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In this paper we study the existence of periodic and asymptotically periodic solutions of
a system of nonlinear Volterra difference equations with infinite delay. By means of
fixed point theory, we furnish conditions that guarantee the existence of such periodic
solutions.
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1. Introduction

Consider the system of nonlinear Volterra difference equations with infinite delay

Dxn ¼ hnxn þ
Xn
i¼21

an;if ðyiÞ

Dyn ¼ pnyn þ
Xn
i¼21

bn;igðxiÞ

8>>>>><
>>>>>:

; ð1:1Þ

where f and g are real valued and continuous functions and fan;i}, fbn;i}, fhn} and fpn} are

real sequences. In this study, we use Schauder’s fixed point theorem to provide sufficient

conditions guaranteeing the existence of periodic and asymptotically periodic solutions of

system (1.1). Since we are seeking the existence of periodic solutions it is natural to ask

that there exists a least positive integer T such that

hnþT ¼ hn; pnþT ¼ pn; ð1:2Þ

anþT ;iþT ¼ an;i; ð1:3Þ

and

bnþT ;iþT ¼ bn;i ð1:4Þ

hold for all n [ N, where N indicates the set of all non-negative integers.

Recently, there has been a remarkable interest in the study of Volterra equations due to

their applications in numerical analysis and biological systems, see e.g. [2,3,18]. There is a
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vast literature on this subject in the continuous and discrete cases. For instance, in [19] the

authors considered the 2D system of nonlinear Volterra difference equations

Dxn ¼ hnxn þ
Xn
i¼1

an;if ðyiÞ

Dyn ¼ pnyn þ
Xn
i¼1

bn;igðxiÞ

8>>>>><
>>>>>:

; n ¼ 1; 2; . . .

and classified the limiting behaviour and the existence of its positive solutions with the

help of fixed point theory. Also, the authors of [15] analysed the asymptotic behaviour of

positive solutions of second-order nonlinear difference systems, while the authors of [14]

studied the classification and the existence of positive solutions of the system of Volterra

nonlinear difference equations. Periodicity of the solutions of difference equations has

been handled by [1,5–10]. In [6,7], the authors focused on a system of Volterra difference

equations of the form

xsðnÞ ¼ asðnÞ þ bsðnÞxsðnÞ þ
Xr
p¼1

Xn
i¼0

Kspðn; iÞxpðiÞ; n [ N;

where as, bs, xs : N! R and Ksp : N £N! R, s ¼ 1; 2; . . . ; r, andR denotes the set of all

real numbers and obtained sufficient conditions for the existence of asymptotically

periodic solutions. They had to construct a mapping on an appropriate space and then

obtain a fixed point. Furthermore, in [11] the authors investigated the existence of periodic

and positive periodic solutions of system of nonlinear Volterra integro-differential

equations. The paper [8] of Elaydi was one of the first to address the existence of periodic

solutions and the stability analysis of Volterra difference equations. Since then, the study

of Volterra difference equations has been vastly increasing. For instance, we mention the

papers [12,16] and the references therein. In addition to periodicity we refer to [13,17] for

results regarding boundedness. The main purpose of this paper was to extend the results of

the above-mentioned literature by investigating the possibility of existence of periodic and

the asymptotic periodic solutions for systems of nonlinear Volterra difference equations

with infinite delay.

Denote by Z and Z2 the set of integers and the set of non-positive integers,

respectively. By a solution of system (1.1) we mean a pair of sequences fðxn; ynÞ}n[Z of

real numbers which satisfy (1.1) for all n [ N. The initial sequence space for the solutions

of system (1.1) can be constructed as follows. Let S denote the non-empty set of pairs of all

sequences ðh; zÞ ¼ fðhn; znÞ}n[Z2 of real numbers such that

max sup
n[Z2

jhnj; sup
n[Z2

jznj

� �
, 1;

and for each n [ N the series

X0
i¼21

an;if ðhiÞ and
X0
i¼21

bn;igðziÞ

converge. It is clear that for any given pair of initial sequences fðhn; znÞ}n[Z2 in S there

exists a unique solution fðxn; ynÞ}n[Z of system (1.1) which satisfies the initial condition

xn

yn

 !
¼

hn

zn

 !
for n [ Z2; ð1:5Þ

M. Adivar et al.1928



such solution fðxn; ynÞ}n[Z is said to be the solution of the initial problem (1.1–1.5). For

any pair ðh; zÞ [ S, one can specify a solution of (1.1–1.5) by denoting it by

fðxnðhÞ; ynðzÞÞ}n[Z, where

ðxnðhÞ; ynðzÞÞ ¼
ðhn; znÞ for n [ Z2;

ðxn; ynÞ for n [ N:

(

In our analysis, we apply a fixed point theorem to general operators over a Banach space of

bounded sequences defined on the whole set of integers. Unlike the above-mentioned

literature that dealt with the stability of delayed difference systems, in the construction of

our existence type theorems we neglect the consideration of phase space, for simplicity.

For a similar approach we refer to [4].

We end this section by recalling the fixed point theorem that we use in our further

analysis.

Theorem 1 (Schauder’s fixed-point theorem). Let X be a Banach Space. Assume that

K is a closed, bounded and convex subset of X. If T : K ! K is a compact operator, then it

has a fixed point in K.

2. Periodicity

In this section, we use Schauder’s fixed point theorem to show that system (1.1) has a

periodic solution.

Let PT be the set of all pairs of sequences ðx; yÞ ¼ fðxn; ynÞ}n[Z satisfying xnþT ¼ xn
and ynþT ¼ yn for all n [ N. Then PT is a Banach space when it is endowed with the

maximum norm

ðx; yÞk k :¼ max max
n[½1;T�Z

jxnj; max
n[½1;T�Z

jynj

� �
;

where ½1; T�Z :¼ ½1; T�> Z. We define the subset VðWÞ of PT by

VðWÞ :¼ fðx; yÞ [ PT : kðx; yÞk # W};

where W . 0 is a constant. Then VðWÞ is a bounded, closed and convex subset of PT .

For any pair ðx; yÞ ¼ fðxnðhÞ; ynðzÞÞ}n[Z [ VðWÞ with an initial sequence

fðhn; znÞ}n[Z2 in S, define the mapping E on VðWÞ by

Eðx; yÞ :¼ fEðx; yÞn}n[Z :¼
E1ðx; yÞn

E2ðx; yÞn

 !( )
n[Z

;

where

E1ðx; yÞn :¼

hn for n [ Z2;

ah

XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ hlÞ

 ! Xi
m¼21

ai;mf ðymÞ for n [ N;

8>><
>>: ð2:1Þ

E2ðx; yÞn :¼

zn for n [ Z2;

ap

XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ plÞ

 ! Xi
m¼21

bi;mgðxmÞ for n [ N;

8>><
>>: ð2:2Þ
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and

ah :¼ 12
YT21

l¼0

ð1þ hlÞ

" #21

; ap :¼ 12
YT21

l¼0

ð1þ plÞ

" #21

:

We use the following result on several occasions in our further analysis.

Lemma 1. Assume that (1.2–1.4) hold. Suppose that 1þ hn – 0, 1þ pn – 0 for all

n [ ½1; T�Z and that

YT21

l¼0

ð1þ hlÞ – 1 and
YT21

l¼0

ð1þ plÞ – 1: ð2:3Þ

The pair ðx; yÞ ¼ fðxnðhÞ; ynðzÞÞ}n[Z [ VðWÞ with an initial sequence fðhn; znÞ}n[Z2 in S

satisfies

Eðx; yÞn ¼ ðxn; ynÞ

for all n [ N if and only if it is a T-periodic solution of (1.1).

Proof. One may easily verify that the pair ðx; yÞ ¼ fðxnðhÞ; ynðzÞÞ}n[Z [ VðWÞ satisfying

ðxn; ynÞ ¼ Eðx; yÞn for all n [ N is a T-periodic solution of system (1.1). Conversely,

suppose that the pair ðx; yÞ ¼ fðxnðhÞ; ynðzÞÞ}n[Z [ VðWÞ is a T-periodic solution of (1.1).

Multiplying both sides of the first equation in (1.1) with ð
Qn

l¼0 ð1þ hlÞÞ
21 and taking the

summation from n to nþ T 2 1, we obtain

XnþT21

i¼n

D xi
Yi21

l¼0

ð1þ hlÞ

 !21" #
¼
XnþT21

i¼n

Yi
l¼0

ð1þ hlÞ

 !21 Xi
m¼21

ai;mf ðymÞ:

This implies that

xnþT

YnþT21

l¼0

ð1þ hlÞ

 !21

2 xn
Yn21

l¼0

ð1þ hlÞ

 !21

¼
XnþT21

i¼n

Yi
l¼0

ð1þ hlÞ

 !21 Xi
m¼21

ai;mf ðymÞ:

Using the equalities xnþT ¼ xn and
QnþT21

l¼n ð1þ hlÞ ¼
QT21

l¼0 ð1þ hlÞ, n [ N, we have

E1ðx; yÞn ¼ ðxn; ynÞ for all n [ N. The equality E2ðx; yÞn ¼ ðxn; ynÞ for n [ N can be

obtained by using a similar procedure. The proof is complete. A

M. Adivar et al.1930



In preparation for the next result we assume that there exist positive constantsW1,W2,

K1 and K2 such that

j f ðxÞj # W1; ð2:4Þ

jgðyÞj # W2; ð2:5Þ

jahj
XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ hlÞ

�����
�����
Xi

m¼21

jai;mj # K1; ð2:6Þ

japj
XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ plÞ

�����
�����
Xi

m¼21

jbi;mj # K2 ð2:7Þ

for all n [ Z and all ðx; yÞ [ VðWÞ.

Theorem 2. In addition to the assumptions of Lemma 1 suppose that (2.4–2.7) hold. Then

(1.1) has a T-periodic solution.

Proof. From Lemma 1, we can deduce that Eðx; yÞnþT ¼ Eðx; yÞn for all n [ N and any

ðx; yÞ [ VðWÞ. Moreover, if ðx; yÞ [ VðWÞ then

E1ðx; yÞnj j # jahj
XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ hlÞ

�����
�����
Xi

m¼21

jai;mj j f ðymÞj # W1K1; ð2:8Þ

and

E2ðx; yÞnj j # japj
XnþT21

i¼n

ap

YnþT21

l¼iþ1

ð1þ plÞ

�����
�����
Xi

m¼21

jbi;mj jgðxmÞj # W2K2 ð2:9Þ

for all n [ N. If we set W ¼ maxfW1K1;W2K2} then E maps VðWÞ into itself. Now we

show that E is continuous. Let fðx l; y lÞ}, l [ N, be a sequence in VðWÞ such that

lim
l!1

ðx l; y lÞ2 ðx; yÞ
�� �� ¼ lim

l!1
max

n[½1;T�Z
xln 2 xn
�� ��; yln 2 yn

�� ��� �� �
¼ 0:

Since VðWÞ is closed, we must have ðx; yÞ [ VðWÞ. Then by definition of E we have

Eðx l; y lÞ2 Eðx; yÞ
�� �� ¼ max max

n[½1;T�Z
E1ðx

l; y lÞn 2 E1ðx; yÞn
�� ��;�

max
n[½1;T�Z

E2ðx
l; y lÞn 2 E2ðx; yÞn

�� ���;

Journal of Difference Equations and Applications 1931



in which

E1ðx
l; y lÞn 2 E1ðx; yÞn

�� �� ¼ ahj j
XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ hlÞ

 ! Xi
m¼21

ai;mf ylm
	 
�����

2
XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ hlÞ

 ! Xi
m¼21

ai;mf ðymÞ

�����
# ahj j

XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ hlÞ

�����
�����
Xi

m¼21

ai;m
�� �� f ylm

	 

2 f ðymÞ

�� ��:
Similarly,

E2ðx
l; y lÞn 2 E2ðx; yÞn

�� �� # japj
XnþT21

i¼n

YnþT21

l¼iþ1

ð1þ plÞ

�����
�����
Xi

m¼21

jbi;mj g xlm
	 


2 gðxmÞ
�� ��:

The continuity of f and g along with the Lebesgue-dominated convergence theorem

implies that

lim
l!1

Eðx l; y lÞ2 Eðx; yÞ
�� �� ¼ 0:

This shows that E is continuous. Finally, we have to show that EVðWÞ is precompact. Let

fðx l; y lÞ}l[N be a sequence in VðWÞ. For each fixed l [ N, fðxln; y
l
nÞ}n[Z is a bounded

sequence of real pairs. Then by Bolzano–Weierstrass theorem, fðxln; y
l
nÞ}n[Z has a

convergent subsequence fðxlnk ; y
l
nk
Þ}. By repeating the diagonalization process for each

l [ N we can construct a convergent subsequence fðx lk ; y lk Þ}lk[N of fðx l; y lÞ}l[N inVðWÞ.

Since E is continuous, we deduce that fEðx l; y lÞ}l[N has a convergent subsequence in

EVðWÞ. This means that EVðWÞ is precompact. By Schauder’s fixed point theorem we

conclude that there exists a pair ðx; yÞ [ VðWÞ such that Eðx; yÞ ¼ ðx; yÞ. A

Theorem 3. In addition to the assumptions of Lemma 1, we assume that (2.4), (2.6) and

(2.7) hold. If g is a non-decreasing function satisfying

jgðxÞj # gðjxjÞ; ð2:10Þ

then (1.1) has a T-periodic solution.

Proof. By (2.8) we already have

jE1ðx; yÞj # W1K1 for all ðx; yÞ [ VðWÞ:

This along with (2.10) implies that

E2ðx; yÞnj j #
XnþT21

i¼n

ap

YnþT21

l¼iþ1

ð1þ plÞ

�����
�����
Xi

m¼21

jbi;mj jgðxmÞj

#
XnþT21

i¼n

ap

YnþT21

l¼iþ1

ð1þ plÞ

�����
�����
Xi

m¼21

jbi;mjgðjE1ðx; yÞjÞ

# K2gðW1K1Þ:

M. Adivar et al.1932



If we setW ¼ maxfW1K1;K2gðW1K1Þ}, then the rest of the proof is similar to the proof of

Theorem 2 and hence we omit it. A

Similarly, we can give the following result.

Theorem 4. In addition to the assumptions of Lemma 1, we assume (2.5), (2.6) and (2.7)

hold. If f is a non-decreasing function satisfying

j f ðyÞj # f ðjyjÞ;

then (1.1) has a T-periodic solution.

Example 1. Let

hn ¼ 1þ cos np; pn ¼ 12 cos np; an;i ¼ bn;i ¼ ei2n;

and

f ðxÞ ¼ sin x and gðxÞ ¼ sin 2x:

Then (1.1) turns into the following system

Dxn ¼ ð1þ cos npÞxn þ
Xn
i¼21

ei2n sinðyiÞ;

Dyn ¼ ð12 cos npÞyn þ
Xn
i¼21

ei2n sinð2xiÞ:

8>>>>><
>>>>>:

It can be easily verified that conditions (1.2)–(2.3) and (2.4)–(2.7) hold. By Theorem 2,

there exists a 2-periodic solution ðx; yÞ ¼ fðxn; ynÞ}n[Z of system (1.1) satisfying

xn ¼ 2
1

2

Xnþ1

i¼n

Ynþ1

l¼iþ1

ð2þ cosðlpÞÞ
Xi

m¼21

em2i sinðymÞ;

yn ¼ 2
1

2

Xnþ1

i¼n

Ynþ1

l¼iþ1

ð22 cosðlpÞÞ
Xi

m¼21

em2i sinð2xmÞ;

for all n [ N.

3. Asymptotic periodicity

In this section, we show the existence of an asymptotically T-periodic solution of system

(1.1) by using Schauder’s fixed point theorem. First, we state the following definition.

Definition 1. A sequence fxn}n[Z is called asymptotically T-periodic if there exist two

sequences un and vn such that un is T-periodic, limn!1vn ¼ 0 and xn ¼ un þ vn for all

n [ Z.

First, we suppose that

YT21

j¼0

ð1þ hjÞ ¼ 1 and
YT21

j¼0

ð1þ pjÞ ¼ 1: ð3:1Þ

Journal of Difference Equations and Applications 1933



Then we define the sequences w :¼ fwn}n[N and c :¼ fcn}n[N as follows:

wn :¼
Yn21

j¼0

1

1þ hj
and cn :¼

Yn21

j¼0

1

1þ pj
: ð3:2Þ

Furthermore, we define the constants mk, Mk, k ¼ 1; 2, by

m1 :¼ min
i[½1;T�Z

jwij; M1 :¼ max
i[½1;T�Z

jwij; m2 :¼ min
i[½1;T�Z

jcij; M2 :¼ max
i[½1;T�Z

jcij:

We note that in this section, we do not assume (1.3) and (1.4) but instead we suppose

that the series

X1
i¼0

Xi
m¼21

jai;mj , 1 and
X1
i¼0

Xi
m¼21

jbi;mj , 1 ð3:3Þ

converge to a and b, respectively. Observe that (3.3) implies

lim
n!1

X1
i¼n

Xi
m¼21

jai;mj ¼ lim
n!1

X1
i¼n

Xi
m¼21

jbi;mj ¼ 0: ð3:4Þ

Theorem 5. Suppose that (2.4), (2.5), (3.1), (3.3) and (3.4) hold. Then system (1.1) has an

asymptotically T-periodic solution ðx; yÞ ¼ fðxn; ynÞ}n[Z satisfying

xn :¼ uð1Þn þ vð1Þn ; yn :¼ uð2Þn þ vð2Þn

for n [ N, where

uð1Þn ¼ c1
Yn21

j¼0

ð1þ hjÞ; uð2Þn ¼ c2
Yn21

j¼0

ð1þ pjÞ; n [ Zþ

c1 and c2 are positive constants, and

lim
n!1

vð1Þn ¼ lim
n!1

vð2Þn ¼ 0:

Proof. Due to the T-periodicity of the sequences fhn}n[Z and fpn}n[Z and by (3.1) and

(3.2) we have

wn [ fw1;w2; . . . ;wT} and cn [ fc1;c2; . . . ;cT}

for all n [ N. This means

m1 # jwnj # M1 ð3:5Þ

m2 # jcnj # M2 ð3:6Þ

for all n [ N. Let B be the set of all real bounded sequences x ¼ fxn}n[Z. Denote by B the

Banach space of all pairs of real bounded sequences ðx; yÞ ¼ fðxn; ynÞ}n[Z, x; y [ B,

endowed with the maximum norm

kðx; yÞk ¼ max sup
n[Z

jxnj; sup
n[Z

jynj

� �
:
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For a positive constant W * we define

V*ðW *Þ :¼ fðx; yÞ [ B : kðx; yÞk # W *}:

Then, V*ðW *Þ is a non-empty bounded convex and closed subset of B. For any pair

ðx; yÞ ¼ fðxnðhÞ; ynðzÞÞ}n[Z [ V*ðW *Þ with an initial sequence fðhn; znÞ}n[Z2 in S define

the mapping E * on V*ðW *Þ by

E *ðx; yÞ ¼ E *ðx; yÞn
� �

n[Z
¼

E*
1ðx; yÞn

E*
2ðx; yÞn

0
@

1
A

8<
:

9=
;

n[Z

;

where

E*
1ðx; yÞn :¼

hn for n [ Z2;

c1
1
wn
2
X1
i¼n

Xi
m¼21

wiþ1

wn

ai;mf ðymÞ for n [ N;

8>><
>>: ð3:7Þ

and

E*
2ðx; yÞn :¼

zn for n [ Z2;

c2
1
cn
2
X1
i¼n

Xi
m¼21

ciþ1

cn

bi;mgðxmÞ for n [ N:

8>><
>>: ð3:8Þ

We show that the mapping E * has a fixed point in B. First, we demonstrate that

E *V*ðW *Þ , V*ðW *Þ. If ðx; yÞ [ V*ðW *Þ, then

E*
1ðx; yÞn 2 c1

1

wn

����
���� # M1m

21
1 W1

X1
i¼n

Xi
m¼21

jai;mj

# M1m
21
1 W1

X1
i¼0

Xi
m¼21

jai;mj

¼ M1m
21
1 W1a;

and

E*
2ðx; yÞn 2 c2

1

cn

����
���� # M2m

21
2 W2

X1
i¼n

Xi
m¼21

jbi;mj

# M2m
21
2 W2

X1
i¼0

Xi
m¼21

jbi;mj

¼ M2m
21
2 W2b

for all n [ N. This implies that

E*
1ðx; yÞn

�� �� # M1m
21
1 W1aþ

c1

m1

and

E*
2ðx; yÞn

�� �� # M2m
21
2 W2bþ

c2

m2
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for all n [ N. If we set

W * ¼ max M1m
21
1 W1aþ

c1

m1

;M2m
21
2 W2bþ

c2

m2

� �
;

then we have E *V*ðW *Þ , V*ðW *Þ as desired.

Next, we show that E * is continuous. Let fðxq; yqÞ}q[N be a sequence in V*ðW *Þ such

that limq!1jjðx
q; yqÞ2 ðx; yÞjj ¼ 0, where ðx; yÞ ¼ fðxn; ynÞ}n[Z. Since V

*ðW *Þ is closed,

we must have ðx; yÞ [ V*ðW *Þ. From (3.7) and (3.8), we have

E*
1ðx

q; yqÞn 2 E*
1ðx; yÞn

�� �� #X1
i¼n

Xi
m¼21

wiþ1

wn

����
���� ai;m�� �� f yqm

	 

2 f ðymÞ

�� ��
and

E*
2ðx

q; yqÞn 2 E*
2ðx; yÞn

�� �� #X1
i¼n

Xi
m¼21

ciþ1

cn

����
������bi;m�� g xqm

	 

2 gðxmÞ

�� ��
for all n [ N. Since f and g are continuous, we have by the Lebesgue-dominated

convergence theorem that

lim
q!1

�� E *ðxq; yqÞ2 E *ðx; yÞ
�� ���� ¼ 0:

As we did in the proof of Theorem 2 we can show that E * has a fixed point inV*ðW *Þ. On

the other hand, using a similar procedure that we have employed in the proof of Lemma 1,

we can deduce that any solution ðx; yÞ ¼ fðxn; ynÞ}n[Z of system (1.1) is a fixed point for

operator E *. This means E *ðx; yÞ ¼ ðx; yÞ or equivalently,

xn ¼ c1
1

wn

2
X1
i¼n

Xi
m¼21

wiþ1

wn

ai;mf ðymÞ ð3:13Þ

and

yn ¼ c2
1

cn

2
X1
i¼n

Xi
m¼21

ciþ1

cn

bi;mgðxmÞ: ð3:14Þ

Conversely, any pair ðx; yÞ ¼ fðxn; ynÞ}n[Z satisfying (3.13) and (3.14) also satisfy that

xnþ1 2 xnð1þ hnÞ ¼ c1
Yn
j¼0

ð1þ hjÞ2 ð1þ hnÞ
Yn21

j¼0

ð1þ hjÞ

 !

þ ð1þ hnÞ
X1
i¼n

Xi
m¼21

wiþ1

wn

ai;mf ðymÞ

2
X1
i¼nþ1

Xi
m¼21

wiþ1

wnþ1

ai;mf ðymÞ;
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and hence,

xnþ1 2 xnð1þ hnÞ ¼
X1
i¼n

Xi
m¼21

ð1þ hnÞ
Yn21

j¼0

ð1þ hjÞ

Yi
j¼0

ð1þ hjÞ

ai;mf ðymÞ

2
X1
i¼nþ1

Xi
m¼21

Yn
j¼0

ð1þ hjÞ

Yi
j¼0

ð1þ hjÞ

ai;mf ðymÞ

¼
Xn

m¼21

an;mf ðymÞ:

That is, any fixed point ðx; yÞ ¼ fðxn; ynÞ}n[Z of operator E * satisfies the first equation in

(1.1). Similarly, one may show that the second equation holds.

For an arbitrary fixed point ðx; yÞ [ V*ðW *Þ of E *, we have

lim
n!1

xn 2 c1
1

wn

����
���� ¼ lim

n!1
E*
1ðx; yÞn 2 c1

1

wn

����
���� ¼ 0 ð3:15Þ

and

lim
n!1

yn 2 c2
1

cn

����
���� ¼ lim

n!1
E2ðx; yÞn 2 c2

1

cn

����
���� ¼ 0: ð3:16Þ

Choosing

uð1Þn ¼ c1
1

wn

; vð1Þn ¼ 2
X1
i¼n

Xi
m¼21

wiþ1

wn

ai;mf ðymÞ ð3:17Þ

and

uð2Þn ¼ c2
1

cn

; vð2Þn ¼ 2
X1
i¼n

Xi
m¼21

ciþ1

cn

bi;mgðxmÞ; ð3:18Þ

we have xn ¼ uð1Þn þ vð1Þn and yn ¼ uð2Þn þ vð2Þn . By (3.15) and (3.16), vð1Þn and vð2Þn tend to 0

when n!1. We have to show that uð1Þn and uð2Þn are T-periodic.

uð1ÞnþT ¼ c1
YnþT21

j¼0

ð1þ hjÞ ¼ c1
Yn21

j¼0

ð1þ hjÞ
YnþT21

j¼n

ð1þ hjÞ

¼ c1
Yn21

j¼0

ð1þ hjÞ
YT21

j¼0

ð1þ hjÞ

¼ c1
Yn21

j¼0

ð1þ hjÞ;

by (3.1). The proof for uð2Þn is thus identical. A
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Example 2. Consider system (1.1) with the following entries:

hn ¼ pn ¼

1; if n ¼ 2k þ 1 for k [ Z

2 1
2
; if n ¼ 2k for k [ Z

8<
:

an;i ¼ ei22n; for n; i [ Z; bn;i ¼ e2i23n; for n; i [ Z;

f ðxÞ ¼ cos x and gðxÞ ¼ cos2x:

Then (1.1) turns into the following system:

Dxn ¼ hnxn þ
Xn
i¼21

ei22ncosðyiÞ;

Dyn ¼ pnyn þ
Xn
i¼21

e2i23ncosð2xiÞ:

8>>>>><
>>>>>:

Obviously, the sequences fhn}n[Z and fpn}n[Z are 2-periodic and all conditions of

Theorem 5 are satisfied. Hence, we conclude by Theorem 5 the existence of an

asymptotically 2-periodic solution ðx; yÞ ¼ fðxn; ynÞ}n[Z satisfying

xn ¼ c1
1

wn

2
X1
i¼n

Xi
m¼21

wiþ1

wn

em22icosðymÞ;

yn ¼ c2
1

cn

2
X1
i¼n

Xi
m¼21

ciþ1

cn

e2m23i cosð2xmÞ;

for all n [ N, where c1 and c2 are positive constants, w :¼ fwn}n[N and c :¼ fcn}n[N are

as in (3.2).

Notes

1. Email: can.koyuncuoglu@ieu.edu.tr.
2. Email: yraffoul1@udayton edu.
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