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ABSTRACT
RESIDUAL LIFELENGTHS OF CENSORED DATA

CEKI FRANKO
M.S. in Applied Statistics
Graduate School of Natural and Applied Sciences
Supervisor: Prof. Dr. Ismihan Bayramoglu
June 2010

Residual lifelengths of the remaining components are of special in reliability
analysis, actuarial science and survival studies. In this thesis the residual lifetime
of remaining components under different types of censoring schemes are investi-
gated. Some interesting results about the distributional properties, mean residual

lives and characterizations are obtained.

Keywords: Order Statistics; Residual Lifetimes; Mean Residual life; (n — k 4 1)-

out-of-n system; Sequential (n — k + 1)-out-of-n system.



0Z
SANSURLENMIS VERILERIN GERIYE KALAN
YASAM UZUNLUKLARI

CEKI FRANKO
Uygulamali Istatistik, Yiiksek Lisans
Fen Bilimleri Enstitiisii
Tez Yoneticisi: Prof. Dr. Ismihan Bayramoglu
Haziran 2010

Geriye kalan elemanlarin kalan yagam uzunluklari giivenilirlik analizinde,
aktiierya biliminde ve sag kalan analizinde biiylik onem tegkil etmektedir. Bu
tezde farkli sansiirleme gemalar1 altinda geriye kalan elemanlarin kalan yasam
uzunluklar: aragtirildi. Dagilim ozellikleri, ortalama geriye kalan yasamlar ve

karakterizasyonlarla ilgili bazi ilging sonuclar elde edildi.

Anahtar Kelimeler: Sira istatistikleri; Geriye kalan yasam stireleri; Ortalama

Geriye kalan yagam; n’in (n — k + 1)’li sistem; Dizili n’in (n — k + 1)’li sistem.
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Chapter 1

Introduction

The subject of order statistics is one of the most important concepts of the
statistical theory. It is used in both theoretical and application areas. Order
statistics are sufficient statistics, hence they contain all the information about
the sample. Moreover since most statistics based on order statistics, have the
distribution-free property, it is widely used in non-parametric statistical meth-
ods. Another important aspect of the order statistics is that, the lifetime of the
components can be represented with order statistics so it takes a major place
in lifetime analysis and reliability theory. In lifetime analysis and reliability ex-
periments there are different scenarios involving the components that are tested
removed from the experiment before failure. Such components are generally called
censored components. The reason behind these scenarios is to rescue the unfailed
components for possible future use in other systems. Another reason is that the
tested components may be expensive so it is reasonable to stop the experiment
before waiting all of them to fail and have an insight about the lifetimes of the
rescued ones. In life-time analysis and reliability theory two censoring schemes,
Type-I1 and Type-II are studied with intensity. Assume that at time 0 n compo-
nents are put on a life-time test. Type-I censoring occurs when a pre-fixed time
t is reached. At time ¢ the experiment is stopped. It should be noted that ¢ is
independent of the failure times. In Type-I censoring the failure of a component

can be observed if it fails before t. The survived components, in other words

1



CHAPTER 1. 2

components which have a life-time greater than ¢, are called censored units. In
Type-II censoring, the experiment is terminated when a prefixed number say, the
kt" failure occurs. In this scheme the remaining n — k components are called

censored components.

In reliability theory an (n—k+1)—out-of-n system functions until & com-
ponents have failed so it is reasonable to test them in Type-II censoring scheme
and investigate the lifetimes of the remaining n — k censored components. In the
classical theory of (n — k + 1)—out-of-n systems it is assumed that the lifetimes
of the components are independent and identically distributed and the failure of
one component does not affect the functioning of the remaining ones. If this is
not the case, for instance the failure of a component puts added stress or load
on the remaining components, then models involving sequential order statistics
(Kamps, 1995) can be used in the analysis of such systems. Another scenario oc-
curs when additional components are removed after the failure of a component. If
this is the case, progressively type-II right censored order statistics can be applied
effectively to reflect the situation. In this paper the marginal and joint distribu-
tions of residual lifetimes of the remaining components are obtained for different
types of censored data and some distributional properties and characterizations

are investigated.



Chapter 2

Order Statistics

The independent and identically distributed random variables which can be
interpreted as results of an experiment measuring values of a certain random
variable arranged in order of magnitude, are called order statistics. In the sta-
tistical model of many experiments, for instance in reliability analysis, life time
studies, the analysis of time to graduation of students and testing of strength
of materials, the realizations arise in nondecreasing order, therefore the use of
order statistics is necessary. Order statistics are extensively used in statistical
inferences; in estimation theory and hypothesis testing. Order statistics have
wide applications in many areas where the use of an ordered sample is important.
Let X1, X5, ..., X,, denote a random sample from a population with cumulative
distribution function (c.d.f) F Suppose that the elements of this sample are
arranged in order of magnitude and X(;) denotes the smallest; X(5) denotes the
second smallest; etc. and X(,) denotes the largest of the set X, X,,..., X;,. Then
Xy < Xy < --- < X(y) denotes the original random sample arranged in increas-
ing order of magnitude, and these are called the order statistics associated with
the sample X, Xy, ..., X,,. We call X(;), for 1 < <n the ith order statistic. The
subject of order statistics deals with the distributional properties of X(; itself,
some functions of the subset of the n order statistics and their applications. It
is well known from classical statistical theory, that the natural estimate of an

unknown distribution function is the empirical distribution function, which is a
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function of order statistics. Therefore, many important statistics in estimation
theory and hypothesis testing appear to be an integral functional of the empirical
distribution function, and can be expressed in terms of order statistics. Order
statistics do not change their order under probability integral transformation,
namely if Uy = F(X)), ¢ = 1,2,...,n then Uy) < Upy < -+ < Upyy. Due to
unique distribution free properties, they are widely used in nonparametric inter-
val estimation and hypothesis testing. Order statistics and their properties have
been extensively studied since early part of the last century, and recent years
have seen a particularly rapid growth of studies. The multiauthored book Contri-
butions to Order Statistics, edited by A.H. Sarhan and B.G. Greenberg appeared
in the Willey series in probability and statistics in 1962. The first monograph,
”Order Statistics” by H. David appeared in 1970 in the same Willey series and
has served as a text, a survey of growth and a general introduction. The Second
edition appeared in 1981 and the third, coauthored with H. Nagaraja, in 2003.
For further reading we refer also Arnold et al. (1992), Balakrishnan (2007).

2.1 Distribution Theory of Order Statistics

Let X1, X5,..., X,, be a sample size of n from the population with c.d.f F
(i.i.d. random variables with c.d.f F).
The order statistics obtained by arranging the random sample X;, X5, ..., X,, in

increasing order of magnitude are denoted by
Xl:n S X2:n S S Xn:n

or

The distribution function of the r** order statistic is

Fron(z) = P{ X, < 7} = Z (7;) Fi(z) (1 — F(z))"". (2.1)
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If F is absolutely continuous with pdf f then (2.1) can be written also as follows

- 1 F(x) . J
rimn = T =)t
() B(r,n—r—i—l)/o W (1—w) B
1
_ T (r,n — 1), 2.2
B(r,n—r+1) r(rn —r+1) (2:2)
where
1
B(a,b) :/ t7 N1 —t)tdt,
o
Ip(a,b):/ t N1 — )" tdt,
0
and the coefficient B(mlﬂﬂ) = (Tfl)?(!n,r)!'

Formula (2.1) yields true for discrete, absolutely continuous and continuous ex-
cept countable number of points (having countable number points of discontinu-
ity). Formula (2.2) is true only for absolutely continuous distribution. Given the
realizations of the n order statistics to be Xy, < Xs.,, < ... < X,,.,, the origi-
nal random variables X; are restrained to take on the values X;.,, (i = 1,2,..,n)
which by symmetry assigns equal probability to each of the n! permutations of

(1,2,...,n). Therefore, the joint density function of all n order statistics is

T, fla) if o1 <z <. <z,
f1,2 ..... n(l'l,ﬂfg,...,l'n) - (23)

0 otherwise

The joint pdf of two or more order statistics can be obtained by integrating from
(2.3) as well as by using continuous total probability formula.

The joint pdf of X,., and X,.,, 1 <r<s<nis

e e (@)

_ ) X(F) = F@) 7 A= F)" = fa)fly) ifx<y
fr,s(xay) -

0 otherwise

The joint pdf of order statistics X, .0, Xppinys ooy Xppom 1S

f7’1,7’2 ..... rk(xbx%---axk)
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s F T @) [Fwa) — Fa))™

X [F(xs) — Fa)] 7 L1 = F(x)]" ™
= X f(xq)...fag) if ) <wo <. <y

0 otherwise

(2.5)

If F' is a discrete distribution function, then the joint c.d.f of X.,, and X§., is

n! )
Z Z le!(n_i_j)!(F(if))Z

1=r j=max(0,5—1)

Frs(a,y) = X[Fy) = Fx)P[1 = F(y)]"™7  ifr<y (2.6)

\ Fy(y) otherwise

and the pmf of X,., and X, is
frs(@,y) = Fos(v,y) = Fos(=1,y) = Fs(v,y=1)+ F.s(r—1,y—1), 2 <y. (2.7)

Definition. Let X;.,, ..., X,.., be order statistics based on the sample X7, Xo, ...,

X,,. Then the random variables
Yi=X1.,Yo=Xo0 — Xiiy oo, Yo = Xpw — X1
are called spacings.
Let Xi.,, ..., X,,., be order statistics based on the sample X, Xs, ..., X,, with
c.df F(z) =1—exp(—Azx), z > 0. Then the spacings
Yi=X1,Yo=Xo0 — Xiiy ooy Yo = Xow — X1
are independent, furthermore the random variables

Zl = n)\Xl:n, ZQ = (TL — 1>)\(X2n — Xl:n) g ey
Zr - (n -7+ ]-)/\(Xrn - X’r—l:n)a ceey Zn = )\(Xnn - Xn—l:n)
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are i.i.d. with F(z) =1 —exp(—z), z > 0.
If n units placed under test of solidity and Xy, Xs, ..., X,, represent the life lengths
of these units, then the lengths of time intervals X,., — X,_1., ,r = 1,2,...,n be-

tween two failures are independent and identically distributed random variables.
Theorem 2.1 Let Xi.,, Xoq, ..., X, be order statistics of the sample
X1, Xo, ..., X, with absolutely continuous c.d.f F and p.d.f f. Then
d
{(Xr+1:n7 Xr+2:n; ) Xnn) ’ Xr:n = QJ} = (leznfru YvZ:nfry ceey Ynfr:nfr)y

where Y1, Youu—ry eooy You_pn_y are order statistics from the sample Y1, Ys, ..., Y, _,

of sizem —r, and

Y L{X|X>a}
the pdf of Y is fy(u) = { fgx) fuse

1-F(x)
Theorem 2.2 Let Xi.,, Xon, ..., Xpn be order statistics of the sample
X1, Xo, ..., X,, with absolutely continuous c.d.f F' and p.d.f f. Then

{(Xr+1:n7 Xr+2:na sy Xs—l:n) | Xr:n =, Xs:n - y}
d
= (le:s—r—la YvZ:s—r—la X YS—T—l:s—r—l)a

otherwise

where Yi.s v 1,Yo.5 v 1,00y Ys_r_1.5—r_1 are order statistics from the sample
1.5, ...,Y,_,. sizes—1r—1, and

Y E{X |z <X <y}

the pdf of Y is fy(u) = { f?u) ifué [z,y]

F(y)—F(z)
Theorem 2.3 Let Xi.,,, Xom, ..., Xp.n be order statistics of the sample

X1, Xo, ..., X,, with absolutely continuous c.d.f F' and p.d.f f. Then

d
{Xj:n | Xj—p:n =T, Xj+q:n = y} = Y;xm-q—l
p+l1<j<n-—gq

otherwise

where
YL {X|2<X <y}
(Bairamov and Ozkal (2007)).
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2.2 Progressive Type II censored order statis-

tics

The model of Progressive Type II censored order statistics is one of the most
applicable general models of ordered random variables and is very useful in re-
liability and life time studies. Let X, Xs, ..., X, be a sequence of independent
and identically distributed (i.i.d.) random variables representing failure times of
n identical units placed on a life test. Under the Progressive Type II right cen-
soring scheme, at the time of i'* failure R; (i =1,2,...,m and m < n) surviving
items are removed at random from the experiment, where m + > " | R; = n. Let
R = (Ry, Ry, ..., Ry). Denote the m ordered observed failure times by Xi.,.n,
Xoimems ooy Xmemm- LThese random variables are called Progressive Type II right
censored order statistics from a sample X3, X5, ..., X,, with progressive censoring
scheme R = (Ry, Ry, ..., R;). A nice description of details of theory, methods
and applications of Progressive censoring can be found in Balakrishnan and Ag-
garwala (2000). Schematic representation of Progressive Type-II right censoring

experiment with censoring scheme R = (R, Ry, ..., Ry, :

WITHDRAWN ~ WITHDRAWN  WITHDRAWN WITH DRAWN
4 4 4 4
x [ / /
,l'l flr ."r
R / Rq | R/ \ Ry, |
|'Il I'I!r rjr \ |'Ill
I L Jl L] \ i i
xl‘ mn X Zmmn X:i:m.'n \ momeEn
Expriment Expriment
Begins Ends

If the failure times of the n items originally on the test are from a continuous
population with c.d.f F' and p.d.f f, the joint p.d.f of all m progressively Type

IT censored order statistics is

m

fi2,..m(T1, T2, oy Ty) = ch(a:i) {1- F(xl)}R , 1 < Ty < .o < Xy

i=1

where c=n(n— Ry —1)..(n— Ry — Ry — ... — Rj_1 —m+1).
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The marginal c.d.f and p.d.f of X,.,,., are given respectively as

T

FXT:m:n(x):1_CT—1ZCLZT(]‘_F( )),Wy ].Srgm
. ’Y'L
=1
and )
fX'rmn( )_CT lf( )Zazr(l—F(:E))%,1<r<m
=1
Whel"eCr—lzn”yjandai,r:va1<z<r<m,m>2 ")/]_n_j_|_
J=1 j=1
J#u

; R; + 1 and the empty product Il is defined to be 1.

2.3 Sequential Order Statistics

Definition. (Kamps 1995) Let (Y-(i)), 1<j<n—i+l1,1<1i<n,beasequence

of independent random variables with (YJ( )> ~F1<j<n—-i+1,1<i<n,

where F, ... F, are continuos distribution functions with F; (1) < ... < F71(1).
Let

Xj(l) :Y;-(l), 1 <j<n
XM = mln{X(l) xn

and for 2 < i < n, let

(4) vy _ oy @-1) (v (i-1) - o
X0 =F; (E(y (1= RXED) + F(XE)) 1< <n—i+1,
X0 = mln{X . ,Xfﬁiﬂ :
Then the random variables Xil), X£2), o X ™) are called sequential order statis-

tics (based on Fi, Fy, ..., F),).

One can obtain the conditional distribution of the random variables Xfi) for
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1 <4 < n. Since Yl(i) and Xy*l) are independent we have

Fi(t) —E(S)>

P (X <fxiD =) =P (E(Yf”) <

_ Ei(t) = Fi(s)
= 1) , fort > s.

For a particular choice of the distribution functions F},..., F},, namely
Ft)=1—-(1-F(t)*,1<i<mn,

with some absolutely continuous and strictly increasing distribution function F'
and positive real numbers oy, . .., a, Kamps(1996) found the joint density of the

first r sequential order statistics X,Sl), e ,Xir) as

fX£1)~~-7XiT) (1, ..., 2p) = (ni—'?")' (1;[1 Oéj) X (H(l - F(xj))mjf(xﬂ)>

j=1
X (1= F(z, )= (), oy < . oxpr <

withm; =n—j+1a; —(n—jlaj—1, 1 <j<n-—1

Ordinary order statistics are contained in the model of sequential order statis-
tics in the distribution theoretical sense. Choosing r = n and a1 = ..., = a,
we obtain the joint density function of order statistics X1y < Xy < -+ < X

based on iid random variables X7, ... X,, with distribution function 1 — (1 — F).
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Residual Lifetimes of Remaining
Components in an n — £+ 1 out of

n system

In their article Bairamov and Arnold (2007) found the residual lifelengths of
the remaining functioning components following the k™ failure in the system. In
addition they discuss the joint distribution of these exchangeable random vari-
ables and identify the sufficient conditions that guarantee independence of the
residual lifelengths.

Consider an (n — k + 1) out of n system which will function successfully until &
of the components have failed. Consequently, if we denote the lifetimes of the
individual components by X7, Xo, . . . , X, then the lifetime of the (n—k+1) out
of n system will be represented by the kth order statistic Xy.,. Afterann—k+1
out of n system fails (i.e. after the kth failure has been observed), it is often
reasonable to break down the system and rescue the functioning components for
possible future use in other systems. It will be of interest to determine the joint
distribution of the residual lifetimes of these functioning components in order to
assess the desirability of reusing them in other systems. In the modelling of failure
times for components of the system with i.i.d components, we assume that the

failure of one component does not affect the functioning of the remaining ones.

11
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The classical theory of n — k 4+ 1 out of n systems assumes that the n lifetimes
X1, Xo,..., X, of the components of the system are independent and identically
distributed (i.i.d) with common absolutely continuous distribution function F
and corresponding density f. With this setup, the time of the first failure will
be the first order statistic X;., and the subsequent times between failures can be
identified with the spacings X;.,, — X;_1.,,2 = 2,3,...,n. The i.i.d assumption
is often crucial for obtaining relatively simple distributional results. Note that
even under the classical assumption that the original lifetimes were i.i.d, it will
turn out that the residual lifetimes of the unfailed items will be exchangeable, but
typically not independent. They will be conditionally independent given the time
of the k' failure, but we are not assuming that the time of that failure is known,
or equivalently we do not know the time at which the system was switched on,
we just know it has stopped functioning because £ failures have occurred. Note
that if we put the rescued components into a new system, we will need to con-
sider systems with dependent identically distributed component lifetimes, thus
justifying a concern with at least this variation on the classical set up of n —k+1
out of n systems.

For any k € {1,2,...,n} we will use the notation Xl(k”)7 Xék), ...,X(

n

kj x to denote

the residual lifetimes of the n — k components still functioning at the time of the

k' failure. For each k, we may define

Upon reflection, it is evident that these Xfﬁz_k’s simply represent an alterna-

tive description of the spacings of the order statistics of the original sample
X1, Xo,...,X,. Thus
XkJrl:n - Xk:n = Xl(kyz_k

and
Xp—1m = X + Xl(;lr)L—1 + Xﬁi—z +...+ X1(k7371c
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3.1 The joint distribution of the residual life-

lengths of remaining components

We begin with X, X, ..., X, i.i.d with common absolutely continuous dis-
tribution F' and density f. If we are given X;.,, = z, then the conditional dis-
tribution of the subsequent order statistics Xyy1.m,..., Xpnn is the same as the
distribution of order statistics of a sample of size n — k from the distribution
F' truncated below at z. If we denote by Y( ) .t =1,2,...,n — k the randomly
ordered values of Xyi1., ..., Xpnn, then given Xj.,, = x, these Y;(k)’s will be i.i.d
with common survival function F(x + y)/F(x). The residual lifetimes after k

(k)

failures, X, . ,Xr(Lk_)k, may be represented as

Xz(k):}/l(k)_ana i:1727""n_k

and using F}., to denote the distribution function of Xj.,, we can obtain the joint

survival function of the residual lifelengths as follows

FO () a9, xpy) = P(XE > 00, X > 2y XW > 2, 0)

[e.e]

Il
e

PXH >z X s 0 X = ) dFn ()

oo

PO > a4+t Y > o 4 4 X = ) dFpn (1)

Hij‘i‘t

Here and henceforth, the subscript n on a distribution, density or survival func-

o0

I
S— S— >

dFy.n(t). (3.1)

tion of residual lifetimes denotes the original sample size while the superscript
denotes the number of failures that have occurred. From (3.1) the joint density
of the residual life lengths can be obtained by justifiably differentiating under the

integral sign, to get

frr(Lk)<£L’1,£I?2,.. Lp— k: /OO [Hf?‘;t)

- <)/Oooﬁij+t)F’“ ar@.  (32)
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It is obvious from (3.1) or (3.2) that X*s are exchangeable (it was already
obvious since they were conditionally independent given Xj.,). The common

marginal distribution function of the Xl-(k)’s is

PO = PO <) =i (}) [TIEOP R ) - PO 0 )

(3.3)
The marginal density of the XZ-(k)’s can be expressed as
W)= [ IEED e 3.4

where f;., denotes the density of the k’th order statistic Xj.,.

Example 3.1. Suppose that F(z) = Upi(x) = z; 0 < = < 1, a uniform distri-
bution on the interval (0,1). Referring to (3.2) we find the corresponding joint
density of the residual lifetimes following the k’th failure to be

n—k

1
FE @y @y, ) = k(Z) / [H I0<zj+t< 1)] th=1at
0 |[jo

1
= k(:) / I1(0 <t <1 —max(xz;))t*tdt
0

= (Z)[l—max(xi)]k](0<xi< Li=1,2,....,n—k)

with corresponding marginal density (from (3.4))

() = /01 I0<t+z< 1)k<n)tk‘1(1 et

1—-1t k

11—z
— (”)/ R — )R e
kJ Jo

- k(Z) Lo(k,n — k)

n
= Ii_.(k,n—k),
n— it (k,n )

where L, (o, §) denotes the incomplete gamma function, in this case a polynomial

of degree n — k.

Example 3.2. Suppose that F(z) = 1 —e " z > 0, an exponential distribution

with intensity A\. The lack of memory of the exponential distribution could be
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used to argue that the residual lifetimes following the k’th failure should have
the same distribution as the original lifetimes. We can confirm this readily by

substituting the exponential survival function in (3.1) to obtain

co [n—k —\zj+1)
—_ e ;
ék)(l‘l’{L‘Q,...,l'n_k):/ [I | 7
0

Jj=1

n—k 0o
=[[e / dFjn(t)
j=1 0

n—k
=[[e? 2 >0=12..n-Fk

j=1

dFy.,(t)

This joint density of residual lives has two remarkable features. First the residual
lifetimes are independent. Second the residual life distribution of a component is

the same as the original life distribution of a component.

3.2 Remarks on Wearouts

Typically components degrade under usage.

Definition. F is said to be new better than used (NBU) if for every ¢,z > 0 we
have F(z +t) < F(z)F(t). If for every t,x > 0, we have F(x +t) > F(x)F(t)
then F is said to be new worse than used (NWU) (Barlow and Proschan (1975)).

We use the symbol < to denote stochastic ordering, thus we write X <, Y

(X is stochastically smaller than Y') if P(X > z) < P(Y > z),Vz € R.

Common sense tells us that if components wear out (i.e. if F' is NBU) then
the residual lifetimes will be stochastically smaller than the original lifetimes. We

may confirm this as follows.

Proposition 3.1 If F is NBUNWU), then X® <, X, ( X® >, X, ).

Proof. Assume that F' is NBU. We can write the joint distribution function of
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the survival times as follows

t) Ft
F’rsk)(xhx%' vy Tp— k / H xj + ( )

dFjn (t).

The marginal distribution function of X; is obtained by taking the limit as x; —
00,1 =2,...,n—k. Thus

Frsk)(ﬁl) _ /°° F(x;+1t) — F(t)dka(t)

_1-FQ)
_ /OOO F(t) _FP;;;" D ().
Since F is NBU, we have F(z; +t) < F(z;)F(t) and so
F¥ () > /0 Rk ]f(gl)F(t)dka(t)
— L= Floy)] [ dFiat)
- Fa)

O

Of course if F' is both NBU and NWU (i.e. if F'is an exponential distribution
function), then Xl(k) < X;. We now turn to characterizations related to this

observation.

3.3 Characterizations

If the original component lifetime distribution F' was an exponential distri-
bution, then we have seen that the residual lifetimes following the k’th failure
will be independent and will have the same marginal distribution as that of the

original lifetimes. It is thus reasonable to ask whether the conditions
a) x®2Lx

and
(B) Xl(k) and XQ(k) are independent
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are together or separately sufficient to guarantee that the original component

lifetime distribution must be exponential. Condition (A) is readily dealt with.

Theorem 3.2 If Xl(k) £ Xy, then X1 ~ exponential (A) for some X > 0.

Proof. 1f X{k) 2 X1, then for every x > 0,

F(z)=P(X; >z)=PX" > 2) = /0 N %dﬂm(t)

Thus

* Flr+t)— F(z)F(t)

But this is an integrated Cauchy functional equation (see e.g.Rao and Shanbhag
(1994) ) and the only solution is if the form F(x) = e™% x > 0 for some \ > 0.

We are able to characterize the exponential distribution using condition (B) by
imposing a rather strong regularity condition. Whether this regularity condition

can be dispensed with remains an open problem. O

Theorem 3.3 If ka) and Xz(k) are independent and if

i. F(z) is strictly decreasing on (0,00) and

F (z+t)
0]

i1. for each x >0 s a monotone function of t,

then X, ~ exponential (\) for some X\ > 0.

Fg(:r)t) for every x is that

[Note that a sufficient condition for monotonicity of

F have a monotone failure rate, i.e. is either IFR or DFR.]

Proof. For any z1, x5 > 0 we have

F(k)($1,952) :/
0

and
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Thus if X 1(k) and XQ(k) are independent we have

r

We can write this as

cov (F('Tl +an) F(xQ +an)) —0

Recall what is sometimes called Tchebychev’s second inequality. It states that
for any random variable X and any two non-decreasing functions ¢; and ¢s, then
provided appropriate expectations exist we have cov(¢1(X), ¢2(X)) > 0 with
equality if and only if at least one of the random variables ¢;(X) and ¢o(X) is

degenerate. The same conclusion holds if both ¢; and ¢, are non-increasing.

ng+t)
F(t)

and Tchebychev’s second inequality permits us to conclude that for any pair

The assumed monotonicity of for each x, together with equation (3.5)

. P21+ X, F(za+Xnn)
T1, To, at least one of the random variables @13+ Xkm) g EleetXin) g degenerate.

F(an) _ F(an) _
If for every pair xq,xs, both of the random_ variables F(;(l;f:)”), F(g?;f:)”) are
degenerate, then it follows that for every «x, % is degenerate, say equal to

c(x).

If there exists a pair x1, o for which one of the random variables —-—F(;&i(’“)"),

is not degenerate, then without loss of generality we can assume that

F(§1+Xk:n) F(}""an)

degenerate and equal to ¢(z), say. Thus for any y > 0 and any = > 0,z # x;, we

Flzat+Xim)

is not degenerate, but then for every x # 1, we must have
have, since F'(z) is assumed to be decreasing,

F(z +y)
F(y)

Using the right continuity of F' we can define ¢(x;) = lim,,, ¢(x) and conclude

= c(x). (3.6)

that (3.6) holds for every z,y > 0. But this is Pexider’s equation and thus
F(z) = kie™ and c(z) = kye™*. Finally by considering limits as  — 0, we
conclude that k; = ky = 1. O



CHAPTER 3. 19

3.4 An extension to exchangeability

Instead of assuming that the X;’s are i.i.d we may wish to entertain the
possibility that they are exchangeable. Indeed some Bayesians might argue that
this is almost always more appropriate than an i.i.d assumption. Provided we
interpret the concept of exchangeability in the strict deFinetti sense, then we
are really dealing with conditionally independent variables. Thus we assume
the existence of a random variable Z with distribution function G(z), such that
given Z = z the X;’s are conditionally i.i.d within common marginal conditional
distribution denoted by F,(z). Thus the joint distribution of X;, Xs,..., X,
assumes the form:

n

| J D)

j=1

dG(2). (3.7)

oo
FX1,X2,...,Xn<x17 T, ... ,xn) = /

—0o0

It then follows that the joint survival function of the residual lives of the remaining

components after k failures will be of the form

Fyw xm  x® (901, Ty .oy Tpk)

L

For most choices of conditional distributions F}, this expression will be difficult

Cj
*q

d@wgﬂ>dG@) (3.8)

to evaluate. In certain favorable cases analytic results are obtainable.

Example 3.3. Suppose that, given Z = z, the X;’s are conditionally independent
exponential (§z) random variables. In addition suppose that Z ~ I'(«a, \), i.e
that

)\ocza—le—)\z
z) = I(z>0).
In this case we will have
n—=k
(k) _ —dzx;
= ) G

n—~k
= exp(—0z Z ;).
j=1
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Consequently the joint density of the residual lives after k failures will be given

by

(k) (
k k
X9 x ()

""""""

=(1+ 3 Z%‘)_a’ (3.9)

which is a multivariate Pareto distribution. In (3.9), the Xi(k)’s are identically

distributed but only conditionally independent.

3.5 A link with mean residual life functions

For a component X; with lifetime distribution F', the corresponding mean
residual life (MRL) function ¢ is defined as follows

Yp(t) = BE(X —t|X >t) = ﬁ/ooo zf(t+ x)d. (3.10)

The MRL function is of much utility in actuarial, survival and reliability settings.
For detailed discussion of the MLR function see Meilijson (1972), Hall and Wellner
(1981), Oakes and Dasu (1990). The MRL function is related to other well known
functions such as the Lorenz curve and the hazard function (cf., Arnold (1983)).
Recently papers have appeared investigating the mean residual life functions of
k-out-of-n systems. See for example, Bairamov et al. (2002), Asadi and Bairamov
(2005), Asadi and Bairamov (2006), Li and Zhao (2006).

In fact the expected value of a residual lifetime after & failures (X ) is directly
related to the MRL function of the component lifetime distribution F; i.e. to ¥p.
We have

Theorem 3.4 E(X") = E(Wp(Xpn)), k=1,2,...,n — 1.

Y
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Proof. From (3.1), the density of Xl(k) is given by

f(x) = /O N %fkm(t)dt,

where fi.,(t) denotes the density of Xj.,. Consequently

B = [ s
0

_ /OOO /OOO x%fk:n(t)dtdx

_ / () frn ()t = E(p(Xion).

3.6 On reuse of unfailed components

Suppose that we have on hand n — k£ unfailed units from an n — k + 1 out
of n system and that we use them to construct an n — k — k' + 1 out of n — k
system. What can we say about the residual lifetimes of the n — k — k&’ unfailed
units from this n — k — kK 4+ 1 out of n — k system. The joint distribution of the
component lifetimes of the n—k units used to build the second system will be only
conditionally independent given Xj., (the failure time of the original n — k + 1

out of n system). Their joint distribution will be given by (3.1), i.e.

TP+ t)
=75~

FT(Lk)(xthv"‘)xn—k) - / dFkn(t)
0

j=1
Thus for the second system, built with these used components, the joint distribu-

tion of the component lifetimes is a mixture as in (3.7) with mixing distribution
F(z;+2)
then, using (3.8), obtain the joint survival function of the residual lifetimes of the

G(z) = Fyn(2) and conditional survival functions F,(z;) = We may

unfailed items from the second system, i.e. the n —k —k + 1 out of n — k system.

Thus we obtain

FXEnfk)Xénfk) b (T1, T2, T )

n—k—k'

-----
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nkk
> $j—|—t~|—z)
T T T2 GF k(D) d e, 311
// Fit2) ok (E)dFY, (3.11)

where F, wn—k(t) denotes the distribution of the k" order statistic from a sam-
ple of size n — k from the distribution with survival function F(z + 2)/F(z).
Eventually this simplifies to yield

FX£n—k)Xén k) X(n k) (Il, Lo, ... ;J;n—k—k’)

o) I

confirming the retrospectively obvious result that the residual lives of the remain-

0o N— k k’ .
IJ ) —=——dFipn(u)

ing components after serving in both systems, correspond in distribution to the
residual lives of the remaining components when a n — k — k' + 1 out of n system
has failed. We are indeed waiting first for k failures and then &' more failures

among the original n components.

If only n — p of the surviving components from the n — k + 1 out of n system
are used to construct an n —p — k' + 1 out of n — p system, equation (3.11) must
be slightly modified to describe the residual lives of the surviving components in

the second system. We will have

FX§n7p)’Xén7p>7'"7X,(:i;1:>k/ (xl, Lo, ... ,xn,p,k/)
0o N— p K
xj +t+2)
—=——dF, ppn—p(t)dFy 0 (2). 3.12
/ / Firzy Forans(DdFia(z) (3.12)

Only in very special cases will it be possible to simplify this expression. For
example, if the original components had exponential (\) lifetime distributions
then the lack of memory property guarantees that the residual lifetimes of the
surviving components in the second system (the n —p — k" + 1 out of n — p
system) will again have independent exponential () distributions. Substitution
of F(z) = e~ in (3.12) will confirm this conclusion.
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Residual Lifetimes of Remaining
Progressively Type-I Censored
Order Statistics

Suppose n independent units are placed on a life-test with the corresponding
failure times X1, Xo, ..., X,, being identically distributed with c.d.f F'(x) and p.d.f
f(x). Suppose that in a given time ¢ the number of failed components are known
and we are interested in residual lifetimes of the remaining components that
survives after time ¢. Let (t) denotes the number of failed components up to

time t. Given &(t) = k & (X < t < Xpy1.) the residual lifetimes of the

23
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remaining can be represented as

Fét_’lz)(m,xz, ) = P{Xpi1m =t S @1, Xigoin — 8 < 2, X — 8 S w0 €(8) =k}
F(t_’]}?(l‘hxm k) = P{Xhin <, t < Xppr =t S @1,y X — 8 S g}
n P{ X <t < Xps1m}
P{Xpn < t, t < X1 < 21+ t, Xpr1m < Xppom < To + 1,
ey Xntn < Xopn < Ty + 1}
P{Xpp <t < Xiy1n}

x1+t xo+t x3+t Tp—ktt

(Z)F(t)ktf [ [ . [ dF(up—g)dF(up—p—1)...dF(u;)
(M) F@)kQ = F(t))n*

[ o [ dF(up—p)dF (up—t—1)...dF(uy)

t up o u2 Up—k—1

(1—F@)*

4.1 The joint and the marginal distribution of
the residual lifelengths of remaining compo-

nents

Theorem 4.1 Let Xi, Xs,..., X,, denote the corresponding failure times of n
components being identically distributed with c.d.f F(x) and p.d.f f(z). Given
&(t) = k the joint distribution of the residual lifetimes of the remaining n — k

items for n — k > 2 can be found by the recursive formula given below
N
Fét_k) (21, Toy o) =

(1 — F t))n_k_l [F(.an_k —I— t>Fy(Lt_JZ)_1(xla T2, ‘..xn_k_1>

n—k—1
F(z;+t t.k n— Fr=Fk(g14+t)—F" k(¢
(nf(kijJr)l) AEna}?n—k:—l,j (xl’ T2, ‘--xn—k—l) + (_1> frl ( E:Lr,)k)l u

Jj=2

(1= F@)*

where Agfgn_k_l’j(xl,xg, iy Tn_g—1) denotes the terms of the joint distribution

function Fét_’lz)_l(xl,xg, p_k_1), whose mazimum index is j, and Fl(t)(:vl) =
Fa1+1)—F(t)
a0
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Using theorem 4.1 one can evaluate the joint distributions of the residual

lifelenghts for n — k = 2, 3 respectively.

2 z1 _ 2
F(y + 1) [F(zy +t) — F(t)] — Zot=rio

F{" (@, 29) =

(1—F(t))?
(t,k) _ F(zy + 1) [F(xy +t) — F(t)]
Amfng(xlvm?) = (1= F(t))?

(1 = F0)* [Flaa + OF " wr2) - L0ARY, (01,0 4 Dl

F?Et’k) (xlv T, x3) =

(1-F(@)?
F(xs+ t)F(x + ) [F(wy + 1) — F(t)] = F(as + )2 @t)=r20
_ — L) [p(gy + 1) - F(1)] + B0
- (1-F(0)
F2(1'2+t)
% — 2 [F(xy 4+ t) — F(t)]
A$a>23,2(5€175627153) = 2 (1 — F(t))3
() F(xs+ ) F (s + 1) [F(y + 1) — F(t)] — F(ag + )22t 20
Amax3,3<x17 952,333) = (1 = F(t))3

The marginal survival function of the residual lifetimes X, ,., r =1,2..n—k

given (X, <t < Xjy1.,) can be expressed as
= P{Xk-‘,-r:n —t>ux, |Xk:n <t < Xk-l—l:n}

o P{XkJrr:n > Ty + tan:n <t< XkJrl:n}
B P{an <t< Xk+1:n}

P{XkJrr:n > Ty + tka:n <t < XkJrl:n} =
n—=k

ME > () Fan + 1) (Flw, + ) — F)" .

j=n—k—r+1
Since
P{Xpn <t < Xppan} = (3) (F ()" (F(t))"™
one can find the marginal survival functions of the residual lifetimes for r =
1,2.n—Fk as

P{Xk+r:n >z + tan:n <t < Xk+1:n}
P{an <t< Xk—i—l:n}

P{Xk+r:n -t > Ty |an <t< Xk—l—l:n} —
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Residual Lifetimes of Remaining
Progressively Type-I1 Right

Censored Order Statistics

Normally in progressively type-II right censoring n units are placed on test at
time zero. Immediately following the first failure, R; surviving units are removed
from the test at random. Then immediately following the second observed failure,
Ry surviving units are removed from the test at random. This process continues at
the time of the m-th observed failure remaining R,,, = n— Ry — Ro—...— R,,_1—m
units are all removed from the experiment. Now suppose after m-th observed
failure we do not remove all remaining units. We are interested on the remaining
lifetimes of the n — Ry — Ry — ... — R,,,_1 — m = R, survived units given the time

of the m-th failure.

For any m € {1,2...n} we will use the notation X\™, X{™, Xg:? to denote
the residual lifetimes of the R,,, units still functioning at the time of mth failure.
Denote Yi(m), 1t = 1,2...R,,. randomly ordered values of X;,,.z. , 1 = 1,2..R,,.
Given X,,.;m:m = x these Y;(m) will be i.i.d with common survival function F(z +

y)/F(x). Then residual lifetimes of the remaining components after m failures

26
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can be represented as
XM =Y~ Xy i =1,2... Ry,

Using F,,.,.., to denote the distribution of X,,.,,.,, we can obtain the joint survival

function of the residual lifelenghts as follows

-=(m)
Fn (351, T2, ---l’nleer...me_rm)

= P{X{m) > I, X2(m) > Z9, ..., X](%Z) > ZL‘Rm}

_ / PLX™ > 2y, s X5 > 2 [ Xown = £} Py, ()

0
00

— / PY™ > a4t Y > a4 X = t}dFx, (1)

0

-/

The joint density of residual lifelenghts can be obtained by differentiating

AFx 000 (1)- (5.1)

l_m[ :c]+t

under the integral sign to get

YO
/[

Fx, ... (t). (5.2)

The marginal density of XZ-(m) can be expressed as

0/ o Dee (bt (5.3)

5.1 Aging of the remaining components

Proposition 5.1 If F is NBU (NWU), then X\™ <, X1 ( X\™ >, X, ).
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Proof. Assume that F' is NBU. We can write the joint distribution function of

the survival times as follows

% Fa; + 1) — F(t)
11 1—F(t)

dFXm:m:n (t) *

Fém)(xhl’g, e ,ZERm) = /
0

j=1
The marginal distribution function of X is obtained by taking the limit as x; —
00,i=2,...,n— k. Thus
* F(xy+t)— F(t)
E™ (2) = / dF t

[T F() - F(z +1t)
= /0 7 0 dFx, . . (t).

Since F is NBU, we have F(z; +t) < F(z;)F(t) and so

Fém)(l-l) > /OO F<t) — F(xl)F(t)dFXm;mm(t)

5.2 Characterizations

Theorem 5.2 If X\™ £ X, then F = Exp()\), A > 0.

Proof. 1f X{m) < X then for every x > 0,
_ m >~ F t
F(z) = P(X, > ) = P(X\"™ > 2) = / FetDip .
o F(t)
Thus

X F(z+1t) = F(z)F(t) -
/0 F(t) AF X i (1) = 0V > 0.

But this is an integrated Cauchy functional equation (see e.g.Rao and Shanbhag
(1994) ) and the only solution is if the form F(x) = e™** 2 > 0 for some \ >
0. O
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5.3 An extension to exchangeability

Instead of assuming that the X;’s are i.i.d we may wish to entertain the
possibility that they are exchangeable. It follows from (3.7) that the joint survival
function of the residual lives of the remaining components after m failures will

be of the form

Fyom xom X" (21,22, TR,
R —
o Ny Fo(x, +t
:/ / TS0 ap, () ) o). (5.4)

5.4 A link with mean residual life functions

The expected value of a residual lifetime after m failures (Xl(m)) is directly

related to the MRL function of the component lifetime distribution F, i.e. to ¥p.

Theorem 5.3 E(X\"™) = E@r(Xpmm)),m =1,2,...,n— 1.

Proof. The density of X\™ is given by

o0

£ () = / / (;(;t) o (),

where fx, . (t) denotes the density of X,,.,.,. Consequently

B(X(™) = / " o f (@) da

0

B /O°° /OOO xf(;?;)@ Fxmn (t)dtda

— /Ooo ¢F(t)fm;m:n<t)dt = E(lDF(Xmmn))
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Residual Lifetimes of the
Remaining Sequentially Ordered
Statistics

When modelling of failure times for components of the system having i.i.d
components it is assumed that the failure of one component does not affect the
functioning ones. If that is not the case for instance if the failure of a compo-
nent puts added stress or load on the remaining components the model involving
sequentially ordered statistics can be appropriately used in the analysis of the sys-
tem. Gurler(2010) extended some results on the joint distribution of the residual
lifetimes of the remaining components in an ordinary (n — k + 1)-out-of-n system
presented in Bairamov and Arnold to the case of the sequential (n — k + 1)-out-
of-n system.

Let X, X,,...,X, be the lifetimes of the components each following con-

tinuos distribution functions Fi, Fs,...,F, and respective density functions
f1, fas -+, fa. To simplify the presentation, we assume F, ' (0+) = 0 and F; *(1) =
oo, 1 <i < s. Moreover, let Xil), XiQ), e ,Xin) denote sequential order statistics

based on Fy, Fy, ..., F, that describe the failure times in a sequential (n —k+ 1)-
out-of-n system. Then, the lifetime of the sequential (n — k + 1)-out-of-n system

is modeled by the kth sequential order statistic Xik), 1 <k<n.

30
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Let XJ(-kH),j = 1,2,...,n — k, represent the overall lifetimes of the remaining
components in the sequential (n — k + 1)-out-of-n system after the kth failure,i.e.
after the system itself has failed. Then, the residual lifetimes of the remaining

components after the occurrence of the kth failure are given by

ZEHD) — x4 _ x (k) j=12....,n—k.

J J *

It is known that the residual lifetimes of these components are conditionally
independent given the k' failure time X™ in the system. If F' Xik)(s) denotes

(k)

the distribution function of the kth sequential order statistic X, ’, then the joint

survival function of the residual lifetimes of the n —k components after kth failure

is given by

F(kﬂ)(zl, ey Znek) = P(kaﬂ) > 2, Z(k U Zn—k)

n—

= [ PZ"Y s o 20D S X B = g X ()

n—

[T o o

o =1

0
_ (k+1) (k+ 1) x )
= [ P(X >z+458,...,X > 2k + 8| XW® = 5)dFX (s)
0

Analogously, the joint distribution function can be derived as follows.

FED G o) /H <Fk+1 zi+8) — Fk+1(3)> A (). 62)

1 — Fiia(s)
A particular choice of the involved distribution functions Fi, ..., F, is given by
Fr=1-(1-F)" 1<i<n, (6.3)

where F' is an absolutely continuous distribution function with density f and
Qi,...,q, are positive real numbers used to indicate the influence of a failure on
the remaining components (see Kamps 1995). Utilizing this representation, the

joint survival function of residual lifetimes after k failures simplifies to

Ak+1
F(Hl)(zl,.. k) /H ( (% —|—8)> dF)ggk)(S)7
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where F = 1 — F denotes the survival function of F.

For the joint density function of the residual lifetimes, we obtain

.k —_ apy1—1
FED (2 0 2ak) = Qp / H — le(Zl ) dFXﬁk)(S)- (6.4)
0 i=1

F(s))ak+1

Let h**1) and H**Y denote the common marginal density and marginal distri-

(k+1),

bution functions of the Z; ’s. Then the common marginal distribution function

of the Zz-kﬂ) is,

k+1) (Z(k+1 < Z)

/ Z(’“+1 |X£’“)=s) dFX" (s)

0

:/P(X(k+1) < z—l—s|X )dFX’Ek)(s)
:0/ |:Fk+1(fj;i;(§l;+l(3)} dFX£k)(3), 65)

Using the relation in (6.3), marginal distribution and the marginal density of

k+1 .
ZZ-( g are written as

k+1 / ak+1 (};Ej1+ ))Oék+1 dFX*Ek)(s)7 (66)
! F(s))

- ”<uﬂfz+sMF< F :
0/[ (8))04 ( ) (6 )

6.1 Aging of the remaining components

Proposition 6.1 If F is NBU (NWU), then Z" <, 7, (z%) >, 7).

k+1)

Proof. The marginal distribution of Zf has the following form:

[ FE)™ = (Fa )™
H' )(21)—/ T dF*+ " (s).

0
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If F"is NBU, we have
(F(z1 + )™ < (F(20))™ (F(s))™.

Hence,

[e.o] —

H(k—i—l)(Zl) > / (F(S)) _((FP;S;)&)HI (F(S)) dFX“Ek)(s)

>1— (F(zl))ak+l

= Fry1(21).

6.2 Characterizations

Theorem 6.2 If kaﬂ) < Zy, then F = Exp(\), A > 0.

Proof. 1f Z£k+1) < Zy, then for z > 0,

oo

e - | [F;—f)’} 4P (5) = Frn(2)

Thus, the following assertion holds:

= [P E a0 - [Frair s =0,
L Frga(s)
/ 0
= / [Fra(z + S)__ Fk+1(z)ﬁk+1(8)} dFX“Ek)<3) =0, for 2> 0.
I Fiya(s) |

This satisfies the integrated Cauchy functional equation (Rao and Shanbhag 1994)

and the solution is only based on the exponential distribution for some A > 0. [
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6.3 Exchangeability of the residual lifetimes

The concept of exchangeability introduced by deFinetti allows the more flex-
ible modeling by forcing Bayesian approach. It is important to notice that when
X,’s are considered to be a random sample from some model, then they are nec-
essarily exchangeable. If we assume that there exists a random variable Y with
distribution function G(y), given Y =y, X,’s are conditionally independent with
common marginal conditional distribution denoted by Fy(z). Thus the joint

distribution of X7, X», ..., X,, assumes the form:

7 ()

j=1

[e.9]

FX1 ,,,,, Xn<$17---7$n> = /

—0o0

dG(y).

(k1)

Similarly, the joint distribution of s follows

F(Hl)(z Ly Znek) / /H (1 _1 fyllfi;j(j; S)) dF (s)| dG(y).
(6.8)

s are conditionally independent exponen-

If we suppose that, given Y = y, Z(kJr )

tial random variables, then

0 n—k

TR ) = / (Fy ()™ dG(y). (6.9)

1

%
—o0

6.4 Expected value of the residual lifetimes

The concept of mean residual life is based on conditional expectations and
has been much interest in the actuarial science, survival studies and reliability
theory. The mean residual life function W(s) of a component, with distribution
function F' related to a lifelength X, is defined by the following expectation of
X — s given X > s:

U(t)=FE(X —s|X >5s).



CHAPTER 6. 35

If we denote the survival function for a component at the (k + 1)th level as

S+ (z]s), the mean residual life function W*+1(s) can be defined as follows:

D () = (Xf’““) — sl x®HD S 3)

= /S(k+1)(:c|s)dx. (6.10)

The survival function of the remaining components after the kth failure in the

system has the following form:
SED (g]s) = P(XFHY — 5| xFH > g)

P(X ) > 2+ s)
P(XF > )

Fk+1(33 + 5)
Fia(s)
Utilizing (6.10) we have,
[F
P (5) = / kil(—x_l_s)dx, for s > 0. (6.11)
Fk+1(3)

Theorem 6.3 The expected value of a residual lifetime after k failures is directly
related to MRL function of the (k + 1)th level. That is

£ <Z{k+1)) _ B (\Ij(k+l)(X£k))) _

Proof. The result follows directly from the expectation of Z; (k1)
E(z") = / P (2% > 2) d2
= >z+Ss ) s)dz
P (Xx*D X® = s)dF* (s)d
0

t 0\8 0\8 =)

/ ERAESS Z+S dFXik)(s)dz
Fiy
0

PED (6)d X ()
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Conclusion

The subject of residual lifelengths has a lot of applications in real life. It is
logical to investigate distributional properties and characterizations of the resid-
ual lifetimes of the remaining components to have foreknowledge incase they will
be reused in other systems. It is seen that even under the classical assumption
that the original lifetimes were i.i.d, it will turn out that the residual lifetimes of
the remaining items will be exchangeable, but typically not independent. They

will be conditionally independent under different censoring schemes.
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