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Abstract 

In this study, an analytical model for calculation of the maximum socket depth of bolts having shaft diameter smaller than socket 
diameter was introduced. A representative bolt was chosen and maximum socket depth satisfying the minimum ultimate tensile 
strength was calculated by the developed analytical model. The analytical findings were also compared with numerical simulations 
for validation. Numerical studies were carried out by using Simufact.forming finite element software. The maximum socket depth 
estimated by using the developed analytical model was in good agreement with the numerical results. The obtained critical socket 
depth through the analytical model was 1.4% safer compared to numerical simulation results. Therefore, it was concluded that the 
developed analytical model could be used to estimate the critical socket depths of bolts having shaft diameter smaller than socket 
diameter. 
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1. Introduction 

Bolts, or fasteners, are one of most widely used engineering products used to assemble two or more components. 
Depending on the application, bolts are produced in various size, shape and grade which are effective on the 
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mechanical behaviour. Considering service conditions, the factors that have to be considered in evaluating the strength 
of a threaded fastener were explained in (Bickford, 1998). Tensile loading, shear loading, torsional loading as well as 
combined loading were analysed in detail for threaded fasteners. 

 
Nomenclature 

𝛼𝛼 the angle under the line passing through the end of socket and tip of socket 
𝜑𝜑 the angle formed between the fracture pattern and the vertical line passing from point 𝑝𝑝 
𝜏𝜏� the torsional strength 
𝐴𝐴� the nominal cross sectional area of the bolt thread 
𝐴𝐴��� the surface area of the fracture cone formed in the head 
𝑑𝑑� the minimum socket diameter 
𝑑𝑑��� the shaft diameter 
𝑓𝑓 difference between 𝑑𝑑��� and 𝑑𝑑� 
𝑙𝑙� the equation of the 𝑖𝑖�� line 
𝑚𝑚 slope of a line 
𝑚𝑚� the slope of the 𝑖𝑖�� line 
𝑅𝑅 the radius of the head 
𝑅𝑅� the tensile strength 
𝑅𝑅���� the resultant of the tensile stress (𝑅𝑅�. sin𝜑𝜑) and the shear stress (𝜏𝜏�. cos𝜑𝜑) acting on the fracture cone 
𝑡𝑡 sum of 𝑑𝑑��� and 𝑑𝑑� 
𝑥𝑥 apsis of the fracture point 𝑝𝑝 
𝑥𝑥∗ the strength ratio 
𝑦𝑦 ordinate of the fracture point 𝑝𝑝 
𝑦𝑦∗ sum of 𝑦𝑦��� and the radius 𝑅𝑅 
𝑦𝑦��� the minimum distance between the end of the socket and the bottom of the head 

 
In addition to loading conditions, there are different features of fasteners having strong impact on failure mechanism 

and service life. For instance, the effect of socket depth on failure types of fasteners was investigated in (Tanrıkulu et 
al., 2018). In this study, experimental studies on cold forged bolts having various socket depths were carried out and 
torque-tension tests were conducted to reveal the effects of critical socket depth under different loading types. It was 
observed that the socket depth has significant influence on failure mechanism of fasteners. M8x1.25x50 Full Thread 
(FT) bolts with 10.9 and 8.8 grade were examined to determine the effect of socket depth for the purpose of weight 
reduction in (Tanrıkulu et al., 2019), as a continuation of the study of (Tanrıkulu et al., 2018). In order to determine 
the critical socket depth; i.e. the highest weight reduction, Finite Element (FE) simulations and experimental torque-
tension tests were performed for the type of fastener being investigated. One of the analytical models used to estimate 
socket depth introduced in the literature by (Thomala and Kloos, 2007) was also used to compare the results obtained 
from numerical and empirical studies.  

 
There exist studies concerning the failure modes of bolt and nut assemblies in the literature. The failure modes of 

bolt and nut assemblies under tension can be divided into three groups: bolt fracture, bolt thread failure, and nut thread 
failure. Using partially threaded bolt rather than fully threaded in connections could increase the possibility of thread 
failure (Grimsmo et al., 2016). Thread failure of the bolt-nut assemblies subjected to tension is generally undesirable 
since it is a less ductile failure mode than the bolt fracture (fracture of the threaded shaft of the bolt). Therefore, 
investigation of the causes of thread failure is important and the effect of the length of the threaded bolt shaft located 
within the grip was examined in (Grimsmo et al., 2016). The fatigue damage assessments of the M10 bolted joint made 
of 42CrMo4 heat treatable steel and grade 10.9 were performed in (Novoselac et al., 2014) for variable preload forces 
and variable amplitude eccentric forces for high reliability. Preload forces of 0%, 50%, 70% and 90% of force at bolt 
yield point were used to make assessments. In order to define the material cyclic scatter band having Gaussian normal 
distribution in logarithmic scales, range of dispersion was used. The multiaxial fatigue stress criterion based on a 
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mechanical behaviour. Considering service conditions, the factors that have to be considered in evaluating the strength 
of a threaded fastener were explained in (Bickford, 1998). Tensile loading, shear loading, torsional loading as well as 
combined loading were analysed in detail for threaded fasteners. 
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In addition to loading conditions, there are different features of fasteners having strong impact on failure mechanism 

and service life. For instance, the effect of socket depth on failure types of fasteners was investigated in (Tanrıkulu et 
al., 2018). In this study, experimental studies on cold forged bolts having various socket depths were carried out and 
torque-tension tests were conducted to reveal the effects of critical socket depth under different loading types. It was 
observed that the socket depth has significant influence on failure mechanism of fasteners. M8x1.25x50 Full Thread 
(FT) bolts with 10.9 and 8.8 grade were examined to determine the effect of socket depth for the purpose of weight 
reduction in (Tanrıkulu et al., 2019), as a continuation of the study of (Tanrıkulu et al., 2018). In order to determine 
the critical socket depth; i.e. the highest weight reduction, Finite Element (FE) simulations and experimental torque-
tension tests were performed for the type of fastener being investigated. One of the analytical models used to estimate 
socket depth introduced in the literature by (Thomala and Kloos, 2007) was also used to compare the results obtained 
from numerical and empirical studies.  

 
There exist studies concerning the failure modes of bolt and nut assemblies in the literature. The failure modes of 

bolt and nut assemblies under tension can be divided into three groups: bolt fracture, bolt thread failure, and nut thread 
failure. Using partially threaded bolt rather than fully threaded in connections could increase the possibility of thread 
failure (Grimsmo et al., 2016). Thread failure of the bolt-nut assemblies subjected to tension is generally undesirable 
since it is a less ductile failure mode than the bolt fracture (fracture of the threaded shaft of the bolt). Therefore, 
investigation of the causes of thread failure is important and the effect of the length of the threaded bolt shaft located 
within the grip was examined in (Grimsmo et al., 2016). The fatigue damage assessments of the M10 bolted joint made 
of 42CrMo4 heat treatable steel and grade 10.9 were performed in (Novoselac et al., 2014) for variable preload forces 
and variable amplitude eccentric forces for high reliability. Preload forces of 0%, 50%, 70% and 90% of force at bolt 
yield point were used to make assessments. In order to define the material cyclic scatter band having Gaussian normal 
distribution in logarithmic scales, range of dispersion was used. The multiaxial fatigue stress criterion based on a 
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critical plane theory for fatigue damage assessment was applied to obtain the multiaxial stress field with high notch 
effect in thread root. The critical plane approach was used to estimate fatigue damage and fatigue fracture plane 
position. The fatigue life of the bolts is usually calculated using the nominal approach applied under normal loads, but 
this method is insufficient for multiaxial loads. To this end, an effective method for calculating fatigue-induced damage 
to bolts was developed by improving the Schneider’s method (Sorg et al., 2017). 

  
Experimental studies to investigate the mechanical performance of high-strength 8.8 grade bolts under tensile load 

were conducted in (Hu et al., 2016). As a result of tests, it was observed that the failure of structural bolts occurred in 
two different ways: stripping on the thread and necking in the threaded portion of the bolt shaft. The fracture behaviour 
of 42CrMo ultrahigh strength steel-based bolt was investigated experimentally in (Hongfei et al., 2019) by performing 
macroscopic and microscopic fracture observation, metallographic test, mechanical property test and energy spectrum 
analysis. The results showed that a large amount of structural defect, such as sulphur inclusions, band and carbon 
depletion, appears in the fracture origin region and matrix of the bolt. Such defects reduced the fatigue strength of 
materials and led to fatigue failures. In the study performed by (Hedayat et al., 2017) for the prediction of bolt fracture 
in shear when threads are excluded from the shear plane, finite element methods were divided into two main categories 
in order to determine the appropriate failure criteria:  i) Monitoring the level of stress and strain at the critical elements 
of the bolt shaft, ii) Describing crack initiation and crack formation. 

 
The tensile state of bolts and nuts with ISO metric thread design was examined and optimized in (Pedersen, 2013). 

The maximum tension in the bolt was located in the fillet under the head, at the beginning of the thread or at the thread 
root. To minimize the stress concentration, shape optimization was applied. In this context, first the fillet under the 
head, nut thread design and the fillet in the shaft and thread transition region were optimized and 25.3%, 15.8% and 
34% stress reductions were achieved, respectively. These design improvements, which lead to the reduction of stress 
in the bolt, was also observed to reduce the hardness of the bolt. Threaded fasteners are expected to fracture from the 
thread region under service loads. (ISO 898-1, 2004) standard dictates certain tensile strengths and bolts are expected 
to fracture from the thread region. The depth of the internal socket form at head of bolts is very crucial since it is one 
of the most important design parameters affecting the structural integrity of bolts, i.e. depending on the depth, the 
failure mode of bolts can mitigate from thread root to under head region. However, in some cases, it is known that the 
bolts are also fractured from the head region due to the bolt design required for specific applications, and this type of 
bolts must satisfy the minimum ultimate tensile strength given in (ISO 898-1, 2004) under tension loading.  

 
Considering failure mechanisms of the bolts, the fracture cone formed under the bottom of the socket and the under 

head region was analysed in (Thomala and Kloos, 2007) for the bolts having shaft diameter larger than socket diameter. 
An analytical model was introduced to calculate the minimum height between the bottom of the socket and the head, 
i.e. the socket depth. The proposed model is valid for the case shaft diameter is greater than or equal to the socket 
diameter of the bolts with internal socket form. Eq. (1) was derived by (Thomala and Kloos, 2007) and referenced in 
VDI 2230 standard to estimate critical socket depth for bolts having shaft diameter greater than the socket diameter: 

 

𝑦𝑦��� �
��������������� ���� ��

���∗������������         (1) 

where 𝐴𝐴� is the nominal shaft cross-sectional area, 𝑑𝑑��� is the shaft diameter, 𝑑𝑑� is the average socket diameter, 
𝑥𝑥∗ � ��

�� is the strength ratio and 𝜏𝜏� is the torsional strength, 𝑅𝑅� is the tensile strength (see Fig. 1). 

 
In addition to bolt type investigated in Eq. (1), bolts having shaft diameter smaller than socket diameter are also 

preferred for certain applications, and there was no study in the literature on this type of bolts. In this study, analytical 
and numerical works were carried out on bolts having shaft diameter smaller than socket diameter. An analytical model 
was developed to estimate the maximum socket depth of bolts having shaft diameter smaller than socket diameter. For 
the sake of validation, a representative bolt geometry was chosen and FE model was constructed to compare the critical 
socket depth estimated by the analytical model. 
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Fig. 1. Schematic of bolt having shaft diameter greater than the socket diameter. 

2. Sample specification 

In this study, M8 bolt with 1,25 thread pitch and 23 mm shaft length was chosen as the representative sample. Bolt 
with N10 socket form and satisfying the mechanical requirements for 8.8 grade as given in (ISO 898-1, 2004) was 
modelled  by using Simufact.forming finite element software. The material was 23MnB4, i.e. one of the most widely 
preferred low alloy steel in cold forging.  

3. Socket depth estimation for bolts having shaft diameter smaller than socket diameter 

3.1. Analytical modelling 

Analytical Modelling studies were initiated by investigating Eq. (1) in detail, which is valid for the case of bolts 
having shaft diameter greater than the socket diameter. The minimum distance between the end of the socket and the 
bottom of the head, 𝑦𝑦���, can be found in Eq. (1). The 𝑦𝑦��� value is called as the residual floor thickness and measured 
with the relation 𝑦𝑦��� � 𝑘𝑘 � 𝑠𝑠 for an inbus bolt where the head height is 𝑘𝑘 and the socket depth is 𝑠𝑠 shown in Fig. 2. 

 
When the shaft diameter is greater than the socket diameter, the fracture pattern is expected to be formed between 

the bottom of head and the end of the socket (see Fig. 1). However, when the shaft diameter is smaller than the socket 
diameter, the fracture pattern was formed between the bottom of head and a point 𝑝𝑝, which is located between the end 
of the socket and the tip of the socket based on the experiences in production (see Fig. 2). 

 
The two-dimensional bolt cross section is shown in Fig. 3 to locate the break point, 𝑝𝑝�, required to calculate the 

surface area of the fracture cone. The local origin of the cross sectional area, �0,0� is selected as shown in  Fig. 4. 
Then, 𝑝𝑝� � ��, 𝑦𝑦��is obtained as follows: 

 
Let us call the line passing through 𝑝𝑝� and 𝑝𝑝� as 𝑙𝑙� and the line passing through 𝑝𝑝� and 𝑝𝑝� as 𝑙𝑙�.  

 First, the equation of the line 𝑙𝑙� is found by using the slope of the line, 𝑚𝑚� � ����, and the point 𝑝𝑝� � ���� , 𝑦𝑦��� �
�� in Eq. (3). The equation of a line can be found given that a point, � � ���, 𝑦𝑦��, on the line and its slope, 𝑚𝑚, is 
known by using Eq. (2). 
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critical plane theory for fatigue damage assessment was applied to obtain the multiaxial stress field with high notch 
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this method is insufficient for multiaxial loads. To this end, an effective method for calculating fatigue-induced damage 
to bolts was developed by improving the Schneider’s method (Sorg et al., 2017). 

  
Experimental studies to investigate the mechanical performance of high-strength 8.8 grade bolts under tensile load 

were conducted in (Hu et al., 2016). As a result of tests, it was observed that the failure of structural bolts occurred in 
two different ways: stripping on the thread and necking in the threaded portion of the bolt shaft. The fracture behaviour 
of 42CrMo ultrahigh strength steel-based bolt was investigated experimentally in (Hongfei et al., 2019) by performing 
macroscopic and microscopic fracture observation, metallographic test, mechanical property test and energy spectrum 
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root. To minimize the stress concentration, shape optimization was applied. In this context, first the fillet under the 
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in the bolt, was also observed to reduce the hardness of the bolt. Threaded fasteners are expected to fracture from the 
thread region under service loads. (ISO 898-1, 2004) standard dictates certain tensile strengths and bolts are expected 
to fracture from the thread region. The depth of the internal socket form at head of bolts is very crucial since it is one 
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failure mode of bolts can mitigate from thread root to under head region. However, in some cases, it is known that the 
bolts are also fractured from the head region due to the bolt design required for specific applications, and this type of 
bolts must satisfy the minimum ultimate tensile strength given in (ISO 898-1, 2004) under tension loading.  

 
Considering failure mechanisms of the bolts, the fracture cone formed under the bottom of the socket and the under 

head region was analysed in (Thomala and Kloos, 2007) for the bolts having shaft diameter larger than socket diameter. 
An analytical model was introduced to calculate the minimum height between the bottom of the socket and the head, 
i.e. the socket depth. The proposed model is valid for the case shaft diameter is greater than or equal to the socket 
diameter of the bolts with internal socket form. Eq. (1) was derived by (Thomala and Kloos, 2007) and referenced in 
VDI 2230 standard to estimate critical socket depth for bolts having shaft diameter greater than the socket diameter: 

 

𝑦𝑦��� �
��������������� ���� ��

���∗������������         (1) 

where 𝐴𝐴� is the nominal shaft cross-sectional area, 𝑑𝑑��� is the shaft diameter, 𝑑𝑑� is the average socket diameter, 
𝑥𝑥∗ � ��

�� is the strength ratio and 𝜏𝜏� is the torsional strength, 𝑅𝑅� is the tensile strength (see Fig. 1). 

 
In addition to bolt type investigated in Eq. (1), bolts having shaft diameter smaller than socket diameter are also 

preferred for certain applications, and there was no study in the literature on this type of bolts. In this study, analytical 
and numerical works were carried out on bolts having shaft diameter smaller than socket diameter. An analytical model 
was developed to estimate the maximum socket depth of bolts having shaft diameter smaller than socket diameter. For 
the sake of validation, a representative bolt geometry was chosen and FE model was constructed to compare the critical 
socket depth estimated by the analytical model. 
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Fig. 1. Schematic of bolt having shaft diameter greater than the socket diameter. 

2. Sample specification 

In this study, M8 bolt with 1,25 thread pitch and 23 mm shaft length was chosen as the representative sample. Bolt 
with N10 socket form and satisfying the mechanical requirements for 8.8 grade as given in (ISO 898-1, 2004) was 
modelled  by using Simufact.forming finite element software. The material was 23MnB4, i.e. one of the most widely 
preferred low alloy steel in cold forging.  

3. Socket depth estimation for bolts having shaft diameter smaller than socket diameter 

3.1. Analytical modelling 

Analytical Modelling studies were initiated by investigating Eq. (1) in detail, which is valid for the case of bolts 
having shaft diameter greater than the socket diameter. The minimum distance between the end of the socket and the 
bottom of the head, 𝑦𝑦���, can be found in Eq. (1). The 𝑦𝑦��� value is called as the residual floor thickness and measured 
with the relation 𝑦𝑦��� � 𝑘𝑘 � 𝑠𝑠 for an inbus bolt where the head height is 𝑘𝑘 and the socket depth is 𝑠𝑠 shown in Fig. 2. 

 
When the shaft diameter is greater than the socket diameter, the fracture pattern is expected to be formed between 

the bottom of head and the end of the socket (see Fig. 1). However, when the shaft diameter is smaller than the socket 
diameter, the fracture pattern was formed between the bottom of head and a point 𝑝𝑝, which is located between the end 
of the socket and the tip of the socket based on the experiences in production (see Fig. 2). 

 
The two-dimensional bolt cross section is shown in Fig. 3 to locate the break point, 𝑝𝑝�, required to calculate the 

surface area of the fracture cone. The local origin of the cross sectional area, �0,0� is selected as shown in  Fig. 4. 
Then, 𝑝𝑝� � ��, 𝑦𝑦��is obtained as follows: 

 
Let us call the line passing through 𝑝𝑝� and 𝑝𝑝� as 𝑙𝑙� and the line passing through 𝑝𝑝� and 𝑝𝑝� as 𝑙𝑙�.  

 First, the equation of the line 𝑙𝑙� is found by using the slope of the line, 𝑚𝑚� � ����, and the point 𝑝𝑝� � ���� , 𝑦𝑦��� �
�� in Eq. (3). The equation of a line can be found given that a point, � � ���, 𝑦𝑦��, on the line and its slope, 𝑚𝑚, is 
known by using Eq. (2). 



1280	 Fatih Kocatürk  et al. / Procedia Structural Integrity 28 (2020) 1276–1285
 Author name / Structural Integrity Procedia 00 (2019) 000–000  5 

𝑦𝑦 � 𝑦𝑦� � �𝑥 �𝑥𝑥 � 𝑥𝑥��         (2) 

If � � �� and � � 𝑝𝑝� are put in Eq. (3), the equation of the line 𝑙𝑙� in Eq. (4) is obtained. 

𝑦𝑦 � � ���� 𝑥 �𝑥𝑥 � ��
� � � �𝑦𝑦��� � ��       (3) 

 

 

Fig. 2. Schematic of bolt having shaft diameter smaller than the socket diameter. 

 

Fig. 3. Bolt cross section in the coordinate system. 

 Then, the equation of the line 𝑙𝑙� is found by using the slope of the line, and the point 𝑝𝑝� � ������ � �� in Eq. (4). 
The slope of the line 𝑙𝑙� can be found by using the fact that the slopes of perpendicular lines are opposite 
reciprocals, i.e., if the slopes of two perpendicular lines (𝑙𝑙� and 𝑙𝑙�) are multiplied, the value �� is obtained. 

𝑦𝑦 � ���� � 𝑥 �𝑥𝑥 � ����
� �         (4) 

 Finally, the intersection point, 𝑝𝑝� � �𝑥𝑥� 𝑦𝑦�, of the lines 𝑙𝑙� and 𝑙𝑙� can be found by substituting Eq. (4) in Eq. (3) as 
follows: 

���� � 𝑥 �𝑥𝑥 � ����
� � � ���� 𝑥 �𝑥𝑥 � ��

� � � �𝑦𝑦��� � ��  

𝑥𝑥𝑥 ����� � ��� �� � ����𝑥����
� � ����𝑥��

� � �𝑦𝑦��� � ��  
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If ��n𝛼𝛼 � ����
���� and co� 𝛼𝛼 � ����

���� are substituted in the above equation, the 𝑥𝑥 coordinate of the point 𝑝𝑝� is obtained. 
From now on, the equations � � 𝑑𝑑��� � 𝑑𝑑�, � � 𝑑𝑑��� � 𝑑𝑑� and 𝑦𝑦∗ � 𝑦𝑦��� � 𝑅𝑅 will be used to simplify notation, 
where 𝑑𝑑� is the minimum socket diameter, 𝑑𝑑��� is the shaft diameter, 𝑅𝑅 is the radius of the head, and 𝑦𝑦��� is the 
min residual floor thickness. 

𝑥𝑥 � �����.�������.�∗���
�          (5) 

If 𝑥𝑥 given in Eq. (5) is substituted into the equation of the line 𝑙𝑙�, 𝑦𝑦 coordinate of the point 𝑝𝑝� is obtained. 

𝑦𝑦 � � ����� . �cos 𝛼𝛼� � � sin �𝛼𝛼 . 𝑦𝑦∗� � 𝑦𝑦∗       (6) 

 
When the fracture pattern is rotated by 360 degrees around the shaft, the fracture cone is obtained (see Fig. 4). In 

order to find the minimum residual floor thickness, the maximum stress acting on the fracture cone in the head and the 
maximum tensile stress acting on the thread are compared. When the following condition is met, the head of the bolt 
assumed to satisfy the minimum ultimate tensile load defined in (ISO 898-1, 2004). 

 
𝑅𝑅����. 𝐴𝐴��� � ��𝑅𝑅�. 𝐴𝐴�         (7) 

 
where 𝑅𝑅���� is the resultant of the tensile stress (𝑅𝑅�. sin𝜑𝜑) and the shear stress (𝜏𝜏�. cos𝜑𝜑), 𝐴𝐴��� is the surface area 

of the fracture cone formed in the head, 𝑅𝑅� is the tensile stress acting on the thread and 𝐴𝐴� is the nominal cross 
sectional area of the bolt thread (Fig. 2). The strength ratio of the bolts, 𝑥𝑥∗, is represented in the literature as 𝑥𝑥∗ � ��

�� 
and this coefficient varies according to the grade of the bolt given in (ISO 898-1, 2004). The total stress acting on the 
fracture cone is calculated as follows (Thomala and Kloos, 2007). 

 
𝑅𝑅���� � ���𝑅𝑅�. sin𝜑𝜑�� � �𝜏𝜏�. cos𝜑𝜑��       (8) 

 
By substituting 𝜏𝜏� � 𝑥𝑥∗. 𝑅𝑅� into the Eq. (8), the following equation is obtained. 
  

𝑅𝑅���� � �𝑅𝑅�.�sin𝜑𝜑� � 𝑥𝑥∗� cos 𝜑𝜑�       (9) 
 

If the fracture cone surface area given in Fig. 4(a), 𝐴𝐴���, is cut straight along a certain fracture line to make it two-
dimensional, a trapezoid is obtained. The resulting trapezoid is given in Fig. 4 (b). 

 
When the values given in the formula of the trapezoid area are fulfilled, the following equation that calculates the 

surface area of the fracture cone is obtained: 
 

𝐴𝐴��� � ��. �𝑥𝑥 � ����
� �. �

����         (10) 

 
If 𝑥𝑥 and 𝑦𝑦 in Eq. (10) are substituted, the following equation is obtained: 
 

𝐴𝐴��� � ��. ������.����� ��.�∗���� � ����
� �.

����
� .������.����� ��.�∗���∗

����     (11) 

 
If Eq. (9) and (11) are substituted in Eq. (7), the following equation is obtained: 
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Fig. 2. Schematic of bolt having shaft diameter smaller than the socket diameter. 

 

Fig. 3. Bolt cross section in the coordinate system. 

 Then, the equation of the line 𝑙𝑙� is found by using the slope of the line, and the point 𝑝𝑝� � ������ � �� in Eq. (4). 
The slope of the line 𝑙𝑙� can be found by using the fact that the slopes of perpendicular lines are opposite 
reciprocals, i.e., if the slopes of two perpendicular lines (𝑙𝑙� and 𝑙𝑙�) are multiplied, the value �� is obtained. 

𝑦𝑦 � ���� � 𝑥 �𝑥𝑥 � ����
� �         (4) 

 Finally, the intersection point, 𝑝𝑝� � �𝑥𝑥� 𝑦𝑦�, of the lines 𝑙𝑙� and 𝑙𝑙� can be found by substituting Eq. (4) in Eq. (3) as 
follows: 

���� � 𝑥 �𝑥𝑥 � ����
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If ��n𝛼𝛼 � ����
���� and co� 𝛼𝛼 � ����

���� are substituted in the above equation, the 𝑥𝑥 coordinate of the point 𝑝𝑝� is obtained. 
From now on, the equations � � 𝑑𝑑��� � 𝑑𝑑�, � � 𝑑𝑑��� � 𝑑𝑑� and 𝑦𝑦∗ � 𝑦𝑦��� � 𝑅𝑅 will be used to simplify notation, 
where 𝑑𝑑� is the minimum socket diameter, 𝑑𝑑��� is the shaft diameter, 𝑅𝑅 is the radius of the head, and 𝑦𝑦��� is the 
min residual floor thickness. 

𝑥𝑥 � �����.�������.�∗���
�          (5) 

If 𝑥𝑥 given in Eq. (5) is substituted into the equation of the line 𝑙𝑙�, 𝑦𝑦 coordinate of the point 𝑝𝑝� is obtained. 

𝑦𝑦 � � ����� . �cos 𝛼𝛼� � � sin �𝛼𝛼 . 𝑦𝑦∗� � 𝑦𝑦∗       (6) 

 
When the fracture pattern is rotated by 360 degrees around the shaft, the fracture cone is obtained (see Fig. 4). In 

order to find the minimum residual floor thickness, the maximum stress acting on the fracture cone in the head and the 
maximum tensile stress acting on the thread are compared. When the following condition is met, the head of the bolt 
assumed to satisfy the minimum ultimate tensile load defined in (ISO 898-1, 2004). 

 
𝑅𝑅����. 𝐴𝐴��� � ��𝑅𝑅�. 𝐴𝐴�         (7) 

 
where 𝑅𝑅���� is the resultant of the tensile stress (𝑅𝑅�. sin𝜑𝜑) and the shear stress (𝜏𝜏�. cos𝜑𝜑), 𝐴𝐴��� is the surface area 

of the fracture cone formed in the head, 𝑅𝑅� is the tensile stress acting on the thread and 𝐴𝐴� is the nominal cross 
sectional area of the bolt thread (Fig. 2). The strength ratio of the bolts, 𝑥𝑥∗, is represented in the literature as 𝑥𝑥∗ � ��

�� 
and this coefficient varies according to the grade of the bolt given in (ISO 898-1, 2004). The total stress acting on the 
fracture cone is calculated as follows (Thomala and Kloos, 2007). 

 
𝑅𝑅���� � ���𝑅𝑅�. sin𝜑𝜑�� � �𝜏𝜏�. cos𝜑𝜑��       (8) 

 
By substituting 𝜏𝜏� � 𝑥𝑥∗. 𝑅𝑅� into the Eq. (8), the following equation is obtained. 
  

𝑅𝑅���� � �𝑅𝑅�.�sin𝜑𝜑� � 𝑥𝑥∗� cos 𝜑𝜑�       (9) 
 

If the fracture cone surface area given in Fig. 4(a), 𝐴𝐴���, is cut straight along a certain fracture line to make it two-
dimensional, a trapezoid is obtained. The resulting trapezoid is given in Fig. 4 (b). 

 
When the values given in the formula of the trapezoid area are fulfilled, the following equation that calculates the 

surface area of the fracture cone is obtained: 
 

𝐴𝐴��� � ��. �𝑥𝑥 � ����
� �. �

����         (10) 

 
If 𝑥𝑥 and 𝑦𝑦 in Eq. (10) are substituted, the following equation is obtained: 
 

𝐴𝐴��� � ��. ������.����� ��.�∗���� � ����
� �.

����
� .������.����� ��.�∗���∗

����     (11) 

 
If Eq. (9) and (11) are substituted in Eq. (7), the following equation is obtained: 
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𝑅𝑅�. �sin 𝜑𝜑� � �∗� cos 𝜑𝜑� . �. ���� ��.����� ��.�∗���
� � ����

� � .
��� �

� .���� ��.����� ��.�∗���∗

��� � �
𝑅𝑅�. 𝐴𝐴�   

 
The following equation is obtained after some simplifications: 
  

�cos 𝛼𝛼� . � � sin �𝛼𝛼 . 𝑦𝑦∗ � t� � �.��.��� �
�.���� ����∗� ��� ��.���� �

� .���� ��.����� ��.�∗���∗�
   (12) 

 

 

Fig. 4. (a) Schematic representation of fracture cone and (b) two-dimensional fracture cone surface area. 

Here, if the dividend and denominator of the right-hand side of the Eq. (12) are simplified by taking parenthesis of 
�

�.��� �  on the right hand side of the equation, Eq. (13) is obtained: 
 

�cos 𝛼𝛼� . � � sin �𝛼𝛼 . 𝑦𝑦∗ � t� � �.��
�∗.�.����� �

�∗ ����.���� �
� .���� ��.����� ��.�∗���∗�

   (13) 

tan 𝜑𝜑 �  
����

� ��
� �  

����
� ���� ��.����� ��.�∗���

���� �
� .���� ��.����� ��.�∗���∗ � ��� ��.����� ��.�∗

��� �.��� �.��� ��� ��.�∗   (14) 

 
tan 𝜑𝜑 defined in Eq. (14) is substituted in Eq. (13) and the mathematical formula Eq. (15) is obtained after the 

mathematical operations such as cross-multiplication and square root. 

𝑦𝑦��� �  
���

�.��� ����.�����.��.� ����� ��
�∗�.��� ������ ������.����.�.�.������ ��.���.��� ��.����� ��.�

�.��� ��.��� � � 𝑅𝑅 (15) 
 
The resulting Eq. (15) also takes into account the radius of the head to shaft transition region to calculate the 

maximum socket depth. In order to test the model derived in Eq. (15), the sample specified in Section 2 was used with 
the following parameters: 𝑑𝑑��� � �.�� ��� 𝑑𝑑� � �.�� ��� 𝑅𝑅 � �.�� ��� �∗ � ����� 𝐴𝐴� � ��.�� . Socket 
diameter, 𝑑𝑑�, was selected as the minimum diameter corresponding to N10 socket form. 
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3.2. Numerical modelling 

Numerical analyses were carried out by using Simufact.forming software. Initially, a FE model was prepared based 
on the analytical formulation derived in the previous section. In this model, stresses were intended to be compared 
between head region and thread region, as compared in Eq. (8). To determine the critical socket depth, a linear and 
full-elastic model was created as shown in Fig. 5. Loading was applied by a rigid plate attached from the bottom of 
the bolt.  Bolts were loaded in tension so that the stresses at the thread root or under head region reaches to around 640 
MPa, the plastic deformation limit of 8.8 grade bolts as defined in (ISO 898-1, 2004). The critical socket depth was 
estimated for the case in which the stresses at the thread root and under head region were similar. The elastic constants, 
Elastic Modulus (E) and Poisson’s ratio (ν), were taken as 210 GPa and 0.292, respectively. The element size of 0.5 
mm for tetrahedral element type were used for numerical analysis. The numerical model used in this study was given 
in Fig. 5. 

 

 

Fig. 5. FE Model to find y���.   

4. Results and discussion 

Numerical analysis were repeated for different socket depths and the results were presented in Fig. 6. Effective 
(Von-Mises) stresses were compared at the thread region and at the fracture cone region to assess the crack initiation 
site i.e. failure location. Higher stresses were expected at the thread region for standard bolts, since failure from the 
thread implies that the design of the investigated bolt is suitable for the tested assembly conditions. Similar approach 
was employed in this study to assess the critical socket depth of the investigated bolt. For a detailed statistical study, 
10 measurements were recorded from under head and thread root regions for the bolts with y values of 2.10 to 3.10 
mm. The maximum, minimum and average effective stress results were plotted in Fig. 6.  The rectangular boxes in the 
plots represents measurements falling in one standard deviation. Based on the effective stresses presented Fig. 6, 
stresses were observed to be higher at the thread region for the 𝑦𝑦 values higher than 3.10 mm. Likewise, the stresses 
were higher at the head radius compared to thread region for the 𝑦𝑦 values lower than 2.45 mm. According to FE 
modelling, the 𝑦𝑦��� was found as around 2,78 mm considering the box plots given in Fig. 6. 

The 𝑦𝑦��� value of the investigated bolt was found as 2.82 mm and 𝑦𝑦 value of point 𝑝𝑝� given in Fig. 3Fig. 3 was 
calculated as 2.33 mm by employing the analytical model developed in this study. The 𝑦𝑦��� value was found as around  
2.78 mm from the numerical modelling. Analytical model estimated the socket depth on the safe side, i.e. socket depth 
value estimated by analytical model was higher compared to numerical modelling results.  When analytical and FE 
modelling results were considered, the analytical model estimated the 𝑦𝑦��� value about 1.4% safer compared to FE 
modelling results. Therefore, the agreement between analytical and numerical modelling approaches can be considered 
as very good. 
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The following equation is obtained after some simplifications: 
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Fig. 4. (a) Schematic representation of fracture cone and (b) two-dimensional fracture cone surface area. 

Here, if the dividend and denominator of the right-hand side of the Eq. (12) are simplified by taking parenthesis of 
�
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tan 𝜑𝜑 defined in Eq. (14) is substituted in Eq. (13) and the mathematical formula Eq. (15) is obtained after the 

mathematical operations such as cross-multiplication and square root. 
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The resulting Eq. (15) also takes into account the radius of the head to shaft transition region to calculate the 

maximum socket depth. In order to test the model derived in Eq. (15), the sample specified in Section 2 was used with 
the following parameters: 𝑑𝑑��� � �.�� ��� 𝑑𝑑� � �.�� ��� 𝑅𝑅 � �.�� ��� �∗ � ����� 𝐴𝐴� � ��.�� . Socket 
diameter, 𝑑𝑑�, was selected as the minimum diameter corresponding to N10 socket form. 
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3.2. Numerical modelling 

Numerical analyses were carried out by using Simufact.forming software. Initially, a FE model was prepared based 
on the analytical formulation derived in the previous section. In this model, stresses were intended to be compared 
between head region and thread region, as compared in Eq. (8). To determine the critical socket depth, a linear and 
full-elastic model was created as shown in Fig. 5. Loading was applied by a rigid plate attached from the bottom of 
the bolt.  Bolts were loaded in tension so that the stresses at the thread root or under head region reaches to around 640 
MPa, the plastic deformation limit of 8.8 grade bolts as defined in (ISO 898-1, 2004). The critical socket depth was 
estimated for the case in which the stresses at the thread root and under head region were similar. The elastic constants, 
Elastic Modulus (E) and Poisson’s ratio (ν), were taken as 210 GPa and 0.292, respectively. The element size of 0.5 
mm for tetrahedral element type were used for numerical analysis. The numerical model used in this study was given 
in Fig. 5. 

 

 

Fig. 5. FE Model to find y���.   

4. Results and discussion 

Numerical analysis were repeated for different socket depths and the results were presented in Fig. 6. Effective 
(Von-Mises) stresses were compared at the thread region and at the fracture cone region to assess the crack initiation 
site i.e. failure location. Higher stresses were expected at the thread region for standard bolts, since failure from the 
thread implies that the design of the investigated bolt is suitable for the tested assembly conditions. Similar approach 
was employed in this study to assess the critical socket depth of the investigated bolt. For a detailed statistical study, 
10 measurements were recorded from under head and thread root regions for the bolts with y values of 2.10 to 3.10 
mm. The maximum, minimum and average effective stress results were plotted in Fig. 6.  The rectangular boxes in the 
plots represents measurements falling in one standard deviation. Based on the effective stresses presented Fig. 6, 
stresses were observed to be higher at the thread region for the 𝑦𝑦 values higher than 3.10 mm. Likewise, the stresses 
were higher at the head radius compared to thread region for the 𝑦𝑦 values lower than 2.45 mm. According to FE 
modelling, the 𝑦𝑦��� was found as around 2,78 mm considering the box plots given in Fig. 6. 

The 𝑦𝑦��� value of the investigated bolt was found as 2.82 mm and 𝑦𝑦 value of point 𝑝𝑝� given in Fig. 3Fig. 3 was 
calculated as 2.33 mm by employing the analytical model developed in this study. The 𝑦𝑦��� value was found as around  
2.78 mm from the numerical modelling. Analytical model estimated the socket depth on the safe side, i.e. socket depth 
value estimated by analytical model was higher compared to numerical modelling results.  When analytical and FE 
modelling results were considered, the analytical model estimated the 𝑦𝑦��� value about 1.4% safer compared to FE 
modelling results. Therefore, the agreement between analytical and numerical modelling approaches can be considered 
as very good. 
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Fig. 6. Effective  stress obtained from the under head and thread root region for bolts having y values (a) 2.10, (b) 2.45, (c) 2.70, (d) 2.78, (e) 2.85 
and (f) 3.10. 
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5. Conclusions 

In this study, an analytical model was developed to estimate maximum socket depth of the bolts having smaller 
shaft diameter than socket diameter. The results of the model were validated through FE modelling studies. The critical 
socket depth i.e. 𝑦𝑦��� value obtained by analytical model was 1.4% safer compared to numerical studies. Therefore, 
it can be concluded that the analytical model developed in this study can be used to estimate the critical socket depth 
of the bolts having shaft diameter smaller than socket diameter. Maximum weight reduction for the bolts having 
smaller shaft diameter than socket diameter can be achieved by increasing the socket depth i.e. decreasing the 𝑦𝑦 value 
of the investigated bolt by using the analytical model developed in this study. Analytical model developed in the scope 
of this study will also be verified with experimental studies by producing cold forged bolts with various socket depths 
and conducting tensile test for these bolts. 
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