0.776 0.679
STDEV 0210 0.195 0203 0.192 0.164 (182 0.199
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Table 5. (continued) Mean AUC ROC results, and running times.

Dataset MCD OCSVM PCA Wengetal (2018) ESL
. 0779 0781  0.782 0.826
arrhythmia 5 o) 00ss  0.14s 0.801 8.51s
. 0.814  0.935  0.950 0.969 0.884
cardio 1.61s  0.09s  o.ois § 36.19s
lass 0.790  0.632  0.675 0.876
g 0.06s 0.018 0.018 - 4.70s
] 0.956  0.842  0.796 0.911 0.851
ionosphere 0.35s 0.018 0.018 7.09s
letter 0.807 0.612  0.528 0.776
5.77s 0.08s 0.018 - 22.63s
Ivmoho 0.900 0.976  0.985 0.987 0.984
ymp 0.118 0.018 0.018 - 2.72s
ist 0.867  0.853  0.853 0.929 0.803
mnis 14.14s  4.91s  o.0s - 171.54s
K 1.000  1.000  1.000 1.000 0.972
mus 57.93s 1.27s  0.25s - 77.48s
cdieit 0.398  0.500 0.509 , 0.746
optdigits 6.94s 1.45s  0.08s - 103.72s
o 0.834  0.930  0.935 0.938 0.951
pendigits 4 o5¢  0.995 0.5 91.98s
ima 0.675 0.622 0.648 0.626
P 0.09s 0.018 0.018 - 13.19s
, 0.803  0.662  0.599 0.750 0.705
satellite o430 1415 0.04s ; 105.03s
. 0.996 0.998  0.982 0.976 0.995
saimage> g g4 1145 0.04s 83.80s
shuttle 0.990  0.992  0.990 0.994 0.992
16.11s  50.88s  0.05s - 428.03s
0.391  0.443  0.403 0.580 0.413
vertebral i
0.06s 0.018 0.018 4.96s
' 0.808 0.780 0.603 0.881
vowels 1.40s  0.04s  o.01s - 21.31s
whe 0.921  0.932  0.916 , 0.924
0.33s 0.018 0.018 - 6.03s
MEAN 0.808 0.793 0.774 n/a 0.835
STDEV 0.179  0.183  0.197 n/a 0.152

76



Table 6. Classification accuracy and computation time for six synthetic datasets,

and for the proposed binary MNISTs problem.
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Table 7. Classification error rates of various methods on handwritten digit
datasets, USPS and MNIST. ESL appears as a superior generative method,

nearly performing at the capacity of discriminative Gaussian SVM on both

datasets.

Generative-only

Dataset SDL-G TDDL-G LLC LDL ESL
USPS 6.67 4.58 4.48 3.79 4.31
MNIST 3.56 2.36 - - 1.85
Discriminative

Dataset KNN SVM-Gauss SDL-D FDDL ]T)DDL'
USPS 5.2 4.2 3.54 3.69 2.84
MNIST 5.0 1.4 1.05 - 0.54

CHAPTER 5: THE PROBLEM OF ORTHOGONALITY

5.1 Introduction

In traditional signal processing and machine learning problems, each data
dimension (attribute) is assumed to be orthogonal to others. In other words, there is
no distinction between cross-relations of dimensions. While signals carry informa-
tion through a spatio-temporal configuration, assuming such orthogonality of signal
dimensions is highly ill-posed even for ID cases. This phenomenon is depicted simply
in Fig. 12.

Let us numerically analyze the severity of the problem of casting signals as
vectors. Assume that an n-sized vector is received through the orthogonality consid-
eration and it is known that the original form is an n-sized ID signal. If one tries to
recover the original spatial configuration without further knowledge (i.e., which
value was in which cell), all n! possible spatial configurations are equally likely. This
problem becomes even more serious when the dimensionality of the signal itself
increases. Consider an n-sized vector is received again but the underlying signal is
now assumed to be an image. Not only there are permutations involved but also one

needs to guess the height and width of the image. In general, for an n-sized vector
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and a n-dimensional original signal, the number of possible spatial configurations
that the signal could have been in is given as dx(n)n\ where d x { n) is the n-th Piltz
function, which gives the number of ordered factorization of n as a product of K
terms (Sandor, 1996).

When the above described issue is undertaken, it is not hard to see that many
conventional machine learning formulations are highly ill-posed from the
perspective of real world signals. Let us now consider the case of fc-means to be
applied on vectorized real world signals, and suppose images for simplicity. As fc-
means originally assumes orthogonality of dimensions, it is easy to apply the usual
Euclidean distance metric between vectors. However, it is indeed questionable
whether it will capture the notion of distance between two images or rather the
average of two images. An example in this light can be given from the domain of

Computer Graphics. A direct linear
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X

Figure 12. (Left) There is orthogonal consideration. Every pairwise relation
between dimensions is indistinguishable because of orthogonality. (Right)
While considering spatial configuration of a 3-cell ID signal, the relation
between cells x and z is obviously different from the other relations, i.e., x

and z are not neighbors.

interpolation between two rotation matrices is not natural, thus quaternions are
utilized leading to a formulation called spherical linear interpolation (Jafari and
Molaei, 2014). A similar consideration might also be superior in the clustering
problem of images using fc-means. However, it is not trivial to cast a general image
as a quaternion-like structure for further processing.

Let us try to prove that direct vectorized distance calculation is not natural
for images by giving a more concrete example. Assume that there is a main image of
the number 9 as exemplified in Fig. 13(a). The question here is which other image is
more similar to this main image. Is it the number s in Fig. 13(b) having relatively
same spatial position within the frame, or is it the number 9 in Fig. 13(c) with exact
shape but linearly shifted in the frame? Vectorized distance measure will dictate that
g is closer to the main image, which is definitely not natural. Therefore, a shift-
invariant distance metric could be more powerful in this case.

For given two images I, and I*,, the standard (vectorized) Euclidean distance
is given in Eqn. (19). This formula can be enhanced with a shift-invariant adaptation
as in Eqn. (20) where V', denotes the image I;; zero-padded on its sides. Alternatively,
a shift-invariant distance notion can also be given in terms of inverse of cross-
correlation as in Eqn. (21). Nevertheless, even if a suitable distance metric is found to
designate the closest centroid, it is not trivial to obtain the average of a cluster as the

new mean
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(a) Main image of 9 (b) The number 8 (c) Another image of 9

Figure 13. Vectorized distance will dictate that s is closer to the main image. However,

it is indeed more natural to say that two images of 9 are more similar to each other.

for the next step.

dist(Io.It) = Ilia - I&Ik=.EEW«) - (19)
» 3
dist(I., Is) = min tx,jty)~
y'i
1
dist(Iosls) =
(20
21)
max(corr(l,1&))’

In this study, £ -means formulation will be considered within a sparse repre-
sentations framework to provide a self-sufficient shift-invariant version. As noted in
earlier chapters, the original fc-means problem can be expressed in a sparse
representations framework as a dictionary learning problem. A shift-invariant
version of /c-means can then be derived through a much recent convolutional
dictionary learning formulation. It is not a surprise that a convolutional approach
leads to a shift-invariant scheme, as convolution is an operator which breaks
orthogonality assumption by considering neighboring data points group by group,
forming a relation between spatial regions in the signal.

The chapter is organized as follows. Section 5.2 gives the mathematical de-
scription of the proposed shift-invariant fc-means concept, followed by a

generalization through convolutional dictionary learning for classification. Section
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5.3 details exper
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imental setup and reports experimental results obtained from the proposed concepts.
Later, Sec. 5.4 discusses many alternatives of convolutional-logic for spatio-temporal
information preservation, including a spatio-temporal hypercomplex encoding

scheme. Section 5.5 finally concludes this paper with a brief summary.

5.2 Convolutional Sparse Representations
Itis possible to mathematically formulate the conventional fc-means problem
in a sparse representations framework given in Eqn. 22 as follows,
arg min HY A% ;]| 2 subject to
Axi} £2)

lIxjllo=1A ||xifli=1A 0 <x*, Vi,

where the matrix A is an over-complete dictionary and Xj is the sparse representation
of the data point y», Vi. Each sparse vector contains only one non-zero component
and this component is forced to be positive and sum-to-one. Dictionary columns as
atoms (namely as) designate centroids.

While Eqn. (22) represents a direct formulation of classical fc-means, it cor-
responds to the problematic orthogonality consideration as mentioned previously. A
possible shift-invariant alternative of fc-means is given in Eqn. (23) as follows,

arg min * " |ly* - a* * x;;7.11% subject to
{afc},{xi,tc} i & £23)
(fc » k x-i k= 0) A ||xisfe* 110 = 1, Vi, k,

where * denotes the convolution operator and k* is the index of the optimal convolu-
tional atom, or in other words the convolutional centroid that is assigned to the it"
data point. Notice here that the non-zero entry of xjjt.« is not forced to be 1, but can
now be anything. Therefore, this formulation is not only shift-invariant but also
invariant to the magnitude of the pattern. However, this should then be
complemented by an atom normalization process.

Because of the linearity property, atoms in A can also be expressed in a large

convolutional dictionary to be denoted by D as depicted in Fig. 14. The local dictio-
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Figure 14. The local dictionary A consists of convolutional atoms, whereas the

global dictionary D is filled with zeros outside the convolutional area.

nary A consists of convolutional atoms, whereas the global dictionary D is filled with
zeros outside the convolutional area. In this regard, the mathematical optimization
in Eqn. (23) evolves to Eqn. (24) where j denotes the index of the single non-zero
element from the top and j modulo (number of clusters) determines the index of the
assigned convolutional centroid k*.

argmin” ||yj — Dxj||| subjectto

D,{*i} i 24)

(k*=j%#fc) A |xjllo=1, Vi.

5.2.1 A solution to shift-invariant k-means

Since the optimization in Eqn. (24) is highly non-convex, an approximate it-
erative solution is employed alternating between assignment to clusters and centroid
update akin to Llyod’s algorithm for the original fc-means problem (Jain, 2010). This
procedure directly corresponds to sparse coding and dictionary update steps,
respectively, in terms of sparse representations.

In this light, the data assignment step is solved with Orthogonal Matching
Pursuit (OMP) (Pati et al., 1993) assuming D is fixed, to satisfy the fo-norm sparsity
constraint. On the other side, a straight-forward utilization of conventional dictio-
nary update algorithms, such that Method of Optimal Directions (MOD) (Engan et
al., 1999) or KSVD (Aharon et al., 2006), is not very obvious because the inherent
subdictionary A composed of convolutional centroids is only to be updated in D. To
solve this problem, each individual block of the overall sparse representation is

extracted as an individual subproblem, on which MOD (i.e., least-squares) update is
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applied. As the last step, the final updated subdictionary A is attained by averaging
all of the resulting individual subdictionaries. To the best of the available knowledge,
this naive solution to the centroid update problem is not extensively covered in
literature, thus it can be coined as Method of Optimal Subdirections on Average
(MOSA).

Experimental results indicate that this adaptation of shift-invariant fc-means
provides better results when compared to its original version for datasets in which

considerable shifts exist.

5.2.2 Convolutional dictionary learning as a generalization

Encouraged by the superiority of the shift-invariant fc-means formulation
obtained through a convolutional sparse representation as an unsupervised task, the
question is then to generalize this convolutional approach to other machine learning
tasks such as classification. The claim is that an unsupervised feature extraction layer
that is performed through convolutional dictionary learning as a generalization, can
provide superiority over orthogonal-only consideration in also supervised tasks. This
claim has already been validated in literature many times (Zeiler et al., 2010; Pu et
al., 2016; Garcia-Cardona and Wohlberg, 2018) but an extensive comparison with
the classical orthogonality consideration is usually missing.

In this regard, a shift from the strict £y-norm constraint to a more lenient
Minorai is considered. There are two main reasons behind this decision. First of all,
it is unclear how to set the sparsity level in an jo-norm formulation since denser
choices drastically affect the computational complexity in greedy approaches and
sparser solutions can lead to severe information loss. Importantly, most practical
studies are based on -norm in literature (Garcia-Cardona and Wohlberg, 2018).

With the above consideration, a final optimization for convolutional
dictionary learning is given in Eqn. (25) by introducing the ;4-norm regularization
into the formula via a Lagrange multiplier A. Iterative solutions which alternates
between convolutional sparse coding and dictionary update exist in literature

(Garcia-Cardona and
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Wohlberg, 2018).

ol +ALK*I11-
argmin - .

{ar} i Xisne} * ik Lk 2
In fact, the aim of this chapter is not to devise new approaches to above o&)?i)-

mization but to utilize it as an approach to the orthogonality problem. This unsuper-
vised convolutional decomposition of a signal can be regarded as a feature extraction
method that tackles the problem of orthogonality, where the extracted features for
the i”* data point y* are formed by concatenating the corresponding sparse codes, i.e.,
zi = [{x"x},{Xij2},...]. Note that concatenation here still assumes orthogonality;
however, there now exists a convolutional-logic before the orthogonality
consideration which alleviates the main drawbacks of it from the start. The
effectiveness of such a layer is to be experimentally tested against various other

feature extraction methods in an extensive manner.

5.3 Experimental Results

In the following, two sets of experiments are performed corresponding to the
discussions raised in Sec. 5.2.1 and Sec. 5.2.2. All experiments are carried on an
Intel(R) Core(TM) i7-6700HQ CPU @ 2.60GHz 16GB RAM machine running on
Microsoft Windows 10 using Matlab 2019a.

5.3.1 Shift-invariant k-means

In this set of experiments, a dataset is formed by extracting first 1000 training
images of each class from the MNIST handwritten digit database (LeCun et al.,
2010), making a total of 10000 images. Four modified versions of this dataset are then
obtained to test the shift-invariance property. First of all, empty images of sizes 32 x
32,36 x 36, 44 x 44 and 56 x 56 pixels are initialized and original digits are inserted
into these widened images with certain uniformly random shifts in* and y directions.
Mean shifts in axes are chosen as 2, 4, 3 and 14 pixels, respectively, suiting the size of
images. The clustering accuracy rates of fc-means (KM), Kernel KM (Dhillon et al.,

2004),
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Figure 15. Clustering accuracy (%) of fc-means (KM) based methods as a function of
mean shift applied on MNIST. The proposed shift-invariant KM (KMy;) is robust to
shifts.

Ensemble KM (Iam-on and Garrett, 2010) and shift-invariant KM (KM;) on these
cases are illustrated in Fig. 15.

Not surprisingly, the performance of KM;; stays relatively stable in cases of
varying shifts, whereas all other methods start to perform poorly when shifts are
introduced. It is obvious that a mean shift of 4 pixels is enough to disrupt the
functionality of classical methods for these datasets. Considering original images of
sizes 28 x 28 pixels, this roughly corresponds to a mean shift of 14% of the whole
image size. Note also that classical methods perform nearly poor as a random guess
method (RAND) in cases of extreme shifts, e.g., 14 pixels or correspondingly 50%.
KM has 12.47%, Kernel KM has 17.48%, Ensemble KM has 13.15% and KM has
43.53% clustering accuracy in the case of 14 pixels shift applied on MNIST. This
proves that neither kemelization nor ensembles can provide an efficient solution to
the shift-invariance problem.

One may argue that a simple preprocessing step, which extracts a precise
subimage of the digit in each image, would be enough to sustain shift-invariance for
clustering these images; however, such a naive approach cannot be a general solution
for natural images. On the other hand, the logic in KM provides an automatic
solution, which is both theoretically and practically sound, without any need for pre-

processing. The simplicity and effectiveness of this clustering approach can further
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pave way to more general techniques with the same logic applied on other machine
learning tasks in some settings. In fact, a generalization of KM;; via convolutional
dictionary learning can be utilized as a powerful unsupervised feature extraction
method for classification that alleviates the drawbacks of the classical orthogonality

consideration.

5.3.2 Convolutional dictionary learning

In this set of experiments, convolutional dictionary learning as an
unsupervised feature extraction method is compared against various other well-
known feature extraction schemes. An existing library called SPORCO (Wohlberg,
2017) is utilized for convolutional dictionary learning. In the following reported
experiments, linear support vector machine (SVM) classifiers are employed after the
feature extraction phase. The motivation behind the linear SVM usage is that, a
successful feature extraction must transform the sample space into a linearly
separable one as much as possible.

There are three employed versions of dictionary learning methods. The
global- only dictionary learning (DL) operates over dictionary atoms of size 28 x 28
pixels, namely atoms cover sample images globally. The patch-based dictionary
learning (PDL) trains over dictionary atoms of size 11x11 pixels, where local image
patches are extracted in a sliding window manner. This type of approach can be
regarded as a local- only one. Both DL. and PDL methods are realized through
regular dictionary learning iterative steps, i.e., sparse coding and dictionary update.
In the proposed method, namely convolutional dictionary learning (CDL), atoms are
of size 11x11 pixels but now Eqn. 25 is in action instead. While considering the
structure of the dictionary in a 2D form of Fig. 14, CDL can be classified as a both
local and global approach. Effects of regular versus convolutional approaches are
apparent in the learned atoms at the end of the training process as exemplified in
Fig. 16. Notice that convolutional approach results in filters having Gabor-like
appearance.

Other well-known methods that take spatial information in images into

account are Histogram of Oriented Gradients (HOG) (Dalai and Triggs, 2005), Local
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Binary Patterns (LBP) (Ojala et al., 1996) and Gabor Feature Extraction (GFE)
(Haghighat et al., 2015). For HOG, a cell size of 3 x 8 is chosen with 9 orientation

histogram bins

(a) Regular - PDL (b) Convolutional - CDL

Figure 16. Patch-based versus convolutional dictionaries learned on MNIST. For a

clear visualization, atoms are of size sxs.

and signed orientation is not used. For LBP, number of neighbors is s and radius of
circular pattern to select neighbors is determined as 2. Rotation information is also
encoded. The cell size is 5 and no normalization is performed. In GFE, a Gabor
filter- bank of 15 filters is employed of size 11x11 with 3 different scales and 5
orientations.

Another important categorization of methods is given through whether they
perform dimensionality reduction or expansion. The last two methods to be men-
tioned, namely Autoencoders (AE) and Principal Component Analysis (PCA) both
perform dimensionality reduction. Notice that HOG and LBP also accomplish effec-
tive dimensionality reduction while other methods instead go through an expansion
process. A pooling procedure is closely tied to expansion in case of spatial methods,
and is usually performed to reduce the computational cost with the advantage of
certain rotation/position invariance. In methods with dimensionality expansion (DL,
PDL, CDL, GFE), DL and PDL do not perform an additional pooling since they do
not truly preserve spatial configuration. Although PDL takes local spatial

information into account, there is no trivial way to perform a meaningful pooling on
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top. On the other hand, CDL contains a max pooling layer and GFE has an average
pooling layer, of cell sizes 2 x 2 in both cases.
Table s summarizes all feature extraction methods in the benchmark. Note

that
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Table s. Feature extraction methods in the benchmark.
DL PDL CDL HOG LBP GFE AE PCA
Learning v / / X X X / /

Spatial X v v v v / X X
# Dimensions 5880 5880 2940 144 250 2940 100 100

Figure 17. Classification accuracy (%) as a
function of varying training sizes applied on (top) MNIST and (bottom)
USPS.

“Spatial” attribute appearing in this table is an antonym for the word
“orthogonality” in the context of this study. For example, both PDL and CDL can be
described as spatial methods since they process images by considering pixels within
certain local neighborhoods. However, each pixel is indistinguishable from the others
in DL because of the vectorization of the whole frame, resulting in an orthogonality
consideration.

After having described all methods in detail, Fig. 17 depicts classification per-
formance as a function of varying training sizes applied on MNIST and USPS (Hull,
1994) databases. As a global-only dictionary learning method, the inferior perfor-
mance of DL in case of small training sizes is obvious. A similar behavior is also
slightly observable in CDL as a both global and local dictionary learning approach.
Although PDL does not perform poorly in small training sizes, it does not provide
noticeable advantage over DL in the long run, while CDL outperforms both DL and
PDL performing at the capacity of HOG when most of the dataset is used. HOG and

GFE together compete for the top performance, whereas CDL performs a little
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Table 9. Classification accuracy (%) of feature extraction methods with

linear SVM applied on the whole MNIST and USPS datasets.
Dataset DL PDL CDL HOG LBP GFE AE PCA

MNIST 97.04% 97.07% 98.51%  97.99% 96.21% 98.80% 94.34%  94.15%
USPS 93.67% 93.52% 9531%  95.71% 95.11% 96.01% 92.02%  92.72%

| == =pl
/ ~8—CDL
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—&—PDL
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Figure 18. Classification accuracy (%) as a function of different patch/kernel sizes

applied on (preprocessed) MIT-BIH using linear SYM classifiers.

is better than LBP. Most importantly, it is apparent that PDL cannot be an
alternative to convolutional-logic at least for the 2D case.

Table 9 lists the final classification accuracy results with linear SVM applied
on the whole MNIST and USPS databases. GFE is the top performing method as an
unsupervised simulation of first layers of a convolutional neural network (CNN).
Additionally, CDL and HOG compete for the second place.

The convolutional dictionary learning concept is further applied in a ID
setting. The MIT-BIH arrhythmia dataset (Moody and Mark, 2001), in which the
signals correspond to electrocardiogram (ECG) shapes of heartbeats for cases
unaffected (normal) and affected by different arrhythmias, is used. These signals are
preprocessed and segmented, each segment represents a heartbeat, one of the five
different classes (Kachuee et al., 2018).

Preliminary experimentation suggests that the results could be highly depen-
dent on the chosen patch/kernel size as CDL performs poorly for small patch/kernel

sizes. These results are summarized in Fig. 18. In this figure, all methods are devised
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to be resource-wise equivalent, i.e., they have equal dimensionality of features. DL,
PDL and CDL algorithms have the same definitions as in 2D while they are translated
into ID equivalent versions. Finally, CNN here denotes a ID convolutional neural
network as a substructure of a regular 2D version. For a fair comparison, the
architecture of CNN is composed of a convolutional layer, a batch normalization
layer, a ReLLU layer, a max pooling layer, a fully connected layer, a softmax and a
classification layer. In other words, the convolutional-logic is applied once (without
getting deep) before the classification stage.

The main observation here is that all spatially-aware methods (PDL, CDL,
CNN) outperform the orthogonality consideration of DL, as long as the patch/kernel
size is of enough size. It is apparent that a relatively small patch sizes cause CDL to
perform very poorly. Such behavior is not observable for CNN which performs well
for all kernel sizes chosen. The most surprising result is that PDL outperforms CNN
nearly for all cases. However, note that CNN here does not have a deep architecture.
The other surprising point is that CDL is the worst among all spatially-aware
methods. It is possible that the employed SPORCO library may not be optimized for
ID settings.

To verify the generality of above results, another ID problem from a different
domain is chosen for the classification of electric devices according to their electric
usage profile through raw data. The dataset is obtained from (Chen et al., 2015) and
it contains 8926 train and 7711 test samples of size 1 x 96, with 7 possible classification
labels. In parallel to Fig. 18, quite similar results are obtained in Fig. 19. With enough
patch/kernel size, PDL performance is similar to that of CNN. All methods
outperform the baseline of DL.

Inspired by all above experiments measuring the effect of patch/kernel size,
the final simulation results on the patch/kernel effect (using the whole MNIST
database) are depicted in Fig. 20. It is clearly observable that CDL nearly matches
the performance of a shallow CNN, while PDL performs poorly in this 2D case. As a
conclusion, one can expect PDL as an alternative to CNN in ID and CDL in 2D, as

long
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Figure 19. Classification accuracy (%) as a function of different patch/kernel sizes

applied on the raw Electric Devices dataset using linear SVM classifiers.

as patch/kernel size is sensible. Another note is that GFE followed by a linear SVM

classifier is a viable unsupervised way of simulating a shallow CNN.

5.4 Discussion

5.4.1 Variations on neural networks

In fact, it is not a coincidence that Convolutional Neural Networks (CNNs)
can surpass the capacity of Support Vector Machines (SVMs) especially for signal
applications, as they tackle the problem of orthogonality with the convolution
operator, whereas SVM formulation fully assumes dimensions to be orthogonal as in
standard n- dimensional Euclidean space, much like the problematic original fc-
means formulation.

More specifically, convolution with a kernel in input side of the layer corre-
sponds to creating a hyperedge between input side nodes in question whether it be a
ID (Kiranyaz et al., 2015) or 2D or even 4D CNN (Choy et al., 2019). In other words,
neighboring cells now occur in a relation, preserving the original spatial
configuration. Then, as an alternative to convolutional approach, neighboring cells
in the input or the output side of the layer can also be put in relation with real edges
in-between, as another way of preserving the original spatial configuration that the

input cells have.
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Figure 20. Classification accuracy (%) as a function of different patch/kernel sizes

applied on MNIST using linear SYM classifiers.

The idea of inserting edges in-between output nodes of a layer is problematic,
as for performing any meaningful propagation a direction is needed for each edge.
Inherently, all edges direct to the right in a conventional neural network architecture,
but possibility of edges in-between in the same layer then forces to think of a neural
network as a more general directed graph. With this new architecture, namely neural
networks as general directed graphs, both forward and backward propagation must
be reconsidered.

In fact, this line of logic leads to an alternative structure known as recurrent
neural networks. Simulating the hearing process, connections between the nodes now
form a directed graph along a temporal sequence. As an advantage, RNNs can
process variable length sequences of input. It is possible to designate two broad
classes of RNNs, where one is finite impulse and the other is infinite impulse. Finite
impulse recurrent network is a directed acyclic graph that can be replaced by a
conventional neural network, whereas infinite impulse recurrent network is a
directed cyclic graph that cannot be replaced. Without the edges in-between as in an
original fully connected multilayer perceptron two nodes in any hidden layer can be
swapped in theory, not disrupting the topology of the network, or in other words not
resulting with a noticeable change. These ideas are depicted in Fig. 21. Note that, it
is possible to build upon basic recurrent neural network structure through

bidirectional logic (Schuster and Paliwal,
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Figure 21. On the left graph there are edges within the hidden layer. On the right
there is the classical fully connected neural network. Switching two nodes

within the hidden layer makes no difference for classical neural network.

1997), and long-short term memory concept (Sak et al., 2014).

However, empirical evaluation suggests that temporal convolution, or in other
words, ID convolutional logic surpasses the capacity of recurrent architectures in se-
quence modeling (Bai et al., 2018). It is still an open question whether regarding
temporal dimension as a just another spatial dimension is the way to go or whether a
hybrid approach is better. This is rather a deep issue related to properties of space
and time. Instead, regarding neural networks of any structure as directed and
possibly cyclic graphs, or in other words as neural graphs, might pave way to better
understand the brain. Note that, this concept is rather different than graph neural
networks, which use graphs as inputs (Scarselli et al., 2008).

Another generalization for neural networks is possible by considering
infinite width neural networks (Arora et al., 2019). Recent results suggest that deep
NNs that are allowed to become infinitely wide converge to models called Gaussian
processes (Lee et al., 2017). However, such studies do not consider the case when
there are in-between connections within the layers.

There is another futuristic approach that bypasses the problems of infinite
width. To come up with such a structure, one needs to apply concepts of sparsity to
neural networks in a creative manner. In this sense, the concept of partial
propagation
Figure 22. Concept of partial propagation. Partial propagation can be performed

even when the hidden layer is composed of infinitely many nodes.

is important. By partial propagation it is meant that the best output nodes are chosen
in calculation that will minimize the final error, instead of blindly forward
propagating the input on all output nodes.

Considering partial propagation in the domain of neural networks paves way
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to interesting formulations. As exemplified in Fig. 22, having infinitely many nodes
in the intermediate layer is not a problem when partial propagation is at hand. A
conventional full propagation would be not possible in such a case. This can further
lead to having an infinite but continuous layer (input or output), which is practically
applicable with integration, as depicted in Fig. 23.

It is now important to give some mathematical formulation for cases depicted
in Fig. 23 as single layered fully connected formulations.

In discrete to continuous case, the output layer can be regarded as a function
of . Assuming that there are 2 inputs the output can be given as x(i) = yiwi (1) + y:w:
(t) where yi designate the input values and Wi(?) designates weights corresponding to
i input as a function of t. Continuous to discrete case is interesting because the input
can now be a function itself, thus can pave way to the concept of junctional machine
learning. Let us denote input as a function of s, namely y(s). Then i* output is ex-
pressed as f y(s)wi(s)ds, where wi is the weights function associated with i’ output
this time. Last case is the most interesting one, as effectively it maps a function to
Figure 23. A generalization of neural network layer cases. From left to right,

discrete-discrete (classical), discrete-continuous, continuous-discrete,

and continuous-continuous cases are depicted.

another function. Let y(s) again denote the input. This time the weights can be for-
mulated as a function of two variables namely s and L As a result output becomes
x() = J y(s)w(s, )ds. Forward and back propagation can be performed easily by
mathematical tools capable of symbolic expression processing such as Matlab’s Sym-
bolic Toolbox. Prehminary experiments suggest that this line of generalization might
provide superior capabilities at the expense of computational complexity.

Notice that, a continuous layer counts towards a layer in which there exist in-
between edges with-in infinitely many nodes. However, this alone may not be enough
to preserve the spatial configuration of the input layer. Therefore, additionally a

sparsely overlapping block-wise connected continuous layered network is chosen as
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the final architecture as an alternative to a CNN as depicted in Fig. 24. Higher dimen-
sional analogous can also be devised. Experimentation with proposed structures were
very limited due to conceptual and computational burden. Therefore, as a last resort
to preserving spatial information in a simpler manner, multilinear approach mostly
from the perspective of sparse representations is mentioned in the upcoming section
as a promising analytical solution to the problem.

Figure 24. A sparsely overlapping block-wise connected continuous layered

network as an alternative to a ID convolutional neural network in

preserving the spatial information of a ID signal.

5.4.2 Multilinear approach

There are two main directions for approaching multidimensional signals in a
multilinear fashion. In conventional linear algebra based representations, data
points are always vectorized and thus treated as vectors, so such representation
ignores the local spatial information of a multidimensional form. To overcome this,
as the first solution, tensor representations treat data points as tensors in their
original form, preserving the correlation in multiple dimensions (Roemer et al.,
2014). As the most simplistic example of the other solution, one can use a complex-
valued vector and encode additional information in the imaginary part. As an
extended example, one can represent a color image as a matrix of quaternions (Xu et
al., 2015). Utmost generalization of this second solution is reached through general
frameworks based on what is called geometric algebra (Wang et al., 2019). These two
multilinear approaches are to be examined thoroughly from the perspective of sparse
representations.

The idea that images are not vectors, thus vectorization breaks the spatial
coherency of images is investigated by Hazan et al. (2005). In fact, while linear
algebra methods are organized under the hood of matrix factorization, this line of
thought is centralized around tensor factorization instead as a generalization. Hazan
et al. (2005) report that by treating training images as a 3D cube and performing a

nonnegative tensor factorization (NTF) on it, they achieve higher efficiency,
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discrimination and representation power than nonnegative matrix factorization

(NMF). Specifically, they consider the following least-squares problem in Eqn. (26)

argmin -||G — u™ <g) v 0 w"|||. subjecttou™,v™,w™m™>0, (26)

{um,vm,wm} 2 m=1

where G is the 3D data cube mentioned to be factored into a a sum of & rank-
1 tensors and u™ <g>v™ O w™ corresponds to three fold outer-product. Variations on
such nonnegative tensor factorization formulation are also performed successfully
on the problem of music genre classification based on tensor-based representation of
audio signals (Benetos and Kotropoulos, 2008; Panagakis et al., 2009).

At this point, it is important to note that there are two main branches of
tensor- based approaches corresponding to type of tensor decomposition they seek.
As the first branch, there are studies (including the ones mentioned up to now) based
on canonical polyadic decomposition (CPD), sometimes also referred to as CANDE-
COMP/PARAFAC (Kolda and Bader, 2009). As a generalization of methods men-

tioned, the equation takes the form of Eqn. (27)

A= Xid ® 42 ® -9 > ">
i=1

where A is d-dimensional tensor to be represented as a linear combination of
r rank-1 tensors, or namely vectors. The most relevant example from literature is K-
CPD (Duan et al., 2012), an algorithm of overcomplete dictionary learning for tensor
sparse coding based on a multilinear version of orthogonal matching pursuit and
CANDECOMP/PARAFAC decomposition. The framework is introduced in

Eqn.(28).
y=~"Xidi=" (3> ... <g>aj” s.t.||x|jo <k, x=[X\, .. ,Sr], (28)

i=1 =1

where y is a single tensor element, x being the sparse vector of a single tensor
element. Note that, the dictionary becomes d + 1 dimensional tensor if all atoms are

thought together. Let A” = {A} be the whole dictionary, and similarly y" = {y,-} all of
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the training data, then the equation to be optimized is given as in Eqn.(29)

argmin |y" — A" Xd+i X"||*, subject to ||xj|lo < k V], 29)

=A",x

This equation can be iteratively solved by alternating between sparse coding
and dictionary update as Duan et al. (2012) propose. K-CPD surpasses conventional
methods in a series of image denoising experiments. Most recently, this framework
is also successfully utilized in tensor-based sparse representations of multi-phase
medical images for classification (Wang et al., 2020).

The second and most prolific branch of tensor-based sparse representations
is centered around the Tucker decomposition model instead, which is a more general
model than CPD (Caiafa and Cichocki, 2013). However, before going into details of
Tucker model, it is important to make the distinction between tensor sparse coding,
and tensor dictionary update procedures much like in standard setting.

Literature for tensor sparse coding has three main claims. One branch claims
that tensor sparse coding gives equivalent results to ID vectorized version, but time
complexity and memory usage can be reduced significantly (Fang et al., 2012). Sec-
ond branch specifically applies tensor sparse coding on positive definite matrices
with increased performance (Sivalingam et al., 2010). Last branch applies structured
sparsity on top of sparse coding, a multidimensional form of block-sparsity to be
exact, and achieves significant gains (Caiafa and Cichocki, 2013).

In the branch that claims equivalence, Fang et al. (2012) has proposed 2D-
OMP, where each atom in the dictionary is a matrix. It is reported that higher
dimensional generalization is also possible by utilizing separable sampling. Similarly,
Roemer et al. (2014) report that a simple way to redefine sparse coding in terms of

tensors is not
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found, and they choose to use conventional BP, or OMP methods for sparse coding.
On the other hand, Sivalingam et al. (2010) report a novel tensor sparse coding
approach for positive definite matrices, where vectorization will destroy the inherent
structure of the data. In this case, the sparse decomposition is formulated as a convex
optimization problem, belonging to a category of determinant maximization
problems to be solved efficiently by interior point algorithms. By using region
covariance descriptors as introduced by Tuzel et al. (2006), it is possible to convert
images into positive definite form. Although capable of surpassing state-of-the-art at
the time, the study does not address dictionary learning on top of sparse coding.
Introducing block-sparse coding in tensor form and also offering the most
comprehensive coverage of Tucker decomposition model through Kronecker
structured dictionaries, Caiafa and Cichocki (2013) form the second and most
prolific branch of tensor-based sparse representations.

Caiafa and Cichocki (2012) lay the foundations of Tucker decomposition
model by defining Tensor-OMP algorithm that computes a block-sparse
representation of a tensor with respect to a Kronecker basis. First of all, it is
important to define Kronecker product of two matrices A (I by M) and B (J by N) as

in Eqn. (30).
m qn( ) ﬂrl,lB al,gB al,MB\

az1B a22B -+ ayauB
Ao B-=

~aiiB ai”*B u..aj"B j
(30)
The introduction of the model is given by the equation for the 2D case as in

Eqn. (31)

Y = DIXD:, 31

where Dx and D, are two dimensional matrices associated with mode-
I(columns) and mode-2(vectors). Matrix X is the sparse coefficient matrix. Note that

Eqn. (31) can be rewritten in vectorized form as follows in Eqn. (32).

y = 2;ec(DiXDyz) = (D2 <g> Di)x, (32)
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where o stands for Kronecker product. This equation states that, vectorized
version of signal Y can be written as a standard linear combination of elements of a
dictionary, which specifically has a Kronecker structure D = D> O Di.
Generalizing this methodology to any dimensions is possible through Tucker
decomposition model of Eqn. (33) and its equivalent vectorized form in Eqn. (34). In

this case, x* stands for i-mode tensor matrix product.

y=Xx1Di X2 Do... xjv Djv 33)

y = (Djv oDjv-i <s>... <s>Di)x (34)

In Caiafa and Cichocki (2013), authors report that a block-sparse structure
imposed on X in its original form through sub-tensors provide significant results.
They extend their earlier work by defining a Kronecker-OMP algorithm, that
utilizes the Kronecker structure of the dictionary. They also propose N-BOMP (N-
way block OMP), with block-sparsity imposed. It is important to note that, Tucker
model together with block-sparsity restriction may work significantly well together
as the higher dimensional block structure is meaningfully applied on the original
sparse tensor X in the form of sub-tensors.

There aremanystudies in literature specifically based on thisTucker model
of sparse representations with or without block-sparsity andadditionally including
dictionary learning. As an example, a two dimensional synthesis sparse model is
sketched (Qi et al., 2013). Based on Tucker model, it is also possible to formulate
existing popular least-squares based dictionary learning algorithms in tensor-based
form, through T-MOD and K-HOSVD algorithms (Roemer et al., 2014). However,
as Peng et al. (2014) demonstrate for multispectral image denoising, Tucker model
has superior performance when applied together with group-block sparsity
regularizer, corresponding exactly to the concept of block-sparsity in Caiafa and
Cichocki (2013). In this way, a nonlocal sparse representation is possible for an

originally patch based approach.
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It is important to note that, certain parallels can be drawn between our
earlier subject convolutional dictionary learning and tensor-based sparse
representations. As an example, Huang and Anandkumar (2015) propose a novel
framework for learning convolutional models through tensor decomposition and
show that cumulant tensors have a CP decomposition, whose components correspond
to convolutional filters and their circulant shifts.

However, tensor-based approaches (both CP and Tucker models) do not still
provide a solution to ID case. Without loss of generality, let us assume that our signal
is in the form of a column vector s. Since the signal is 1 dimensional there will be a
single matrix of that single dimension in Tucker model. Therefore, Tucker model
attained is the starting part in Eqn.(35). In this case, it is possible to show that x x i
D = Dx. From the other domain, namely CP model perspective, we have Yn=i where
x* is the single sparse coefficient associated with i# atom. In both cases, one arrives
at standard formulation, namely Tucker and CP models are equivalent in one

dimensional case.

s=xxiD=Dx=" 35)
=1

This brings up an important question onto the table. Although tensor-based
approaches provide advantage when the signals are multidimensional, current
formulations will not provide an edge for ID signals as this equivalence suggests. The
remedy may come from seeing a ID signal, not as a ID vector, but more. For example,
a ID complex vector can be formed by coding the cell positions in the imaginary part
to overcome orthogonality problem in standard ID vector as depicted in Fig. 25. This
paves way to performing sparse representations of complex valued data, or even
quaternion valued data to accommodate more information in case of higher

dimensional data. Utmost generalization is achieved through geometric algebra as a

generalization of hypercomplex numbers.

5.4.2.2 Complex, hypercomplex, and Geometric algebra based approaches
For an approach to tackle problem of orthogonality properly, it should be

104



viable for ID signals to start with as mentioned before. After all, all of the information
to sustain organic life is based on ID signals with only 4 distinct values, namely the

DNA, marking the importance of ID signals as key components.
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Figure 25. An encoding scheme to preserve spatio-temporal

information for (top) ID mono audio and (bottom) 2D grayscale image

cases.

We have sketched an original way to encode spatial/temporal information
into input through complex values. In an extended application, it is possible to
formulate a quaternion-valued sparse representation of color images that surpasses
the conventional logic (Xu et al., 2015). Note that, quaternion algebra is the first
hypercomplex number system to be devised that is similar to real and complex
number systems (Moxey et al., 2003). Xu et al. (2015) state that compared to tensor-
based model, quaternion-based model can achieve a more structured representation.
Comparisons between QSVD and T-SVD (Tensor SVD) (Kilmer and Martin, 2011)
suggest their equivalence, but superiority of QSVD arises when it is combined with
the sparse representation model.

Xu et al. (2015) state that there are 4 possible models to represent color
images. These is the monochromatic model, in which each channel is represented
separately. There is the concatenation model, where a single vector is formed by
concatenating three channels (Mairal et al., 2008b). There is also the tensor-based
model, where the color image is thought of as a 3D cube of values. Finally, there is
the quaternion- based model where each channel is assigned to each imaginary value
(i.e. r,g,b to i,j,k respectively). Most importantly, they analytically unify all these
models in their formulation.

However, there is one more possible model that is subtler. As, once can encode

a mono audio as a vector of complex values where complex values indicate the timed
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position, in a similar way one can encode a grayscale image as a quaternion-valued
vector, where imaginary parts are used to indicate the pixel position. Then, again
thinking color image as a 3D cube, there is a possible quaternion model in which
imaginary units encode the position within the cube and the scalar denotes the value
within that cell. Same quaternion encoding can be applied to any 3D scalar data.

There is one more issue with regard to machine learning. Xu et al. (2015) for-
mulate a sparse representation framework that has quaternion-valued sparse codes
in return. In another words, it is a quaternion to quaternion layer. Therefore, for
further machine learning, a hypercomplex to real feature extraction layer is needed,
as currently mainstream classification algorithms need real-valued data. Another
option is to consult classification algorithms that can directly handle hypercomplex
valued data. This line of logic paves way to consider complex/hypercomplex valued
neural networks as viable tools (Hirose, 2012; Isokawa et al., 2003). As a future work,
comparison of spatial/temporal encoded hypercomplex neural networks with
conventional convolutional or recurrent neural networks may pave way to deeper
understanding of deep learning. As a motivation, the fact that a single complex-
valued neuron can solve the XOR problem be given (Nitta, 2003). Also, the fact that
quaternions can be used to implement associative memory in neural networks is
promising (Chen et al., 2017).

Another fine of generalization can deal with the case when the dataset is more
than 3 dimensional, namely a volumetric animation dataset as an example. In such a
case, a quaternion is not enough to designate the cell position and value. As an ex-
tension, octonion algebra can accommodate up to 7 imaginary channels (Popa, 2016;
Lazendic et al., 2018); however, loses associativity property. Note that, Lazendic et
al. (2018) report that all the algebras of dimension larger than s lose important
properties, since they contain algebras of smaller dimension as subalgebras. This
might be an issue related to physics of space and time, which is out of scope of this
chapter. The important fact is that the study dealing with generalization of
hypercomplex numbers is called Geometric algebra and is gaining attention lately

(Wang et al., 2019).
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3.5 C"”’P?ﬁ%i@ﬁapter aims to draw attention to orthogonal viewpoint that is taken by
many machine learning methods such as fc-means or SVMs. Such viewpoint is highly
ill-posed for machine learning of real world signals, which contain spatial configura-
tion. Convolution operator can be used as a remedy for this problem, as it partially
preserves the spatial information inherent in signals. However, one may need to find
alternatives to convolutional approaches to further increase the understanding on
this subject. Sparsity, namely spatially sparse connections in neural networks might
be an alternative as described in Fig. 24. Most importantly, analytic approaches such
as multilinear or geometric algebra formulations must be thoroughly investigated as

alternatives, starting with ID setting to be precise.

CHAPTER 6: CONCLUSION AND PERSPECTIVES

In this study, dictionary learning for sparse and redundant representations
is modified and cast as simplicial learning that can distinguish linearly non-separable
cases easily. However, this alone still does not provide a solution to the problem of
orthogonality introduced in Chapter 5. Going back to our source, namely the
clustering problem, one now should notice that shift invariant fc-means formulation
can include rotation invariance as a more general formulation (Barthélémy et al.,
2012). Interestingly, Bar and Sapiro (2010) note that a log-polar mapping converts
rotations and scalings to shifts in x and y axes respectively; therefore, invariance
under general transformations is possible. In the bigger picture, convolutional logic
or other frameworks that sustain invariance is related to two-stream hypothesis (i.e.
where pathway and what pathway), a model of the neural processing of vision as well
as hearing (Eysenck and Keane, 2005). In other words, a spatiotemporal information
preserving perspective on the clustering problem brings us closer to inner workings
of the brain. Also related to convolution, n-dimensional generalization of Gabor
filters can be a related future work.

At the time of creation of Chapter 2, as a dominating approach in machine
learning, the necessity of a deep structure was considered. In neural network

research, depth comes into center attention immediately as single layer conventional
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neural networks are limited in expressiveness. However, in our formulation, we are
able to learn linearly nonseparable cases with a single layer. Therefore, a discussion
on depth is postponed until Chapter 5, when neural networks come into play. Success
of convolutional and recurrent neural networks suggest that structured depth is
more expressive than multilayer perceptrons. Therefore, deep structured layers
might be more important for spatiotemporal information preservation rather than
being an issue of nonlin- earity. In fact, as noted before a complex valued neuron can
handle nonlinearity all by itself (Nitta, 2003).

This study shows that it is possible to model generic piecewise linear
constructs as a single matrix multiplication. In this regard, polytopes and more

generally simpli-

Figure 26. Noise removal as an application of simplicial learning.

cial objects come into attention. Such objects are traditionally concepts of topology
and manifold learning (Lin and Zha, 2008), thus our study helps to build a bridge
between. In our study, a hypergraph is kept to maintain the structure of a polytope
in Chapter 3, therefore graph theory comes into play also. A future work related to
hypergraphs may include an efficient algorithm for hypergraph connectivity test to
designate the clusters in arbitrary dimensions. As noted before, both Chapter 3 and
Chapter 4 can also be extended through kemelization and ensembling.

As the solution proposed in Chapter 4 is evolutionary, it is important to men-
tion No free lunch theorem that states the fact that two optimization algorithms are
equivalent when their performance is averaged across all possible solutions (Wolpert
and Macready, 1997; Ho and Pepyne, 2002). From this perspective, the performance

of Evolutionary Simplicial Learning is promising as it attains the best mean score in
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the benchmark. In other words, mean score is more important in the eyes of no free
lunch theorem. It is also important to mention neural gas and self-organizing map
formulations as similar approaches to simplicial learning (Fritzke, 1995). The
general machine learning framework introduced in this study can also be adjusted
for semisupervised (Zhu and Goldberg, 2009) or self-supervised settings (Tung et al.,
2017). In fact, our framework can also be applied on other signal processing tasks
without much alteration. A noise removal application is given as an example in Fig.
26

Regarding Chapter 5, the spatiotemporal hypercomplex encoding scheme
must be further investigated. It is also possible to merge this encoding scheme with
the earlier formulations of Chapter 3 and Chapter 4, namely with additional sum-to-
one and nonnegativity constraints together with structured sparsity. A final general
note is the distinction between analysis versus synthesis sparse models. Throughout
this thesis, synthesis model is used namely the form Y = AX where X is sparse.
However, there is also the analysis model having the form AY = X where X is sparse,
namely dictionary multiplied by input Y now gives the sparse codes (Shekhar et al.,
2014; Gu et al., 2017). Such model is closer to neural network formulation and
further investigation of analysis model might pave way to a unified perspective on

sparse models that also includes neural networks.
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APPENDIX A: RESIDUAL CODES

A.1 Introduction

A usual deficiency in sparse coding step is that, algorithms listed above
assume proper dictionaries at each iteration. This is indeed very problematic,
especially at initial stages of the learning process. In many situations, initial
dictionary will not be a good representative of the optimal one. Therefore, “optimal”
coding done with such a dictionary, as targeted by both £, and il norm coding
schemes, will most likely result in sparse codes, which also are not good
representatives of optimal state. As a result, the next dictionary will adopt this
undesired property to a certain extent and convey it to successive learning steps. In
this appendix, we propose a generic modification to sparse coding or the coefficient
learning step, with an error correcting process by coding an intermediate error and
adjusting sparse codes accordingly in a less intensive learning attempt, hence leading
to a faster convergence when compared to the conventional approaches.

This appendix is organized as follows. Section A.2 describes the details of the
proposed dictionary learning algorithm. Section A.3 demonstrates the experimental

setup and the obtained results. Finally, Section A.4 concludes this appendix.

A.2 Introducing Error Codes
We propose a formulation that incorporates an intermediate error into the
learning process. In the first stage, a regular sparse coding and dictionary update

procedure is performed but with a sparsity level m < k by solving Eqn. 36.
M
argmin|lyj — Dai||2 subjectto jajllo < m (36)

Da{al} i=1

Let us now denote {a*} and D* as the resulting sparse codes and the dictionary, respec-

tively. The second stage involves sparse coding the approximation error e* = yj-D*a|,
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Figure 27. Results of dictionary
Barbara image. Dictionary size 64 x 256, k = s for both learning and testing.

Each column represents a different initial dictionary. First and middle
columns are randomly initialized. Last column is of DCT initialization.

Figures depict PSNR (dB) performance values versus iteration number.

Vi, as
M
argmin |lej — D*bjj2 s.t. [|bj||o<fc — m. 37
'

After acquiring {b*} in Eqn. 37, current-state sparse codes can further be updated as
a* + b*. This step basically corresponds to some sort of feedback logic, where
the first approximation is tested and then its deviation is sparse coded to be incorpo
rated into actual codes. Note here that the original sparsity constraint still holds since

11?? + K||o <k. In the last stage, a final dictionary update is performed as in Eqn. 38
and an iteration is completed,
M
(38)

argmin” ||yi - D(a* + b¥)||".
D~7

A.3 Experimental results
Two variants of the proposed scheme have been tested experimentally, namely

EcMOD in Algorithm 3 and EcMOD+ in Algorithm 4. ECMOD includes the method-
ology that is defined in Sect. A.2, and EcMOD-i- includes a regular least-squares dic-

tionary update (MOD) at the end of each iteration. OMP is used for sparse coding.

Two experimental setups have been performed, corresponding to low and high
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Algorithm 3 EcMOD algorithm pseudocode.

1| function EcMOD(D, Y, m, k)

9 while not converged do

3 A m<— OMP(D, Y, m)

4 D <r- YA+

5 EY —DA

6 B <— OMP(D, E, k — to)
7

D-s-Y(A+B)t
return D

Algorithm 4 EcMOD-i- algorithm pseudocode.

function EcMOD+(D, Y, m, k)

2 while not converged do
D <r- EeMOD(D, Y, m, k)
4 X OMP(D, Y, k)

DtY X+ return D

dimensional cases respectively. In the first setup, sxs distinct patches were extracted
from the Barbara image of size 512 x 512, resulting in 4096 image patches. Dictionary
size was accordingly chosen as 64 x 256. Sparsity constraint k and additional sparsity
parameter m were chosen as s and 4 respectively, so m being equal to k2. Results
corresponding to this setup are presented in Figure 27, Figure 28 and Table 10.

In error coded schemes, as a consequence of not directly coding with sparsity
k, final codes a* + b| may not necessarily be optimal for k. However, as there are two
coding steps with lesser sparsity constraints and a summation, codes have a higher
chance of being optimal for most of the sparsity levels less than k. As a result, con-
verged dictionary is a better representative of such sparsity levels, as observable in
the results in Table 10. Error coded schemes consistently perform better in sparser
cases.

Not targeting a sparsity level & directly leads to a possibility of converged dic-
tionary to be suboptimal for that given k. However, this drawback can be worked
around by chaining a conventional step that targets an exact sparsity level k.
Referred to as EcMOD+ algorithm, experiments with this further modified method
show that, such architecture possesses optimality for k sparsity and also better
performance for the cases where sparsity level is less than k. This phenomenon is

apparent in Figure 27, where learning and testing & chosen both as s. Performance of
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EcMOD is not consistent as it performs much like MOD in second random

initialization case, whereas
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Figure 28. Results for ten cases of uniformly random initial dictionaries. Lower and
upper lines of each method correspond to minimum and maximum PNSR (dB) values

attained among all ten cases. Middle lines represent average values.

EcMOD+ consistently performs well.

In a more extensive manner, Figure 28 compares the performance of MOD
and EcMOD+ in the case of ten different randomly initialized dictionaries. DCT
convergence is supplied as a baseline. This figure represents superiority of the error
coding scheme over conventional coding in the case of random initializations.
“Optimal” coding with an improper random dictionary within initial stages hamper
the final convergence state as observable in the case of MOD. Although not
targeting optimal codes, error coded scheme EcMOD-i- converges to DCT result in
all random initialization cases. This is possible because, in each step from the
beginning, dictionary passes through a less intensive validation, in the expense of
acquiring optimal codes. There is no total superiority in DCT initialization case as
seen in Table 10. However, superiority can be achieved with more complex error
coding schemes.

Finally, regarding overall sparsity levels within error codes and its evolution
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during learning process, the proposed method presents interesting trends. In conven-
tional sparse coding (targeting the sparsity k), as approximation threshold is kept
very

Table 10. Average approximation PSNR (dB)

performance values of learnt dictionaries as in Figure 27

and Figure 28. k represents the sparsity used for testing.
k=2 k=5 k=10 k=20

Rand. 1.

MOD 26.33 32.08 36.82 40.43
EcMOD 2691 3390 37.87 41.72
EcMOD+ 26.89 3390 38.10 41.86
Rand. 2.

MOD 26.61 32.20 36.89 40.68
EcMOD 2792 3336 36.88 40.25
EcMOD+ 26.73 33.87 38.08 41.83
DCT Init.

MOD 2622 33.02 38.40 42.82
EcMOD 2695 34.05 38.06 41.98
EcMOD+ 2694 3396 38.19 42.07

strict in general, sparse codes end up with using all k supports. Therefore, in methods
such as MOD and K-SYD, codes consistently have k supports even starting from the
initial iteration. In the proposed method, during error coding, selection of previously
selected supports is frequent. This is especially observable during initial iterations.
Near maximum support counts are gradually reached as the system converges, but
not necessarily reaching exact maximum.

In the second set of experiments, ECMOD+ scheme has been tested with all
possible 255025 image patches extracted with a full coverage of sliding window algo-
rithm with a window size of s x s. Combinations of sparsity of 4, 8,16, and 32 against
small and large dictionaries were tested. DCT was used as initial dictionary in all
cases. Note that, in DCT initialization cases, there is only an advantage of faster
convergence rates but not of better converged states, at least for this error coding
scheme. Superior converged states with more complex schemes have been achieved,

but they are omitted here because of the space limitation.
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Performance gain vs. learning sparsity

Experimental results with the second setup are summarized in Figure 29 and

Figure 30. In Figure 29, performance ratios were calculated relative to the MOD
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Figure 29. Performance gain factor for different sparsity levels, in the case of a

relatively small and a large dictionary.

algorithm in terms of mean-squared error to estimate a performance gain factor for
each sparsity level, approximately at fifth equivalent iteration, for an approximate
convergence rate analysis. Gains for large dictionary in the case of learning with
lenient sparsity levels are more striking, but stricter sparsity constraints cause
substandard performance. Overall, the performance in this case is promising as it
signals to scaling with input size. Smaller sized dictionary safely performs above
standard. Figure 30 depicts the convergence plot for dictionary size 64 x 256 and fc
as g for both learning and testing. Significant gain in convergence rate is observable
with the error coded scheme in this high dimensional setup. Note that, mean-squared
error is given as measure since sliding window patches were used. Finally, Figure 31
compares atoms that he within similar frequency domains, learnt with MOD and

EcMOD+. Note here the well-defined structure of EcMOD+.

A.4 Conclusion

MOD, by itself is a greedy algorithm that targets optimality one task at a time.
Tasks are considered as isolated from each other, even within the same iteration.

This
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Figure 30. The convergence performance for dictionary size 64 x 256 and A; as s for

both learning and testing.

results in MOD being a rather short-sighted method which fails at tasks that require
a broader perspective of the system.

In this paper, we presented a method in which sparse coding and dictionary
update steps are intertwined through intermediate error codes. Note that there
could be other ways to accomplish this. Another way could be to add sparse codes
of two successive iterations and perform a dictionary update based on this
accumulated code, without even introducing error codes. As an analogy, MOD can
be considered as a single-step numerical method, whereas the example given would
be a multi-step one. Our method can be considered as a multi-step approach that
utilizes a half-step.

To summarize, our framework is generic enough to be included in many
forms of learning-based approaches. In essence, our scheme includes an initial
attempt of learning with less computational and spatial requirement than originally
allocated. This corresponds to a single iteration of MOD performed with m < k. In
this way, a feedback can be acquired that reflects the congruence of the model and
the data at hand, so that current state can properly be adjusted before the final
model update, which consumes the remaining resources.

This approach will be most beneficial for systems that are restricted to
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initializations (as apparent in Figure 1, Figure 2 and Table 1). A random initial model
is most likely to be an improper representative of a specific system. Therefore, an
update based on this model, no matter how intensive it is, will result in an undesired
state. In fact, an optimal update based on this improper model could be more impairing
than a subopthnal one in this regard.

As a concluding remark, readers should bear in mind that this work is based on
a pragmatic perspective. Although satisfactory improvement has been observed, a
more rigorous theoretical approach can lead to certain variations built on top of this

framework that will be far more fruitful.
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APPENDIX B: K-POLYTOPES ALGORITHM DETAILS

Algorithms in k-polytopes. The pseudocode details of the overall algorithm as well as
subdivision, pruning and merging methods are illustrated in Alg. 4, Alg. 5, Alg. s and

Alg. 7, respectively.

Algorithm 5 An algorithm for /c-polytopes

1: function fe-POLYTOPES(Y, ¢, k)
A, S, X, r <-initialize based on Y and ¢
while not converged do

X project Y onto A restricted to .S

A 4-  YX+ (dictionary update)

A,S  4-pruning based on A

A,S  4- subdivision depending on r

A, <S 4- merging depending on r
C 4- get the number of connected components in §
if C + k then

A ,T4- update parameters

Go to 3:
return A, X, S

N I AN U

____
W o= 8

Algorithm s An algorithm for the subdivision process

1 function subdivide(A, S, t) for all & in <S do
2 K 4- designate h = hx for all pairs of nodes a and b in g do if r <|ja— b||2 then
3 a+b
4 c/\2Are4AreUc
s h'k 4- new hyperedge over a
6 /i" 4-new hyperedge over b
7 ng 4r- (Hqx \ K) U {h'k U K) return A, §
1
9

10
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Algorithm 7 An algorithm for the pruning process

function prune(A, S, X, A)
for all 7in S do

1
2
3 k 4- designate h = hx,£'Hx

4 v% <—+# of data points projected onto A\
5

6

7

if < A then

T-Lx 4—I-LK | hx
A 4- remove vertices of Ax solely used by /g return A, S

Algorithm 8 An algorithm for the merging process

1| function merge(A, S, t)

2 for each pair 2'and 2" in S do

3 k' 4- designate h! = hx> g Hi'

4 k" 4- designate h" = hx>> € H"

5 AK' h> <- get simplex designated by /x>

6 Axn w» 4- get simplex designated by /xn

7 if A%i' and Axu »,, close enough wrt 7 then

g incident 4- “Are and hx>> incident?”

9 if (jincident & k'== k") (/«'! = k") then
make Ax> and hg» incident
Ax>.h' 4— stitch Ax>.h> and Axn yn return A, S

—— )

Block-diagram of k-polytopes. The block-diagram of the proposed algorithm to solve fc-
polytopes problem is illustrated in Fig. 32.
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Figure 32. The block-diagram of the proposed algorithm to solve fc-polytopes problem.

Merge

- z /-« i i) }

Get Connected ]
Components

Update | L
parameters |




CURRICULUM VITAE

Yigit Oktar was bom in izmir. In 2011, he graduated from University of

Chicago with a B.S. degree. In 2013, he completed his M.S.E. from University of

Pennsylvania. He worked as a Research Assistant in Izmir University of Economics

from year 2017 to 2019. His publications are listed as below:

Oktar, N. and Oktar, Y., 2015. Machine Learning and Neuroimaging. Journal
of Neurological Sciences, 32(1).

Oktar, Y. and Tiirkan, M., 2017, May. Dictionary learning with residual
codes. Signal Process, and Comm. Appl. Conf. (SIU) pp. 1-4. IEEE.

Oktar, Y. and Tiirkan, M., 2018. A review of sparsity-based clustering
methods. Signal Processing, 148, pp.20-30.

Oktar, Y. and Tiirkan, M., 2019. K-polytopes: a superproblem of k-means.
Signal, Image and Video Processing, 13(6), pp.1207-1214.

Oktar, Y. and Tiirkan, M., 2020. Evolutionary simplicial learning as a genera-
tive and compact sparse framework for classification. Signal Processing, 174,
p. 107634.

Oktar, Y., Ulucan, O., Karakaya, D., Ersoy, E. O., and Tiirkan, M., 2020.
Binocular vision based convolutional networks. Signal Process, and Comm.
Appl. Conf. (SIU) IEEE. [Accepted]

Oktar, Y. and Tiirkan, M., 2020. Classification via simplicial learning. In 2020
IEEE Int. Conf. on image processing (ICIP) [Accepted]

Oktar, Y. and Tiirkan, M., 2020. On the preservation of spatio-temporal infor-

mation in machine learning applications. Signal Processing. [Submitted]

143



