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We study almost automorphic solutions of the discrete delayed neutral dynamic
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z(t +1) = Az (t) + AQ(H, z(t — 9(1))) + G(t,=(t), z(t — 9(1)))

by means of a fixed point theorem due to Krasnoselskii. Using discrete variant of
exponential dichotomy and proving uniqueness of projector of discrete exponential
dichotomy we invert the equation and obtain some limit results leading to sufficient
conditions for the existence of almost automorphic solutions of the neutral system.
Unlike the existing literature we prove our existence results without assuming
boundedness of inverse matrix A (t)_l. Hence, we significantly improve the results
in the existing literature. We provide two examples to illustrate effectiveness of our
results. Finally, we also provide an existence result for almost periodic solutions of
the system.
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1. Introduction

The theory of neutral type equations has a significant application potential in certain fields of applied

mathematics, biology, and physics dealing with modelling and controlling the dynamics of real life processes

(see [6,19,21,43], and references therein). In particular, investigation of periodic solutions of neutral dynamic

systems has a special importance for researchers interested in biological models of certain type of populations

having periodical structures (see [14,25,28]). There is a vast literature on stability analysis, oscillation theory,

and periodic solutions of neutral differential and neutral functional equations (see e.g. [2,23,33,36,38,44]).

We may refer to [3,24,34,35,37] for studies handling neutral difference and neutral dynamic equations on

time scales.
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Periodicity may be a strong restriction in some specific real life models including functions not strictly
periodic but having values close enough to each other at every different period. Many mathematical models
(see e.g. [22,31,32]) in signal processing and astrophysics require the use of almost periodic functions,
informally, being a nearly periodic functions where any one period is virtually identical to its adjacent
periods but not necessarily similar to periods much farther away in time. The theory of almost periodic
functions was first introduced by H. Bohr [13] and generalized by A.S. Besicovitch, W. Stepanoff, S. Bochner,
and J. von Neumann at the beginning of 20th century (see [7,10,11,40]). The idea of almost periodicity can
roughly be regarded as a relaxation of strict the periodicity notion. A continuous function f : R — R is said
to be almost periodic if the following characteristic property holds:

A. For any € > 0, the set

E(e, f(z):={r:|f(x+7)— f(z)| < e for all z € R}

is relatively dense in the real line R. That is, for any € > 0, there exists a number [ (¢) > 0 such that any
interval of length [ (¢) contains a number in F (g, f(x)).

Afterwards, S. Bochner showed that almost periodicity is equivalent to the following characteristic prop-
erty which is also called the normality condition:

B. From any sequence of the form {f (x + hy,)}, where h,, are real numbers, one can extract a subsequence
converging uniformly on the real line (see [8,9,18]).

Obviously, every periodic function is almost periodic. However, there exist almost periodic functions
which are not periodic. For instance, the function

f (t) —_ eit + eiﬂ't

is almost periodic but there is no any real number w # 0 such that f (¢ +w) = f (¢), since the functions e

and e’ are linearly independent.

Theory of almost automorphic functions was first studied by S. Bochner [10]. It is a property of a function
which can be obtained by replacing convergence with uniform convergence in normality condition (B). More
explicitly, a continuous function f : R — R is said to be almost automorphic if for every sequence {h%}n€Z+
of real numbers there exists a subsequence {h,} such that lim,,_, e lim, o f(t + hyy — hyy) = f(t) for each
t € R. For more reading on almost automorphic functions, we refer to [20] and [30]. Obviously, almost

periodicity implies almost automorphicity but not vice versa. It is shown in [42] that the function

_ 24exp (it) + exp (iv/2t)
Fo) = |2 + exp (it) + exp (iV2t) |’ tek

is almost automorphic but not almost periodic.

Unlike the vast literature on almost periodicity, there is a poor research backlog on almost automorphic
solutions of difference equations. To the best of our knowledge the study of almost automorphic solutions of
difference equations was begun by Araya et al. in [4]. Afterwards, C. Lizama and J.G. Mesquita [27] studied
almost automorphic solutions of non-autonomous difference equations

ulk+1)=Ak)uk)+ f(ku(k), kel

Employing exponential dichotomy and contraction mapping principle they proposed some existence results.
Furthermore, in [26] C. Lizama and J.G. Mesquita perfectly generalized the notion of almost automorphy
by studying of almost automorphic solutions of dynamic equations on time scales that are invariant under
translation. In [15], S. Castillo and M. Pinto studied almost automorphic solutions of the system with
constant coefficient matrix A
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y(n+1)=Ay(n)+ f(n)

using (11, u2)-exponential dichotomy. In [29] 1. Mishra et al. investigated almost automorphic solutions to
functional differential equation

% (@) —Ftet—yg() =A@)z({)+Fa(tz),z(t—g(t)) (1.1)
using the theory of evolution semigroup. Note that almost periodic solutions of Eq. (1.1) have also been
studied in [1] by means of the theory of evolution semigroup.

In the present work, we propose some existence results for almost automorphic solutions of the discrete
neutral delayed system

w(t+1) = A()z(t) + AQ(t, z(t — g(t))) + G(t, (1), z(t — g(1))) (1.2)
by using fixed point theory. The highlights of the paper can be summarized as follows:

e In our analysis, we prefer using exponential dichotomy instead of theory of evolution semigroup since
the conditions required by theory of evolution are strict and not easy to check (for regarding discussion
see [16]). We prove uniqueness of projector of discrete exponential dichotomy. This result has a wide
application potential in theory of difference equations.

e In [27, Relations (3.10) and (3.11)], the authors obtain the limiting properties of exponential dichotomy
by using the product integral on discrete domain (see [39, Section 4] and [26, Section 4]). This method
requires boundedness of inverse matrix A(¢)~! as a compulsory condition. Different than [27], we obtain
our limit results without assuming boundedness of the inverse matrix A(#)~! (see Theorem 4).

o Using a different approach we improve the existence results [27, Theorem 3.1 and Theorem 4.3] (see
Example 2) and extend the results of [15] to the systems with nonconstant coefficient matrix A (t). Two
examples are given to illustrate the effectiveness of our results.

The latter part of the paper is organized as follows: In the next section, we give basic definitions and
properties of discrete almost automorphic functions and prove our limit results regarding discrete exponential
dichotomy. In the final section, we propose some sufficient conditions for the existence of almost automorphic
and almost periodic solutions of the system (1.2) by means of Krasnoselskii’s fixed point theorem.

2. Almost automorphic functions and exponential dichotomy

Let & be a (real or complex) Banach space endowed with the norm |.||,, and B(&X) is a Banach space of
all bounded linear operators from &’ to X' with the norm |[|.|| 5y given by

1Ll 5y = sup | L] y - 2 € X and [lz], <1}
Following definitions and results can be found in [4] and [27].

Definition 1. A function f : Z —X is said to be discrete almost automorphic if for every integer sequence

{kn}nez, there exists a subsequence {kn} such that

ne€Z

lim f(t+ky) =: f(2) (2.1)

n—oo

is well defined for each ¢t € Z and
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lim f(t—k,) = f(2) (2.2)

n—oo

for each t € Z.

Definition 2. A function g : ZxX—X of two variables is said to be discrete almost automorphic in ¢ € Z for

each z € X, if for every integer sequence {k/,} there exists a subsequence {k, } such that

nezZy) n€EZy

lim g(t + knax) =: g(t,fﬂ)

n—oo

is well defined for each t € Z, x € X and

lim g(t - kn,l') =: g(t,x)

n—oo

foreacht € Z and x € X.

Throughout the paper, A(X) represents the set of discrete almost automorphic functions taking values
on X. Notice that A (X) is a Banach space endowed by the norm

1f1]acay :=sup [F @)l -
teZ
Some properties of discrete almost automorphic functions are listed in the following theorems:

Theorem 1. (See [}].) Let f1, fo : Z =X and ¢1,92 : ZXX—X be discrete almost automorphic functions in
t € Z, then

i. f1+ fa is discrete almost automorphic

il. g1 + go is discrete almost automorphic in t for each x € X

iii. cfy is discrete almost automorphic for every scalar c

iv. For every scalar ¢, cgy is discrete almost automorphic in t for each v € X

v. For each fixed k € Z, the function f1 (t + k) is discrete almost automorphic

vi. The function f1:Z —X defined by fl(t) := f1(—t) is discrete almost automorphic
vil. sup,cy || fi(t)||y < o0 for eacht € Z
vill. sup,ez [|g1(t, x)|| 4 < 00 for eacht € Z and x € X

ix. sup;ez || f1 (t)HX < supyey |f1 ()| 4 for all t € Z where fi is defined as in (2.1)

X. supsez |01(t, x)|| 4 < 00 for eacht € Z and x € X.

Theorem 2. (See [/].) Let g : ZXX—X be discrete almost automorphic in t € Z, for each x € X satisfying
Lipschitz condition in x uniformly in t, that is

lg(t.2) — gt )l gy < Ll gl Vary € X.

Suppose ¢ : 7 —X is discrete almost automorphic function, then the function g (t,¢ (t)) is discrete almost
automorphic.

Definition 3 (Discrete exponential dichotomy). Let X (t) be the principal fundamental matrix solution of the
linear homogeneous system

x(t+1)=At)x(t), z(to) = xo- (2.3)
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Then (2.3) is said to admit an exponential dichotomy if there exist a projection P and positive constants
aq, 042,[31 and 52 such that

[XOPX(5)]| gy < Br (1 + o)t > s, (2.4)

[X(t) (I = P) X7(5)| gy < B2 (1+ )T s>t (2.5)

Remark 1. Notice that in [5] and [27], the discrete exponential dichotomy is defined by using the expo-
nential function exp (a (s — t)) instead of the discrete exponential function e, (t,s) = (1 + a)°~" (satisfying
Aseq(t,s) = aeq(t,s)) in (2.4) and (2.5), respectively. For convenience we prefer using Definition 3 which
is evidently equivalent to [27, Definition 2.11]. Notice that Definition 3 is also consistent with the unified
version of exponential dichotomy (see [26, Definition 2.12]) which covers both the discrete and continuous
cases. For more reading on exponential dichotomy we may refer to [17].

We prove the following lemmas for further use in our analysis:

Lemma 1. Let ¢ : Z — (0,00) and 9 : Z — (0,00) be two functions satisfying

)Y o) < e, 26)
WY V) < e, (2.7)

for some constants p > 0 and v > 0. Then for any tg € Z, there exist positive constants ¢ and ¢ such that
o(t) <c(1+ /fl)to_t fort > tg

and
D(t) ST+ fort <to.

Proof. Define the function

with Au(t) = (p(t))~", where A is the forward difference operator. By (2.6), we have
u(t) < pAu(t),

and hence,

t—to

u(t) > (T+p")" “ulto), for t > to.

This implies
p(t) < pu(t)™
< pu(to) " (L+p )

<c(l+p )"
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for ¢ = pu (to)_1 and t > tg. Similarly, the function

v(t) ==Y )"
j=t
with Av(t) = —(t)~1, satisfies

YAu(t) < —v(t +1).

Solving the last inequality for ¢y > t, we get

t—to

v(to) —v(t) (L+47)

<0.

By using (2.7), we obtain
B(t) < yo(t) ™
S Y (to)_l (1 + 7—1)t7t0

<e(1447H)7"
for @ = yv (ty) " and to > t. The proof is complete. O

Lemma 2. If the system (2.3) admits an exponential dichotomy, then x = 0 is the unique bounded solution
of the system (2.5).

Proof. Let By be set of initial conditions £ belonging to bounded solutions of (2.3). Assume (I — P)¢ #0
and define ¢(t) =1 == || X (¢) (I — P) &|[(x)- Using the equality (I — P)*> =1 — P we get

oo

> X(t)(I-P)és(j ZX () X(G) (I - P)&o(j).

=t

Taking the norm of both sides, we obtain

Mg

1Z¢ X (= PY X () |y 6~ ()00)
<Y ey

= Zﬁ2 (14 ay)™’

14+«
=B—2.
Qs
This yields
> . 1+«
S 607) < 6(1)Ba— 2,
j=t @

uniformly in ¢. Hence, we get
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lim inf
st o(j) =
which means that | X (¢) (I — P) || have to be unbounded.

Similarly, if we assume that P¢ # 0, define (6 (£))" = | X (t) P€| 5 xy» and repeat the above procedure,
we get

t—1 t—1
Do IDXMPE= D0 X(HPXT () X()PEO()

since P2 = P. Taking the norm of both sides we obtain

t—1
oS o= S xoPx- (D) 0~ (1)00)

j=—o0 j=—o0

t—1
<> Bil+a)y

j=—00

B

aq

IN

and

S oG <o

j=—oo o

This shows that

lim inf  6(j) =0
jE[—o0,t—1)
and hence || X (¢) P¢| 5 1) must be unbounded. Consequently, boundedness of a solution of the system (2.3)

is possible only if By = {0}, which means, if z (¢) is a bounded solution of (2.3), then z(¢) = 0. The proof
is complete. O

Theorem 3. If the homogeneous system (2.3) admits an exponential dichotomy, then the projection P of the
exponential dichotomy is unique.

Proof. Suppose that the system (2.3) admits an exponential dichotomy. At first, we need to show that
[ X ()Pl g(x) is bounded for t > to and [[X(t) (I — P)|[g(x) is bounded for ¢ < ty. Define the function
@(t) :== [[X(t) Pl () and consider the following equality

3 XWPAG) T = Y XWPXTG)X(G)Pel)

Taking the norm of both sides, we get
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Employing Lemma 1, there exists a positive constant ¢ such that
o) <c(1+ K1) for t > to,

which means || X (t)P||g ) is bounded for ¢ > to.
Performing the similar procedure for the function ¥ (t) := | X (¢) ( — P)||z 1) we get

ZX(t) (I-P) () " = ZX(t) (I-P)X ' (HNX() T - P) ()

which implies that

1+ as
(€5)

=K.

() () < B
j=t
By Lemma 1, we can find a constant ¢ > 0 such that

. t—t
W(t) < 6(1 +K‘1> * for ty > t.

This shows that [|X(t) (I — P)||s(x) is bounded for to > ¢.
Suppose that there exists another projection P # P of exponential dichotomy of (2.3). Using the similar
arguments we may find constants N and N such that

[ X ()P gz < N for t > to,
and

| X(t) (I — P)|| g4y < N forto > t.

|B(X)

Using (2.4)—(2.5), for any arbitrary nonzero vector &, we get

[X (0P (I = P) €50y = [ X@)PX T (t0) X (t0) (I = P) €]l 5y
= HX(t)PXil(tO)HB(X) ||X(t0) (I* ]5) gHB(A’)
< B |(1 = P)gll, for e to
and
| X ()P (I - P) gHBm = | X®PX ' )X() (I - P) X (to)X(to) (I — P) 5||B(X)

< X OPX )y X0 (1= P) X705 [1X o) (7= P) €l

SﬂlﬂzH(I—P)fnx for tg > ¢

since X(to) = I. Then z(t) = X(t)P(I — P)¢ is bounded solution of (2.3). Observe that z(t) =
X(t) (I — P)P¢ is also a bounded solution of (2.3). Employing Lemma 2, we get & = 0, and hence,

P = PP = P. The proof is complete. 0O
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Theorem 4. Suppose that the system (2.3) admits an exponential dichotomy with the projection P and the
positive constants ay,as, f1, and Ba. Let the matriz valued function A(t) in (2.3) be almost automorphic.
That is, for any sequence {0y }rez, of integers there exists a subsequence {0 }rez, such that

lim A(t + 6) := A(t)
k—o0
s well defined and
lim A(t —0;) = A(t)
k—o0

for each t € Z. Then

Jim X (t+ 0x)PX (s +0,) := X(t)PX 1(s) for s € (—00,t] N Z (2.8)
and
kl;ngo X(t+0p)(I—P)X (s+06):=X(t) (I —P)X () for s € [t,00)NZ (2.9)

are well defined for each t € 7 and the limiting system
z(t+1) = A(t)z(t), x(to) = zo (2.10)

admits an exponential dichotomy with the projection P and the same constants. Furthermore, for eacht € 7.

we have
lem X(t—0,)PX (s —0p) = X(t)PXY(s), s € (—00,t]NZ (2.11)
and
lim X (¢t —0g) (I — P) X (s —0x) = X(t) (I — P) X" '(s), s € [t,00) NZ. (2.12)

k—o0

Proof. We first show that the sequence {X(to +0p)PX " L(tg + Hk)} is convergent. Suppose the contrary,
then there exist two subsequences

{X(to + 6k, )PX " (to + bk,.)} and {X(to+ 6k )PX "'(to + bk,)}
converging two different numbers P and P, respectively. From (2.4) we have
Xt + 0k, ) PX T (5 4 01,)) | sy < B (1 o)t >, (2.13)
and
[ Xt + 01y, ) PX (5 4 O1y,)) [ sy < Pr (L a1)™™" E > s, (2.14)
Let Xk, (t) and Xy, (t) denote the principal fundamental matrix solutions of the systems:
z(t+1) = A(t + 0k, )x(t), z(to) = =0, (2.15)

and
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Bt +1) = At + 04, )(t), 2(to) = 0, (2.16)
respectively. Then we must have

X(t—‘r9k ) = X (t)X(to—‘rek ), (2.17)

m m m

since
A [ Xy, ()X (t + 6,,)] =0
Similarly, we get

X(t+0k,) = Xy, ()X (to + Ok, ). (2.18)

Since A(t + 0y,,) = A(t), A(t + 0 )x(t) — A(t)z(t) as m — oo for each t € Z, we have

At + 0k, )x(t) = A(t)x(t),

and

At + Orr )x(t) — A(t)z(t).

Thus, the sequences {Xy,, (t)} and {Xi ()} converge to X(t) as m — oo for each t € Z. Now, the
exponential dichotomy of the linear homogeneous system (2.3) plays a crucial role. Using (2.17) along with
(2.13) and (2.14), we get

15Xk, ()X (t0 + 1, ) PX ™ (t0 + 0k, ) X () 5y < Br L+ 00)™", £ 28
and

HX% ()X (to + O, YPX L (t + O ) X7 (5)

< B (1 STt > s
- HB(X)fﬁl(Jral) rhes

Taking the limit as m — oo, we obtain

[XOPX ()| gy < Br (1 + o)t >, (2.19)

IX(OPX(5)]| gy < B1 (14 02)"", t > s, (2.20)

Applying the similar procedure we arrive at the following inequalities
[X(6) (I =P) X7'() ]| gy < B2 (1 + @) s>t (2.21)
|X (&) (I = B) X1 (8) || gy < B2 (L +2)" ", s>, (2.22)

Inequalities (2.19)—(2.22) show that the limiting system (2.10) admits exponential dichotomy and
both P and P are projections. By Theorem 4 we conclude that P = P. This means the sequence
{X(to + 0x)PX ' (to + k) } is convergent as desired. Assume that X (to + 0x)PX *(to + 6x) — P and
that X (¢) is the principal fundamental matrix solution of the system

a(t +1) = At + 0r)x(t), 2(to) = zo-
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Then X}, (t) — X(t) and X, '(s) = X ~!(s) as k — oo for each ¢, s € Z. This means for each ¢ € Z

X(t+0,)PX (s +0) = X(t)PX(s) for s € (—o0,t]NZ
and
X(t+0k)(I—P)X Y(s+6) = X(t) (I —P) X '(s) for s € [t,00) N Z.
Hence, we prove (2.8) and (2.9). From (2.13) and (2.14) we also have

t

| X+ 0)PX T (s +00) || gy S B (L +02)” ", t>s
and similarly,
[X(¢+6) (I = P) X (s +00)|| gy < P (L +a2)"", s 2t
Taking limit as k — oo we get
[XOPX ()| gay S 1L+ a1)™", t s,

| X () (I - P) Xﬁl(S)Hg(;{) <B(l+a), s>t

This shows that the limiting system (2.10) admits exponential dichotomy with the projection P and the
positive constants oy, ae, 1, and B. To prove (2.11) and (2.12), we can follow the similar procedure that
we used to get (2.8) and (2.9). This completes the proof. O

3. Existence results

In this section, we propose some sufficient conditions for existence of almost automorphic solutions of
the nonlinear neutral delay difference system

z(t+1) = A(t)z(t) + AQ(L, 2(t — g(t))) + G(t, (1), =(t — g(1))), (3.1)
where A(t) is an n X n matrix function, g : Z — Z, is scalar, and the functions @ : ZxX—X and G :
Z x X x X =X are continuous in x.

In our analysis, we use the following fixed point theorem:

Theorem 5 (Krasnoselskii). Let M be a closed, convex and nonempty subset of a Banach space (B, |.||).
Suppose that Hy and Hy map M into B such that

i. x,y € M implies Hix + Hoy € M,
ii. Hs is continuous and HoM contained in a compact set,
iii. Hy #s a contraction mapping.
Then there exists z € Ml with z = Hyz + Hyz.

Hereafter, we suppose that the following conditions hold:

A1 Functions A(t), g(t), Q(t,u) and G(t,u,v) are almost automorphic in .
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A2 For ¢, € A(X), there exists a constant Fy > 0 such that

1Q (t.0) = Q(t, V)l < Er[|€ = ¥l gy forall t € Z.

A3 For ¢, € A(X), there exists a constant Ey > 0 such that

IG (#,u,0) = G (0, ) < B (Il = vllp + I = ¥ll gz ) forall ¢ € Z

and for any vector valued functions v and v defined on X.
A4 The homogeneous system (2.3) admits an exponential dichotomy.

The following result can be proven similar to [16, Lemma 2.4], hence we omit it.

Lemma 3. If u, v : Z — X are almost automorphic functions, then u(t — v(t)) is also discrete almost
automorphic.

We say that « : Z — X is a solution of
z(t+1) = At)z(t) + f(t,z ()
if it satisfies
t—1 oo
= D XMPXTGHDF(e () = 3 XO U= P) X7 G+ DG = (),

where X (t) is principal fundamental matrix solution of system (2.3) (see [27, Definition 4.1]).
Now, define the mapping H by

(Hz)(t) := (Hiz)(t) + (Haw)(t),

where
(Hyz)(t) := Q(t, z(t — g(t))), (3.2)
and
(Hox)(t Z XOPXTHG +DAG,2) = DX (0 (I = P) X7+ DAG ),
where A(j, ) is given by
A(j, z) == (A() = 1) QU 2(j — 9(4))) + G, z(5),x(j — 9(4)))- (3.3)

Lemma 4. The mapping H maps A(X) into A(X).

Proof. Suppose that z € A(X). First, we deduce by using (A1-A3) along with Theorem 2 that the functions
Q@ and G are discrete almost automorphic. That is,

lim Q(t + kn, 2(t + kn — g(t + kn))) == Q(t,T(t — 5(t)))

n—oo
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and

lim G(t+ k@ (t+ kn), 2(t+ o — gt + kn))) == G(t, (1), T(t — §(¢)))

n—o0

are well defined for each ¢t € Z and

lim Q(t — kn, T(t — kn — g(t — kn))) = Q(t, 2(t — g(1)))

n—oo

and

lim Gt — kn, T (t — kn) Tt — kn — Gt — kn))) = Gt, 2(t), 2(t — g(1)))

n—oo

for each t € Z. Second, we have

t—1
(Ha)(t+kn) = Qt+ b, 2(t + by — g(t+ k) + Y X(E+kn)PX ' + ko + DA + ki, 2)
- iX(t +kn) (I = P) X+ ko + DA + kn, 7).

Jj=t

Taking the limit n — oo and employing Lebesgue convergence theorem, we conclude that

()0 =l (Ha) (0 + k) = QT —50) + Y XWOPX (G + )AG,2)

(oo}
~ = =1, . - .
—> X)) (I-P)X " (j+ DAy, »),
=t
is well defined for each ¢t € Z, where

A, z) = (AG) = 1) QU (j — (1)) + G(7.7(1) Z(j — 9(1)))-

Applying similar procedure to the following

(Hz)(t — kn) = Qt — kn, F(t — ky — Gt — k 2 X(t—k)PX (j— Ko+ DA — kn)

j=—00

X(t—kn) (I =P)X "(j = kn+ DA — ko, ),

Mg

t

<.
Il

we get

lim (Hx)(t — k,) = (Hx)(t),
n—oo
for each ¢t € Z. This means Hx € A(X). This completes the proof. O

The following result is a direct consequence of (A2) and (3.2).

Lemma 5. Assume (A2). If E1 < 1, then the operator Hy is a contraction.
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Lemma 6. Assume (A1-A4). Define the set

My 5= {& € AQX), ol < M)

where M is a fized constant. The operator Hy is continuous and the image Ho (Ilpr) is contained in a
compact set.

Proof. By (A4), we have the following:

(3.4)

N(F2) L agey < 120l acry [m”al n Bﬂ ,

aq (%)

where f is defined by (3.3). To see that Hs is continuous, suppose ¢, ¥ € A(X) and define the number
0(e) > 0 by

g

0= ,
(AT +1) By ¢ = %l gy + 2B2 1 — vl g ] (12220 + £2)

for any given € > 0 where
| Al = sup[A ()]
teZ

and

A= s 3 s )

If [|¢ = | 4(x) < 0, then we have
t—1

1 () () = Ha () Dl < D ([XOPX G4+ 1)

j=—o0

< (1A +D1Q (,¢ (T — 9() — Q (5% (5 — 9(7)) | x
+1G(5,¢ (). ¢ —9()) — GG (), v (j — g(j)))”;v])

+§:wX“ﬂI—PﬁV4U+1man

< [0AI+ 1) 1Q (. € (G = 90) = Q (5,4 (G — 9N
116 G.¢ ()€ G = 90G) = GG (), (G = 9 x])-

By (vii) of Theorem 1 and (A2-A4), we get

t—1

1H2 (O ()~ Ha () (Dl < 3 61 (1+a)™ = [(JAI+1) By ¢ = 6y + 2B2 1 — ¥l g

j=—o0

+Zﬁ2 +a2) AN+ 1) B IC = @l agay +2B2 ¢ — 6L |
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1
< [0+ 1) By 1€~ ¥lLagay + 22 ¢ — élLac) (5% i ﬁ—)

<e,

which shows that Hs is continuous.
Now, we show that Hy(II,/) is contained in a compact set. For any ¢, € Iy, we have

IG (1), (¢~ g() L < G ). (¢ — g(5)) — G(t,0,0) L + [G(£.0,0)]
< B3 (¢ agy + Wllax)) +a

< 2ME2 + a,
and

1Q (£, ¢ (t =gl < 11Q (¢ (t—g()) — QE0)]x + 1R, 0)]
< Ev|[Cllgx) T
<E/M+b

where a := [|G(t,0,0)| , and b := ||Q(t,0)] 5. This implies

1 (Go) ()L agay < [(IA] + 1) (ByM + ) + 2B, M +a] [ﬁl Lra, @]

o Qg

for any sequence {(,} in IT5;. Moreover, from (A1), (A4) and (3.4), we deduce that A (H3({,(t))) is bounded.
That means, Ha((,) is uniformly bounded an equicontinuous. The proof follows from Arzela—Ascoli theo-
rem. 0O

Theorem 6. Assume (A1-A4). Let My be a constant satisfying the following inequality

1+O[1
aq

E1Mo+ b+ [(JJA]l + 1) (E1 My + b) + 2E5 M + a) [ﬁl + z—j < My,
where Ey € (0,1) and
a:=[[G(£,0,0)]x,0:= [|[Q0)] x -
Then the equation (3.1) has an almost automorphic solution in Ilyy, .
Proof. For ¢ € Il;;,, we have

1HL (9 () + Ha ()| 2 < 1Q(£,4 (E = 9(1))) — QE,0)[|x + Q0| »

+ .Z {HX(t)PX‘l G+ Dl
% I(AG) = D Q (G (j = i) + G (G (7) % (G — 9}
> {Ix T = P) X G+ D)

Jj=t

x[[(AG) DR UGz —9()))+GGY (), v (I - 9(]’)))Hx}
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1
< E1Mo+ b+ [(||A] + 1) (E1 My + b) + 2E2 My + af [ﬂl o + &}

aq Q2
< My

which means Hy(¢)+ Hz(1)) € Iy, . Then all conditions of fixed point theorem are satisfied and there exists
a x € Iy, such that x(t) = Hy(z(t)) + Ha(x(t)). The proof is complete. O

Example 1. Let the neutral delay discrete system be given by

sin (gt) + sin (gt\/ﬁ)} 1

—x (t — 3.5
cos Tt + cos /2 +oe(t=1), (3.5)

1 1
1)== 2 I+ —Az(t—
xz(t+1) 359n (cos 2mth) z () + 10 x(t T)+|: 50

where 6 is an irrational number, 7 is a positive integer with ¢ > 7 and Banach space X = R. In [41], it is
shown that sgn (cos27tf) is an almost automorphic function for ¢ € Z and 6 is irrational. Therefore, the
matrix function

1
_ | 3891 (cos 27t0) 0
Alt) = [ 0 sgn (cos 2mtf)

is discrete almost automorphic. Comparing (3.5) with (3.1), we have vector functions

—
= O|’_'

Olt,2(t - g(1)) — [ n (t_”]
152 (t—r1)
and

G(t,x(t), z(t — g(t))) = lsm (Z¢) + sin (5tv/2) + Ly (¢ — T)]

cosmt + cos Tty/2 + g5a0 (t — )

which are discrete almost automorphic. Then assumption (A1) is satisfied. For any ¢, ¢ € IIp,, we have

QU st — (1)) ~ @, 9t — g < 75 s — ¥l age

and

Gt <(t),s(t = g(1)) = G(t,9(t), P(t — g(1)))| < % lls = ¥l A -

Then (A2-A3) hold with E; = {5, B2 = 55, a =2 and b = 0.
By using Putzer algorithm (see [12, Theorem 5.35]) with P-matrices under the special case T = Z, we

get Py = Ioyo and P; = Oax2. Then the principal fundamental matrix solution of the homogeneous system
1
z(t+1) = 359n (cos2mtd) x(t)I

can be written as

t—1
3t Hsgn (cos 2mj0) 0
=0
X (t) = ! .
0 37t Hsgn (cos 2mj0)

Jj=0
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Since

t—1
3ot Hsgn (cos2mjf) | | =35 < B (1+0aq)° " fort>s
Jj=s

is satisfied for f; = 1 and a; = 1, the homogeneous system admits exponential dichotomy, as desired.
Moreover, we may assume a1 = ag and 1 = (2 since P; = 0ax2. That is, all assumptions of Theorem 6
hold. Hence, we conclude that the system (3.5) has an almost automorphic solution in II;, whenever My
satisfies the inequality

1 4 3
— My + — My + — M, <M
10 Mo+ 1Mo+ 75 Mo+ 6 < Mo

or equivalently
30 < M.
The following existence result is given in [27]:

Theorem 7. (See [27, Theorem 4.3].) Suppose A (k) is discrete almost automorphic and a non-singular matriz
and the set { A~ (k)}kez is bounded. Also, assume the homogeneous system U(k+1) = A(k)U (k), k € Z,
admits an exponential dichotomy on Z with positive constants 0, v, B, a and the function f : Z x E™ — E"
is discrete almost automorphic in k for each uw in E™, satisfying the following condition:

1. There exists a constant 0 < L < Wm such that

If (kyu) = f (R o)l < Lju =]
for every u,v € E™ and k € Z. Then the system
Uk+1) =AMk UKk + f(ku(k),keZ
has a unique almost automorphic solution.

Example 2. The conditions of our existence result are weaker than the conditions of [27, Theorem 4.3]. In
27, Theorem 4.3], the authors require boundedness of the inverse matrix A~!(¢) to deduce existence of
almost automorphic solutions of the system

r(t+1)=A@)z )+ f(tz).
In particular, [27, Theorem 4.3] is invalid for the system

Lgin (%t)

I(t+1):[§ 0 Lsin (Z¢)

}m(t)—i—f(t,x)7 teZ (3.6)

since the matrix
A(t) = %sin (gt) 0
0 % sin (gt)

is singular for some integers. However, Theorem 6 implies the existence of discrete almost automorphic
solution of the system (3.6) for an almost automorphic function f(t, ) satisfying (A1) and (A3).
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One may repeat the same procedure in the last section by replacing A (X') with AP (X), the space of all
almost periodic functions on X, and the assumption (A1) with the following

A1’ Functions A(t), g(t), Q(t,u) and G(t,u,v) are almost periodic in ¢
to arrive at the following result:

Theorem 8 (Almost periodic solutions of the system (5.1)). Assume (A1') and (A2-A4). Let My be a constant
satisfying the following inequality

1+
EyMo + b+ [(J[All + 1) (BE1 My + b) + 2E5 Mg + a] [ﬂla—al + %} < My,
1 2

where Eq € (0,1) and
a:=[|G(£,0,0)[ x , b := [|Q(£,0)]| » -
Then the equation (3.1) has an almost periodic solution in Iy, = {x € AP(X), ||zl gpa) < Mo}.
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