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ABSTRACT
The aim of the current study is the computation of wave energy fluxes for longitudinal tube
waves generated in the convection zone of the chromospherically active star ε Eridani. In our
models, we employ a modified theory of turbulence together with the magnetohydrodynamic
equations in a time-dependent setting. The wave generation mechanism is given by the inter-
action between vertically oriented magnetic flux tubes and the convective turbulence. We also
use updated values for the effective temperature and surface gravity; additionally, we take dif-
ferent magnetic activity levels into account. Our numerical approach allows for the non-linear
effects to be considered. The time-averaged upward propagating energy fluxes range from
FLTW = 4.02 × 107 to 2.92 × 108 (erg cm−2 s−1) for flux tubes of magnetic field strengths
between B0 = 1830 G and 1445 G, respectively. This increase given as roughly a factor of
7 between the above mentioned values of the magnetic field strengths is attributable to the
enhanced rigidity of the magnetic flux tube found for relatively large magnetic field strengths.
The current results are highly significant for the construction of theoretical time-dependent
model chromospheres.
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1 IN T RO D U C T I O N

The magnetic field is considered constituting the driving entity for
the majority of active phenomena observed on the Sun and other
solar-type stars. Chromospheric and coronal activities are exam-
ples which reflect the role(s) of the magnetic field resulting in the
observed spatial temperature increases beyond stellar photospheres
(e.g. De Pontieu et al. 2011; McLaughlin, Hood & de Moortel
2011; Houdebine et al. 2012, and references therein). Stellar mag-
netic fields are highly complex in nature and there are no direct
techniques to observe small-scale stellar magnetic field structure;
therefore, we must rely on a theoretical approach to understand and
interpret spectral lines correlated with stellar magnetic field fea-
tures. This latter effort is highly challenging even for the Sun. Due
to the lack of spatial resolution, solar-type magnetic features can
in general not be observed on stars; in most cases, we are limited
to a global view of magnetic surface fields; reviews on the subject
of solar magnetic field and cool stars have been given by Solanki,
Inhester & Schüssler (2006) and Reiners (2012). On the other hand,
stars offer the opportunity of observing a wide range of magnetic
field strengths and activities ultimately triggered by motions within
the stellar convection zones, thus allowing us to enhance our under-
standing of magnetic dynamo theory.

� E-mail: diaa.gadelmavla@ieu.edu.tr

The chromospheric temperature rise for the Sun and other solar-
type stars is still a largely unsolved problem, but the two fun-
damental heating mechanisms, i.e. acoustic and magnetic, are
widely accepted as they dominate in non-magnetic and magnetic
regions, respectively (e.g. Klimchuk 2006; Taroyan & Erdélyi 2009;
Morton et al. 2012; Wedemeyer-Böhm et al. 2012). Theoreti-
cal models based on these mechanisms can predict the radiative
losses in chromospheric lines (e.g. Mg II h+k and Ca II H+K)
with acceptable accuracy; see, e.g. work by Ulmschneider (1989),
Buchholz et al. (1998) and Cuntz, Rammacher & Musielak (2007)
for acoustic waves, and, e.g. Fawzy et al. (2002a,b,c) for magnetic
waves. Both mechanisms have previously been combined in two-
component models to represent both the magnetic-free and magnetic
regions (e.g. Cuntz, Ulmschneider & Musielak 1998; Cuntz et al.
1999); the realism of the time-averaged temperature rises beyond
stellar photospheres in both acoustic and magnetic models has been
assessed by, e.g. Rammacher & Cuntz (2005), among other work.

Various previous studies have been devoted to the dwarf star
ε Eridani as it is one of the closest late-type main-sequence stars
known to almost certainly possessing a planet (Hatzes et al. 2000); it
is also recognized for displaying high magnetic and chromospheric
activity (e.g. Vieytes, Mauas & Diaz 2009) due to its young age
(e.g. Janson et al. 2008). In principle, ε Eridani displays solar-like
behaviour, despite pronounced differences in scales and magnitude.
It has a higher global magnetic field than the Sun, noting that on
average the magnetic field strength averaged over its surface is
about 165 ± 30 G (Rüedi et al. 1997). A study by Croll et al. (2006)
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confirms the earlier findings that the surface of ε Eridani is rotating
differentially analogous to the Sun. A magnetic activity cycle similar
to the Sun has recently been confirmed by Metcalfe et al. (2013).
Thus, ε Eridani offers a unique opportunity for the study of stellar
dynamos. Moreover, ε Eridani’s UV output, a direct consequence of
its magnetic activity, is also relevant in the context of astrobiology
noting that the strength of stellar UV emission may be related to
the suitability of ε Eridani’s environment for extraterrestrial life
(e.g. Cockell 1999; Buccino, Lemarchand & Mauas 2006; Guinan
& Engle 2009; Cuntz et al. 2012).

Moreover, ε Eridani is also a suitable candidate for the study
of chromospheric oscillations. Previous studies for main-sequence
stars were given by, e.g. Matthews et al. (2004), Bouchy et al.
(2004), Stello et al. (2010), Chaplin et al. (2011a,b) and Huber
et al. (2011). Numerous investigations show that stars with no-
table chromospheric activity exhibit atmospheric oscillations (e.g.
Ulmschneider et al. 2001a), and that waves take the roles of heating
the outer layers as well as of serving as a driving agent to trigger stel-
lar oscillations. Hence, the oscillations occur as a natural response
of the atmospheres regarding propagating acoustic and magnetic
waves; these waves are also a good indicator of chromospheric
activity as well. The levels of chromospheric activities and oscilla-
tions strongly depend on the generated magnetic and acoustic wave
energies produced in the stellar convection zones. Chromospheric
activity and the stellar oscillation frequencies are closely related to
the stellar effective temperature as well as to the surface gravity; in
particular the oscillation frequencies increase with decreasing the
effective temperature regarding main-sequence stars.

The current work is an extension and application of the previous
work by Ulmschneider, Musielak & Fawzy (2001b) in which the
main mechanism responsible for the generation of different types
of waves (i.e. longitudinal and transverse) was identified as the
perturbation of the magnetic flux bundles (magnetic flux tubes) by
turbulence in the stellar convection zones. Note that there is no
comprehensive approach to the treatment of the various types of
waves relevant to the heating of stellar chromospheres and coronae;
typically, they require noticeably different algebraic and numerical
methods. In the present study, we focus on the calculation of the
energy generated by longitudinal waves (LTWs). Our aim is to
compute the amount of magnetic wave energy fluxes for ε Eridani
while considering updated stellar parameters; this will furthermore
prevent the appearance of numerical errors expected to occur when
interpolating results from general studies. Obtaining the required
values constitutes step 1 towards constructing self-consistent and
time-dependent magnetic chromospheric models.

In summary, the determination of the energy fluxes in form of
LTWs is of great significance to the following future efforts. (1)
Energy input studies for outer stellar layers taking ε Eridani as
an example; it also includes the opportunity of assessing possible
star–planet interactions in the view of recent studies on Ca II emis-
sion enhancement in planet-hosting stars (e.g. Krejc̆ová & Budaj
2012, and references therein). (2) Astrobiological studies consider-
ing that stellar UV radiation is correlated to the underlying magnetic
energy budget, which appears to be relevant in the context of ex-
traterrestrial life (e.g. Cockell 1999; Guinan & Engle 2009). (3)
Atmospheric oscillation studies in consideration of that stellar at-
mospheres strongly react to propagating waves (e.g. Kalkofen et al.
1994; Fawzy & Musielak 2012, and references therein).

This paper is structured as follows: a description of the method-
ology of computation is given in Section 2, Section 3 presents
the results and discussion, whereas the conclusions are given in
Section 4.

Figure 1. The algorithm used for the current computations.

2 M E T H O D O L O G Y O F M AG N E T I C
F L U X - T U B E E N E R G Y G E N E R AT I O N

The algorithms shown in Fig. 1 summarize the procedure used in
the current computations, and the following subsections explain the
computational steps in detail.

2.1 Initial model parameters

There are essentially four parameters which uniquely specify a star,
which are: the effective temperature Teff, surface gravity g, metal-
licity Zm and rotation period. The latter is an important parameter
for the computation of the magnetic wave energy flux at the stellar
surface since the dynamics within the stellar convective zone is crit-
ically affected by rotation. The stellar rotation is directly correlated
with the magnetic filling factor (e.g. Cuntz et al. 1999, and refer-
ences therein); however, in the current computations we employ
our procedure to a specific flux-tube model associated with a fixed
stellar surface magnetic filling factor. As part of our models we also
consider the effects of metal abundances on the efficiency of acous-
tic and magnetic wave generation. Relevant previous investigations
concern both analytical works, given by Ulmschneider et al. (1999)
for acoustic waves and Musielak, Rosner & Ulmschneider (2002)
for magnetic waves.

In the view of recent studies, the basic stellar parameters for ε

Eridani, namely, the effective temperature Teff, the surface gravity
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Table 1. Basic parameters for atmospheric models
of ε Eridani.

Teff log g Beq rb M/M� [Fe/H]
(K) – (G) (km) – –

5084 4.30 1926 50.0 0.82 −0.13

log g and the metallicity are now largely settled, albeit small uncer-
tainties remain. The updated values are given as Teff = 5084 ± 5.9 K
(Kovtyukh et al. 2003), log g = 4.30 ± 0.08 (Gonzalez,
Carlson & Tobin 2010) and metallicity [Fe/H] =−0.13 ± 0.04
(Santos, Israelian & Mayor 2004). These values are summarized
in Table 1; they form the basis for the current computations. The
opacity tables computed by the ATLAS code of Kurucz (1992, 1996)
are used in our study.

2.2 Magnetic flux-tube models

In the current study, we use the widely accepted concept of the
thin flux-tube approximation (e.g. Stenflo 1978; Solanki 1993) as
guidance; note that this concept has been validated through numer-
ous computations once the flux-tube extension with height does
not exceed few pressure scale-heights (Hassan et al. 2003); this as-
sumption is readily fulfilled in the current computations. Thus, we
consider a vertically oriented thin magnetic flux tube embedded in
a field-free region at height z = 0 km.

The construction of the initial flux-tube models requires the de-
termination of the magnetic field strength at the base of the flux
tube (height z = 0 km). Because of the lack of spatial resolution
on stellar surfaces, the parameters of stellar magnetic features (field
strength, B0 and the magnetic filling factor, f0) cannot accurately be
determined, and the factors of B0f0 cannot easily be separated. The
magnetic flux tubes are bundles of field lines governed by the hori-
zontal pressure balance with their surroundings, which also defines
the upper limit of the magnetic field strength inside of the tubes. The
maximum value is reached in the limiting case of void tubes (i.e.
internal gas pressure pi = 0); this case corresponds to the equipar-
tition field strength, Beq; it is obtained from the horizontal pressure
balance equation B2

eq/8π + pi = pe with pe being the external gas
pressures at the same height. For most GK-type stars, Saar (1996)
found that the magnetic field strength B ≤ Beq is commonly valid,
although heavily spotted stars may violate this approach; however,
these types of stars are beyond the scope of our study.

In the current models, we obtain a value of pe(z = 0 km) =
1.48 × 105 dyn cm−2 corresponding to Beq = 1926 G. To deter-
mine the bottom radius of the flux tube, we consider the solar case
as guidance. Note that on the Sun, a thin magnetic flux tube has a ra-
dius of roughly half the local pressure scaleheight, rb � �Teff/2μg,
where μ is the mean molecular weight and � is the gas constant. For
ε Eridani, a tube radius rb = 50 km is attained. As the magnetic field
strength changes across the stellar surface, we assume a set of three
different factors, η = B/Beq = 0.75, 0.85 and 0.95. For the Sun, a
value of B/Beq = 0.875 is implied based on an equipartition field of
Beq = 1715 G. The choice of these factors is supported by a study
of Valenti, Marcy & Basri (1995), which indicates that 9 per cent
of the star’s surface is covered by 1.44 kG field, corresponding to
about 0.75 Beq in the current computations.

With the specification of the parameters stellar effective tem-
perature, surface gravity and the magnetic field strength at height
z = 0 km we construct a vertically oriented magnetic flux-tube
model embedded in a field-free region as shown in step 2 of the
main algorithm (see Fig. 1). An intriguing aspect is the height

where the interaction between the magnetic flux tubes and the tur-
bulent eddies takes place. The interaction is expected to be near
the stellar surface where the maximum turbulent velocities occur. A
previous study by Ulmschneider & Musielak (1998) indicates that
the position of the squeezing point has no significant influence on
the properties of the generated magnetic waves. Hence, we assume
as height of the squeezing point τ 5000 = 1 consistent with the afore-
mentioned study; it also indicates that the magnetic filling factor
and the flux-tube geometry do not need to be taken into account in
the context of magnetic energy generation simulations.

2.3 Convection zone model

In the following, we adopt the paradigm that the intercorrelation
between the stellar convective zone, differential rotation and the
magnetic field is key for modelling stellar chromospheric and coro-
nal activity. As the depth of the convective zone increases with
decreasing stellar effective temperature, the K2 star ε Eridani is
identified as convectively active, possessing chromospheric activity
similar to the Sun, albeit significantly larger in magnitude (Sim &
Jordan 2005). The construction of convection zone models within
the current study is based on the mixing-length theory described by
Theurer (1993), which is supported by 3D simulations for the Sun
attained by Stein et al. (2009a,b). They found that a mixing-length
parameter of α = 1.8 matches well with the classical mixing-length
computations. In the context of our models, we perform compu-
tations for a set of different values of α = 1.6, 1.8 and 2.0. Step 4
of the second algorithm (see Fig. 1) generates a convection zone
model for a given set of parameters (Teff, log g, Zm and α).

2.4 Magnetic flux tube–turbulence interaction

Contrary to the analytical approach, the current treatment allows for
the generation of non-linear waves with large amplitudes. The algo-
rithms shown in Fig. 1 summarize the numerical approach followed
in the current study; for more details refer to the original devel-
opment by Ulmschneider & Musielak (1998) and the subsequent
modifications by Ulmschneider at al. (2001b).

We simulate the interaction between a vertically oriented mag-
netic flux tube (step 2 of the second algorithm) and the convective
turbulence (step 4 of the second algorithm) as a deriving mechanism
for wave generations. The external pressure fluctuations generated
by convective turbulence are responsible for squeezing the flux tubes
and are represented by a superposition of N = 500 partial sinusoidal
waves. This number is considered sufficient for covering the whole
range of the spectrum. The amplitudes of the partial waves are deter-
mined from the extended Kolmogorov spatial turbulent energy spec-
trum and the modified Gaussian frequency factor as described by
Musielak et al. (1994). The current approach is based on determin-
ing the value of the rms turbulent velocity fluctuations, ut near the
stellar surface (overshooting region) where the squeezing of the flux
takes place. As the maximum turbulent velocity on stars cannot be
determined observationally, we rely on theoretical models. Solar ob-
servations and theoretical simulations confirm that the rms turbulent
velocity at the overshooting region is about half the maximum turbu-
lent velocity (Steffen 1993; Ulmschneider et al. 2001b). We keep the
same factor for the current computations. The obtained maximum
turbulent velocities for the dwarf star ε Eridani are umax = 2.03, 2.14
and 2.22 km s−1 for α = 1.5, 1.8 and 2.0 respectively.

The calculated velocities define the pressure fluctuations that
squeeze the flux tube. According to the pressure balance equation,
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the gas perturbations outside the tube can be translated into inter-
nal longitudinal velocity fluctuations v‖ specified at the squeezing
height. It also serves as a bottom boundary condition in the MHD
wave code. As the computations of the generated longitudinal flux
by Ulmschneider & Musielak (1998) show little dependence on the
location of the squeezing, the squeezing point of the tube in the
current computations is chosen at z = 0 km corresponding to the
optical depth τ 5000 = 1. With the specification of v‖(z = 0, t),
the instantaneous values of the internal pressure perturbation
p′(z = 0, t) can be computed by utilizing a modified version of a
time-dependent, magnetohydrodynamic Lagrangian code (Herbold
et al. 1985). The interactions are followed in time; the time sequence
of the instantaneous wave energy fluxes, F(z, t) = v‖(z, t)p′(z, t),
and the time-averaged wave energy flux, F (z, t) at the squeezing
height are also computed. These steps are described in steps 2–8 of
the third algorithm shown in Fig. 1.

In our computations of the energy fluxes and spectra of the upward
propagating longitudinal flux-tube waves, we first perform a forward
Fourier transform to obtain instantaneous wave energy fluxes and
velocities; thereafter, we apply a high pass filter at the Defouw cutoff
frequency to filter out the propagating waves. This step is followed
by an inverse Fourier transform to convert back the propagating
waves into time domain and then calculating both the time-averaged
energy flux and spectra (see steps 9–14 of the third algorithm; see
Fig. 1). The current computations are done adiabatically and the
height of the flux tube is limited to a small domain only to avoid
(sub)photospheric shock formation.

3 R E SULTS

3.1 Magnetic wave energy fluxes

The generated waves depict a wide range of frequencies and a mix-
ture of propagating and non-propagating components. This type of
classification is based on the Defouw cutoff frequency ωD (Defouw
1976); waves with frequencies ω > ωD are called propagating and
called non-propagating otherwise. As we are interested in the con-
tribution of upward propagating waves, we employ Fourier analysis
techniques to convert the time sequence of the velocity and pressure
perturbations into the frequency domain and then set up a high pass
filter at the Defouw cutoff frequency to separate propagating and
non-propagating waves. The generated fluxes are very spiky as de-
picted in Fig. 2. For the computation of meaningful time-averaged
energy fluxes we thus run our computations for about β = 35PD

with PD denoting the wave period corresponding to the Defouw
cutoff frequency (Defouw 1976). For ε Eridani, ωD is given as
0.0035 Hz; note that only upward propagating waves are computed.

Observations of the Sun show that the magnetic field strength at
the base of the flux tube is of the order of B0 = 1500 G, which
corresponds to a ratio B/Beq = 0.875. The same ratio yields a
value of B0 = 1685 G for ε Eridani; furthermore, the rms turbulent
velocity at the overshooting region in the ε Eridani model is of the
order of ut = 1.1 km s−1 compared to ut = 1.3 km s−1 for the Sun.
The decrease in the obtained energy flux for ε Eridani by roughly a
factor of 2 compared to the Sun (FLTW = 2.80 × 108 erg cm−2 s−1;
Fawzy, Cuntz & Rammacher 2012) is attributable to the decrease
in the rms turbulent velocity. The difference in the obtained fluxes
for ε Eridani is mainly due to the differences in the magnetic field
strengths, whereas the different rms turbulent velocities are only of
minor importance.

Table 2 summarizes the obtained results for different magnetic
field strengths and mixing-length parameters. The obtained results

Figure 2. Instantaneous velocity fluctuations outside of magnetic flux tubes
at height z = 0 km for models of ε Eridani with η = 0.85 and mixing-length
parameter α = 1.8.

Table 2. The rms turbulent velocity ut (cm s−1), acoustic Fac

and magnetic wave energy flux FLTW (erg cm−2 s−1) for differ-
ent parameters of α and η.

α ut Fac η = 0.75 η = 0.85 η = 0.95

1.5 1.00E5 1.73E7 1.95E8 1.27E8 4.02E7
1.8 1.07E5 3.22E7 2.36E8 1.46E8 4.33E7
2.0 1.11E5 4.62E7 2.92E8 1.74E8 5.17E7

Figure 3. Wave flux power spectrum for upward propagating waves for
models of ε Eridani with η = 0.75 (highest), 0.85 and 0.95 (lowest) and
mixing-length parameter α = 1.8.

show a strong dependence of the generated fluxes on the value of
the mixing-length parameter α; note that the fluxes increase roughly
by a factor of 1.4 for an increase of α by a value of 0.5. Based on
state-of-the-art simulations by Stein et al. (2009a,b), the best choice
for α given as α = 1.8 implies that the flux decreases by a factor
of 5.5 from η = 0.75 to 0.95. This behaviour is due to the fact that
the efficiency of longitudinal tube waves generation decreases with
the stiffness of magnetic flux tubes, which are relatively resistant
to squeezing by external turbulence. The obtained spectra extend
over about 200 mHz and reach their maximum values at about
ωmax = 2.0ωD as shown in Fig. 3. The obtained fluxes indicate that
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Figure 4. A comparison between the generated flux for acoustic and mag-
netic waves, i.e. Fac (dashed) and FLTW (solid), for models of ε Eridani with
η = 0.85 and mixing-length parameter α = 1.8.

the chromospheric activity of ε Eridani may at least partially be
attributable to the dissipation of LTWs akin to the Sun.

3.2 Comparison to the acoustic energy flux

In addition to the energy carried by LTWs along magnetic flux tubes,
there is also a significant amount of acoustic energy produced by
turbulent motions in the non-magnetic regions surrounding the mag-
netic flux tubes. It would be interesting to compare the computed
LTW energy fluxes and spectra to those carried by acoustic waves
outside the magnetic flux tubes. To compute the resulting acoustic
wave energy spectra and fluxes, we employ the method described
by Ulmschneider, Theurer & Musielak (1996) and use the same
values of the input parameters, namely, the effective temperature
Teff, gravity log g and the metallicity Zm as given in Table 1; for the
mixing-length parameter, we take α = 1.8.

The obtained acoustic wave energy flux shows a decrease by a
factor of about 4.5 compared to the magnetic wave energy flux
using the same stellar parameters. Furthermore, both the acoustic
and magnetic wave energy spectra show a rapid decrease at higher
frequencies by roughly a factor of 103 over a frequency interval of
1000 mHz. A comparison between both spectra is depicted in Fig. 4.
The obtained fluxes (i.e. acoustic and magnetic) can be combined
to construct two-component stellar chromosphere models. Previous
results have been obtained by Cuntz et al. (1999) and Fawzy et al.
(2012) for the Sun and other solar-type stars for a broad range of
magnetic activities.

4 C O N C L U S I O N S

In our current study, we focus on the computation of wave energy
fluxes for longitudinal tube waves pertaining to the chromospher-
ically active star ε Eridani. This work is motivated through the
general interest in outer atmospheric studies of solar-type stars both
encompassing stellar heating processes and the generation of atmo-
spheric oscillations. Additionally, ε Eridani is an interesting object
in the context of astrobiology considering that stellar UV radiation
appears to be relevant in exobiological environments (e.g. Horneck
1995; Cockell 2002).

Thus, we computed the LTW energy spectra and fluxes resulting
from the interaction between a vertically oriented magnetic flux tube

and turbulent motions in the stellar convection zone. The presented
results are a first step towards developing time-dependent models
for the chromosphere of ε Eridani based on realistically generated
wave energy and spectra. We use the updated values for the effec-
tive temperature, gravity, as well as the mixing-length parameter
α = 1.8. The following points summarize the obtained results.

(i) The obtained wave energy spectrum and flux carried by LTWs
along magnetic flux tubes show similar trends as identified for the
Sun; particularly, the spectrum reaches its maximum value at about
ωmax = 2.0ωD and decreases at higher frequencies.

(ii) The value of the magnetic field strength at the base of the
flux tube has a significant influence on the obtained spectrum and
flux. For a fixed value of α = 1.8, the flux decreases by a factor of
5.5 from η = 0.75 to 0.95. This is due to the fact that increasing
the magnetic field pressure inside flux tubes enhances the stiffness
of the tubes, which makes it difficult for the external turbulence
squeezing the tube.

(iii) A maximum time-averaged upward propagating magnetic
energy flux of FLTW = 2.92 × 108 erg cm−2 s−1 is obtained for
magnetic flux tube with η = 0.75 and α = 2.0.

(iv) The obtained magnetic flux is sensitive to the value of the
mixing-length parameter α. The flux increases for increasing α;
note that an increase by a factor of 1.4 is obtained when α increases
from 1.5 to 2.0.

We note that the obtained results are for individual magnetic
flux tubes only. Furthermore, the magnetic filling factor within ε

Eridani’s photosphere is not considered as part of the current com-
putations. However, the presented results indicate that the generated
magnetic energy flux is relevant for heating the outer atmospheric
layers of this star. The obtained results will allow the construction
of self-consistent and time-dependent model chromosphere for ε

Eridani in the context of future work.
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