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1. Introduction

In this paper we consider the scalar linear differential equation with time varying delay

X (t) = b(t)x(t) — a(t)x(t — h(t)) (1.1)

where a, b and h are continuous with 0 < h(t) < rg for positive constant ry and the function t — h(t) is strictly increasing
so that it has an inverse r(t). We will use Lyapunov functionals and obtain some inequalities regarding the solutions of (1.1)
from which we can deduce exponential asymptotic stability of the zero solution. Also, we will provide a criterion for the
instability of the zero solution of (1.1) by means of a Lyapunov functional.

There are many results concerning equations similar to (1.1). This study is motivated by two recent papers [1,2] by Burton
and Wang, respectively. In [1], Burton considered (1.1) when b(t) = 0 and when the delay is constant; h(t) = h for all ¢,
and used both Lyapunov functional and fixed point theory for the purpose of comparing both methods. Precisely, in Section
3 of [1], Burton displayed a Lyapunov type functional and showed that the zero solution of (1.1) is uniformly asymptotically
stable. Our Lyapunov functional that we use here is a modified version of the one used in [1]. However, ours will lead to the
derivative of the Lyapunov functionals V' along the solutions of (1.1) to satisfy V' < — BV, without requiring a sign condition
on b(t). Due to the choice of the Lyapunov functionals, we will deduce some inequalities on all solutions. As a consequence,
the exponential decay of all solutions to zero is concluded. The main task in achieving this is to be able to relate the solutions
back to V. That is, to find a lower bound on V in terms of x, where x is a solution of (1.1). For more on the stability of (1.1)
when the delay is constant and the sign condition on b(t) is required, we refer the reader to [3]. Also, for a general reading
on stability, we refer the reader to [4-7], and [2]. For the stability results on impulsive delay differential equations one may
consult with [8,9], and [10]. Our work generalizes some of the work in [2].
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Let ¢ : [—r19, 0] — (—00, 00) be a given continuous initial function with
¥l = max [¢(s)].
—rp=s=<0
It should cause no confusion to denote the norm of a continuous function ¢ : [—r, 00) — (—00, 00) with

lell = sup |p(s)].
—r<s<oo
The notation x; means that x,(t) = x(t + t), t € [—rg, 0] as long as x(t + 1) is defined. Thus, x; is a function
mapping an interval [—rg, 0] into R. We say that x(t) = x(t, ty, ¥) is a solution of (1.1) if x(t) satisfies (1.1) for t > ¢,
and x;, (s) = x(to +5) = ¥ (s), s € [—19, 0].
In preparation for our main results, we rewrite (1.1) in the form

t
X(@t) = <b(t) — a(r(t))>x(t) + E/ Mx(s)ds

1—HW(r () dt Ji—hey 1=H (@ (s))
t
= (b(t) — c(®))x(t) + d / c(s)x(s)ds, (12)
dt Jene
where
_ar(@)
“O= 1 "heay

2. Exponential decay
Now we turn our attention to the exponential decay of solutions of Eq. (1.1). For simplicity, we let Q (t) := b(t) — c(t).

Lemma 1. Assume for § > 0,

s 2
- m < Q(t) < —rpdc(t), (2.1)

hold. If

t 2 0 t
V(t) = (x(t) - / C(s)x(s)ds> +6 / f c2(2)x*(z)dz ds, (2.2)
t—h(t) —rg Jt+s

then, along the solutions of (1.1) we have

V/(t) < Q(HV(D).

Proof. First we note that due to condition (2.1), Q(t) < Oforallt > 0.Letx(t) = x(t, to, ¥) be a solution of (1.1) and define
V(t) by (2.2). Then along with the solutions of (1.1) we have

0

V() = 2<x(t) - / c(s)x(s)ds)Q(t)x(t) + 1e8c (x> (t) — 8 / c2(t + s)x*(t + s)ds

—h(®) —To

t 0

c(s)x(s)ds:| + 182 (H)x*(t) — 8 / c2(t + s)x*(t + s)ds + Q (H)x*(t)

-1

< Q) [xz(t) — 2x(t)

t—h(t)

t 2 0 t
=Q)V(t) — Q) ( / c(s)x(s)ds) —38Q(t) / / c?(2)x*(z)dz ds
t—h(t) —rg Jt+s

0
+ (ro8c?(t) + Q(D)¥*(t) — 5/ c2(t 4 s)x*(t + s)ds. (2.3)

—rg

In what follows we perform some calculations to simplify (2.3). First, if we let u = t + s, then

0 t
/ c(t 4 )x*(t + s)ds = / c2(s)x%(s)ds. (2.4)
- t—rp

o
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Also, with the aid of Holder's inequality, we have

2
t t
( / c(s)x(s)ds) < h(t) c2(s)x%(s)ds

—h(t) t—h(t)
t
< h(t)/ c2(s)x%(s)ds. (2.5)
t—rp
Finally, we easily observe
0 pt ¢
/ / c2(2)x*(z)dz ds < rg / c2(s)x%(s)ds. (2.6)
—rg Jt+s t—rp

By invoking (2.2) and substituting expressions (2.4)-(2.6) into (2.3), yield
t
V(£) < QOV (D) + (rodc® (t) + QD)X (1) + [—(8ro + h(D)Q(t) — 5]/ 2 (s)x* (s)ds
t—rg

= QOVE®). (2.7)
This completes the proof. O

In the next theorem we will furnish two inequalities; one for t > to 4 Y1y and the other for t € [to, to + y1o], fory > 0.

Theorem 1. Assume the hypothesis of Lemma 1andlet 1 < o < 2.1If

—1
(“ ) ro < h(t) <ro, forallt >0, (2.8)
o

then any solution x(t) = x(t, to, ¥) of (1.1) satisfies the exponential inequalities

S T o
o bl S)—c(s S
Ol < |27 e Ve ™ (2.9)
for t > to + (%) ro, and
[ b(s)ds t — L b(s)ds
[X(®O)] < [[Ylle’o 1 +/ la(u)le "o "7 du |. (2.10)
to

fort € [to, to+ (=2) o).

Proof. By changing the order of integration we have

0 t t z—t
/ / c2(2)x*(z)dz ds = / / c2(2)x*(z)ds dz
—rg Jt+s t—rg J =19
t

=/ @)x*(2)(z — t + 19)dz. (2.11)
t—rg

For1 <o <2,andift — 2 <z <t,then (') ro <z —t 4 19 < ro. Expression (2.11) yields,

0 t t
/ / 2(2)x*(2)dz ds = / @)X @) (z — t + 19)dz
—rg Jt+s t—rp

—10

o t
=/ cz(z)xz(z)(z—t—{—ro)dz—i—/ ) A)x*(2)(z — t +19)dz
t—rp t—-0

o

t
> / ) 22X} (2)(z — t +1o)dz
—To

o

(0‘ - 1) PPN
> rof c“(z)x“(2)dz. (2.12)
o (-1
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Let V (t) be given by (2.2). Then,

0 t oa—1 t
V(t) > 8/ f 2(2)x%(z)dz ds > 8 <7> rO/ c2(2)x%(z)dz.
—ro Jt+s o -0

This implies that, for 1 < o < 2, we have —rp + 2 > —2 and hence

((5)0) = () [ e
Vit— o) > 6 rO/ c“(2)x“(z)dz
o o t—rg

_ -2
> § (a 1) rof c2(2)x%(z)dz. (2.13)
o t—rg

Note that since V'(t) < 0 we have for t > to + (%) ro that

0= v(t)+v<t— (O%]) r0> < 2V(t— (“; 1>r0).

We note that

t

t
o / c2(2)x*(z)dz > h(t) 2 (2)x*(2)dz

t—h(t)

2
t
> (/ c(z)x(z)dz) . (2.14)
t—h(t)

In summary, (2.13)-(2.14) imply that
2
t
(x(t) — / c(s)x(s)ds)
t—ht

( a—1
ViO)+ V|t — (—) r0>
o
0 t o _1
+5/ / 2 (2)x*(z)dz ds+8< )
—rg Jt+s

2
t
(x(t) —/ c(s)x(s)ds) +8( > f c2(2)x*(z)dz
t—h(t) o
_ -
) (“—1> o / @)X (2)dz
[o4 t—rg
t 2 o — -l t
(x(t) - / c(s)x(s)ds) +6 <7> rO/ 2(2)x%(z)dz
t—h(t) o t—ro
t 2 -l t 2
(x(t) —/ c(s)x(s)ds) + 8 (a;) (/ c(s)x(s)ds) (by (2.14))
t—h(t) o t—h(t)

v

2 (2)x*(z)dz

v

=

@=1)3
= ((xa 13 X (6) + X(f) -1+ 5 / c(s)x(s)ds

1+ 6 t—h(t)

@=13
> — X O (2.15)
= @13

1+ "‘T

Thus, (2.15) shows that

(a—1)8
p ) a—1
— o X () S V() +V t—< )To
14 (il o

(=)
2v|e— ro ). (2.16)
o

IA
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An integration of (2.7) from ¢ to t yields the inequality

t
V(D) < V(tg)eh OO,

As a consequence of (2.16),

-1

t—( % )
V(t — (E) ro) < V(fo)efro ( @ )U[b(s)—c(s)]ds
a _ 9

and

—1

(=1)8

1 ti(ua
X(O] < [2—E 5 V(e o
T+ =

)
[b(s)—c(s)]ds

fort > to 4+ (%) ro. For t € [to, to + (%) 10], we observe from (2.8) that

ro—h|to+|—— ) =<0 (2.17)
o o

Thus for t € [to, to + (%) ro] and by (2.17), we have x'(t) = b(t)x(t) — a(t)x(t — h(t)) = b(t)x(t) — a(t)y(t). Since ¥ (t)
is the known initial function, we can easily solve for x(t) using the variations of the parameters formula. That is

¢ t ¢
x(t) = el |:‘#(f0) - f awyy e o b(S)dsdu}'

fo

Thus for t € [to, ty + (%) 10], the above expression implies

JE b(s)ds ‘ — [L b(s)ds
x(O)] < Iy [leTo 14+ [ la(u)le "o ""du|.
to

This completes the proof. O

Remark 1. Since the delay h(t) is time varying, condition (2.17) is the price we paid to obtain two different inequalities on
two different intervals. In the case h(t) = ry, where rg is constant, then condition (2.17) is automatically satisfied.

Remark 2. It follows from (2.1) and inequality (2.9) that

e=13 1 (% )ro
[x(£)| < Zﬁv(to)ej Jio [b(s)—c(s)1ds
14 0t
W e D(T—l)ro ,
< 2+v(t0)e—’057.ft0 2(s)ds
- (=13 .
N

Thus, if ftzo c?(s) ds = oo, then the zero solution of (1.1) is exponentially stable.

Now we are in a position to deduce some results regarding the totally time varying delay differential equation
X (t) = —a(t)x(t — h(t)). (2.18)

Theorem 2. Assume for § > 0,

o _ 2
51 O < —c(t) < —rgdc*(t), (2.19)

and (2.17) hold. Then any solutions x(t) of (2.18) satisfy inequalities (2.9) and (2.10) with b(t) = 0.

The proof is a direct consequence of Lemma 1 and Theorem 1, and hence we omit it.
In [2], Wang used a similar method and showed the constant delay equation

X (t) = b(t)x(t) — a(t)x(t —r) (2.20)
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and derived similar inequalities to (2.9) and (2.10) provided that

- % <b(t) —a(t +1) < —1@(t + 1) (221)

hold. According to equation (2.20), our condition (2.1) becomes

_ _ )
raEo) < b(t) —a(t) < —rda*(t). (2.22)

Thus for the sake of comparison, if we take b(t) = —2 + +/11,a(t) = /11,r = % § = % then we easily see that our
condition (2.22) is satisfied, while condition (2.21) of [2] is not. Next we compare our results to [1]. In [1], Burton used the
Lyapunov functional

t 2 0 t
V(t) = (x(t) +/ a(s)x(s)ds) +/ / |a(z)|x*(z)dz ds,
t—h —h Jt+s

and showed that any solution of
X (t) = —a(t)x(t —r) (2.23)

tends to zero as t — oo. We summarize his results in the following theorem.

Theorem 3 ([1]). Ifthereisay > 0 with
att+r) >y, forallt >0,
and € > 0 with
t
a(t + r)f a(s+r)ds—2 < —e, forallt >0, (2.24)
t—r
and if there is a n > 0 with
nla(t) + a(t +1)] < %a(t 41, forallt>0

then the zero solution of (2.23) is uniformly asymptotically stable.

According to (2.23), our condition (2.19) becomes

2
— 51 < —a(t) < —réa“(t), (2.25)

If we choose r = % a= %, and § = 1, then condition (2.24) cannot be satisfied, while our condition (2.25) is satisfied.

Moreover, from our results we deduced exponential stability for the zero solution.
The next theorem gives sufficient conditions for the exponential stability of the zero solution of (1.1).

Theorem 4. Define a continuous function £ (t) > 0 such that for some t > 0

e/o[ b(s)ds
§(t) = — (2.26)
1+ho /17 el bOSdy
and
la(®)] < ho& (6)(1 — K'(1)). (2.27)
Then, every solution of (1.1) with x(ty) = ¢ satisfies the inequality
t
MO = V(g [ ol s, (228)
fo
where
to
V(to, ) = || + ho& (¢) lp(s)lds
to—h(to)
to
= |l + ho§ (¢) lp(s)|ds.

to—ho
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Proof. First we note that a simple calculation proves that &'(t) < b(t)&(t) + ho£€%(t). For t > 0, let
t

V(t, x) = [X(O)] + ho& (£) x(s)|ds.
t—h(t)

Then along with solutions of (1.1) we have

Vit %) = %(b(t)x(f) —a(O)x(t — h(t))) + ho& (O)[x(t)]
—ho& (O (1 — W' (©)x(t — h(D)] + ho&'(£) : th(t) x(s)| ds
< (b(t) + ho& () Ix(0)] + (Ia(tt)l — ho& (1 = K () |x(t — h(t))]
+ ho(b(t) + ho& ())& (t) e x(s)| ds
< [b(t) + ho& (t)] [Ix(f)l + ho& (t) tth(r) IX(S)IdS]
= (b(t) + ho& (O)V (D). (2.29)

An integration of (2.29) from tg to t and then applying the fact that |[x(t)| < V(t) yields inequality (2.28). O
3. A criterion for instability

In this section, we use a non-negative definite Lyapunov functional and obtain a criterion that can be easily applied to
test for instability of the zero solution of (1.1).

Theorem 5. Suppose there exists a positive constant D > rq such that
Q(t) — Dc%(t) > 0. (3.1)
If

2

t t

V(t) = (x(t) —/ c(s)x(s)ds) - D/ c2(2)x*(z)dz, (3.2)
t—h(t) t—rp

then, along the solutions of (1.1) we have
Vi(t) = QOV (D).

Proof. First we observe that condition (3.1) implies that Q (t) > O forall t > 0. Let x(t) = x(¢, to, ) be a solution of (1.1)
and define V (t) by (3.2). Then along solutions of (1.1) we have

t
Vi) =2 (x(t) - / c(s)x(s)ds) [Q(D)x(t)] — Dc®(1)x*(t) + Dc?(t — ro)x*(t — 1o)
t

—h(t)

v

t
2<x(t)— / c(s)x(s)ds)[Q(t)x(t)]—Dcz(t)xz(t)
t

—h(t)

t 2 t
=QGWG%+Q@{—</ c®mn¢)-+0/ CRQ%QM%4%QGPJRROV%O

—h(t)
zqmww+mm—mﬂmf®+mem+m/ (502 (s)ds
> QV(L), (3.3)

where we have used

2
t t t
( f c(s)x(s)ds) < h(t) c2(s)x%*(s)ds < g / c(s)x%(s)ds.
t t—rg

—h(t) t—h(t)

This completes the proof. O
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Theorem 6. Suppose the hypothesis of Theorem 5 holds. Then the zero solution of (1.1) is unstable, provided that
o0
/ c2(s) ds = oo.

to

Proof. An integration of (3.3) from t; to t yields

ot
V() = Vitg)elo bO<0) & (3.4)
Let V(t) be given by (3.2). Then

2
t t t
V(t) = x2(t) — 2x(t) c(s)x(s)ds + [ f c(s)x(s)dsi| -D f 2 (2)x%(z)dz. (3.5)
t t—rg

t—h(t) —h(t)

Let 8 = D — rp. Then from

(ﬁa — \/Bb>2 >0,

VB Jro
we have
2ab < o + Eb2.
B ro

With this in mind we arrive at,

t t
—2x(t) c(s)x(s)ds < 2|x(t)| / c(s)x(s)ds
t—h(t) t—h(t)
. 2
< 0,0 ® + L |:/ c(s)x(s)ds:|
B To | Je—h()

IA

To 5 p /t 20022
—Xx°(t) + —r1o c“(s)x“(s)ds.
ﬁ To t—rp

A substitution of the above inequality into (3.5) yields,

t
VO < 20+ 200 + (B +1-D) / ()2 (s)ds
ﬂ '; ] X2 (t)
D

X (t).

D— To
Using inequality (3.4), we get

x(t)| > ,/?vl/z(t)

D—r Vl/z(to)e% I (b6 —c(9)) ds

D012 gy 8 o 08

This completes the proof. O
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