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ABSTRACT. In this paper, a quadratic pencil of Schrédinger type difference opera-
tor Ly is taken under investigation to provide a general perspective for the spectral
analysis of non-selfadjoint difference equations of second order. Introducing Jost-type
solutions, structure and quantitative properties of the spectrum of L are investi-
gated. Therefore, a discrete analog of the theory in [6] and [7] is developed. In
addition, several analogies are established between difference and ¢-difference cases.
Finally, the principal vectors of Ly are introduced to lay a groundwork for the spec-
tral expansion.
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1. Introduction. Let L, denote the quadratic pencil of difference operator
generated in /2(Z) by the difference expression

OYn = A (an-18Yn—1) + (qn + 2Apn + X*) Yn, n € Z,

where A is forward difference operator, X is spectral parameter, {an }, ¢z, {Pn},cz;
and {qn },,cz are complex sequences satisfying
Znez|n|{|1_an‘+|pn|+|%|}<00a (1.1)

and a, # 0 for all n € Z.
Evidently, Schrodinger type difference equation

Alan-1AYn-1) + (g =Ny =0 n€Z (1.2)
and the difference equation

An-1Ayn—1)+ (@n =N’y =0, neZ (1.3)
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306 M. ADIVAR

of Klein—-Gordon type are special cases of the equation
A(ap—1AYn_1) + (qn + 2\pn, + )\2) Yyn =0, n€Z. (1.4)

Observe that the dependence on spectral parameter A in (1.3) and (1.4) is non-

linear while it is linear in (1.2). Also, since the sequences {ay}, ¢z, {Pn}, ez, and
{@n}, ez are allowed to take complex values, Equation (1.4) is non-selfadjoint.
Note that, the equation (1.2) can be rewritten as
AnYn+1 + bnyn + an—1Yn = Ayn, (1'5)

where

bn = (4n — Qp — Qn.

In [11], Guseinov studied the inverse problem of scattering theory for the Equation

(1.5), where {a}, .y and {b,}, .y are real sequences satisfying a,, > 0 and

neN neN

fo:l In| (|1 = an| + [bn]) < o0.

In [1] and [2], the authors investigated spectral properties of the difference operator
associated with Equation (1.5) in the case when {a,}, ., and {b,}, ., are complex
sequences satisfying

To the best of author’s knowledge, quantitative properties of spectrum of the non-
selfadjoint difference operators corresponding to Equation (1.3) and Equation (1.4)
have not been treated elsewhere before.

In recent years, quantum calculus and ¢-difference equations has taken a promi-
nent attention in the literature including [3], [4], [8], [18]. In particular, [3] and [4]
are concerned with the spectral analysis of g-difference equation

(a (t)u™ (1)

However, there is lack of literature on the spectral analysis of quadratic pencil of
g-difference equation

(a(t)u® (1)

which includes Equation (1.7) as a particular case.

This paper aims to investigate quantitative properties of spectrum of quadratic
pencil difference operator L. This will provide a wide perspective on spectral
analysis of second order difference Equations (1.2) and (1.3) and avoid deriving
results separately. The remainder of the manuscript is organized as follows: In
Section 2, we proceed by the procedure, which has been developed by Naimark,
Lyance, and others, consisting of the following steps:

Ap—l—(b(t)—)\)u(ﬁ):O,tzq" and n € Z. (1.7)

8y (b(t) +2puc(t) +p*)u(t)=0,t=¢" andn € Z (1.8)

e Formulation of Jost solutions.

e Determination of the resolvent operator.
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e Description of the sets of eigenvalues and spectral singularities in terms of
singular points of the kernel of the resolvent.

e Use of boundary uniqueness theorems of analytic functions to provide suffi-
cient conditions guaranteeing finiteness of eigenvalues and spectral singular-
ities.

Section 3 is concerned with applications of acquired results in Section 2. This
section also contains a brief subsection to show how the obtained results might
be extended to quadratic pencil of g-difference Equation (1.8). The latter section
introduces principal functions of the operator L.

Therefore, we improve and generalize the results given in [1, 2, 3, 4].

2. Spectrum. Hereafter, we assume (1.1) unless otherwise stated.

2.1. Jost solutions of Equation (1.4). The structure of Jost solutions plays
a substantial role in spectral analysis of difference and differential operators. By
the next theorem and several lemmas in this section, we provide an extensive
information about the structure of Jost solutions of Equation (1.4).

To show the structural differences between Jost solutions in continuous and
discrete cases, we first consider the Jost solutions of the differential equations

=y + [q(z) + 2Xp(x) — )\2] y=0, zeRy (2.1)

and
-y +q(z) = Ny=0, zeR;. (2.2)

While a Jost solution of the quadratic pencil of differential Equation (2.1) is
given by

ez, \) = ew@+ide +/ Az, t)e™dt, TmA >0, (2.3)

x

where w(z) = [p(t)dt (see [13]), the Jost solution of Equation (2.2) is obtained as

flz,\) = etV +/ B(:r,t)ei‘/Xtdt7 Im VA >0 (2.4)
[17]. Note that, w(z) does not appear in (2.4) since p(z) = 0 in (2.2). The term
w(z) in (2.3) makes the spectral analysis of (2.1) quite challenging. For one thing,
the set of eigenvalues of Equation (2.2) lies only in C; (see [14]) while that of
Equation (2.1) resides both in C; and C_ (see [6] and [12]), where C; and C_
indicates the open upper and lower half-planes, respectively.

One of the main achievements of this paper is to introduce Jost solutions of
Equation (1.4) in a simple structure and to show that there is no such a difficulty
in discrete case. This will enable us to investigate the spectral analysis of (1.4) as
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it is done for (1.2) in which dependence on A is linear. In discrete case, the Jost
solutions of Equation (1.2) takes the form

o0
ef(z) = pFetin 4 Z Aimeﬂmz, nez (2.5)
mezZ*
where A = 2cosz, Imz > 0, and Z* denotes the sets of positive and negative
integers, respectively (see [1] and [11]).
Despite the fact that the dependence on spectral parameter A is non-linear in
Equation (1.4), the next theorem offers Jost solutions of the form

L (2) = afe™ (1 + ng’:lKImeimzﬂ) , NEZ (2.6)

and
o (2) =a,e ™ (1 + ZT;flK;me_imz/2) , neEZ (2.7)

which have similar structure to (2.5), i.e., there is no additional function w of n in
the exponent of first terms.

THEOREM 1. For A = 2cos(z/2) and z € C4 := {z€ C:Imz >0}, (2.6) and
(2.7) solve Equation (1.4). The coefficients ot and the kernels KT, are uniquely

expressed in terms of {an}, cz, {Pn} and {h,} (where h,, = 2=y —an_1+
qn) as follows:.

af = (1 (-ar)
K:;,l = QZﬁan?ﬂ
Krt2 = Z:O:n+1 (hr + 2er:1) )
K:,s = Ziin+1h7"K:1 + 2p, (K:Z + 1) ,
K:A = el (1-a?) + hTK::2 + 2p, (K:?, + K:,}) )

nez’ nez

Kf s = Kt Y (1= @) Ky e K + 200 (K gy + K s)
r=n+1

form=1,2,...; n€Z, and

e —1
o, = (I (=an)
K;_l - 221202_1]%»
K;_Q = r=nt (hr + 2er7 ) 5

—o0 r,—1
Koo = X2 K 2 (K 1),
Kooy = X0 (1 a2) Koy 2 (K7 4 K),
r=n—1

7?,m—4 = K’r;m + Z (1 - az—l) Kr_—l,m +h7“K;m—2 +2p7" (K;m—l + K?:m—f:'t) ’
—00

form=-1,-2,..; n€Z.
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Proof.  Using A = 2cos (z/2), Equation (1.4) can be rewritten as
nYn41 + An—1Yn—1 + (hn +2 (eiz/Z + 677;2/2) Pn + eiz + 671"2) Yn = 0.

Substituting f (2) for y, in this equation and comparing the coefficients of
6i(n71)z, ei(nfé)z, einz7 ei(n+%)z’ and 6i(n+1)z’ we find

10y +af =0,

K:,l - K:—l,l +2p, =0,

K;:Q - K’r—l_—l,Q + 2PnKI1 +hn, =0,

Klg— Kb g+2p, (Kfy+1)+h K =0,

K, =K', + (1 —a))+ho Ko+ 2p, (K + K 5) =0,
respectively. From remaining terms we have the following recurrence relation

+ vt 2 prt +
anl,m+4 - Kn,m+4 - Kn,m - a’nKn+1,m + hnKn,erQ

+ 2pn (K;r,erl + K7Jtr,m+3)
for m =1,2,... and n € Z. Similarly we obtain

Qp_104, 1 oy, =0,

n—1— Knp1 -1 +2p, =0,
K, _o— K 11 _o+2pnK, 1 +h,=0,
K, 3= Ky s+2p (K, ,+1)+h,K, | =0,
Ky o= Kypa+ (L—ap) +haKy o+ 2pn (K 4+ K, 5) =0,
from the coefficients of e=i(nt1)z e=ilnt3)z e=inz c=iln=3)z apd e=—iln=1)z pe
spectively. Use of remaining terms yields

K_+1,m—4 - K,

n n,m—4

= K;,m - a?zK;—l,m + h’"K;,m—Q
+2pn (K g + Ko 3)

for m = —1,—2,... and n € Z. Above difference equations give the desired result,
whereas convergence of the coefficients o> and the kernels K im is immediate from
the condition (1.1). O

Different than the solutions (2.5) of (1.2) the coefficients K;£,, in (2.6-2.7) are
determined by recurrence relations depending on first four terms K . n € Z,

n,m?
m = +1,4+2, +3,4+4 (the ones for A,il)m depend on Af n € Z, m = +1,42).

n,m?

In addition to these, the exponential function in the second terms in (2.5) and
(2.6) contains the half of the complex variable z because of the transformation
A =2cos(z/2).
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In the following lemma, we list some properties of Jost solutions f* (z) =
{fir (=)}
LEMMA 1. i. The kernels Kff’m satisfy
K| < €0y (11— el + ol + lar])
K| < OXT5 A (11— a4 Ipel + Jas )
where [m/2] is the integer part of m/2, and ¢ and C' are positive constants,

ii. f*(z) are analytic with respect to z in C := {z € C : Im z > 0}, continuous

in (C+,

iii. For z € C4, fif () satisfy the following estimates

7 (2) = exp (inz) [1 + 0(1)] asn — oo, (2.8)
o (2) =exp(—inz) [ +0(1)] asn — —o0,
and
fE(2) = atexp(£inz)[1+0(1)] as Imz — oo forn € Z. (2.10)
Proof.  The proof follows from (1.1), (2.6), and (2.7). a

Let g% (2) = {g;* (2)} denote the solutions of Equation (1.4) satisfying
lim,, 400 g, (2) €™ =1,
respectively. By making use of Theorem 1, (2.8) and (2.9) we have the next result:
LEMMA 2. i. ForzeC_:={2€C:Imz <0}
g5 () =i (-2)} ez
holds.
ii. g (2) are analytic with respect to z in C_, and continuous in C_.

iii. For ( € R,
W07 (O] = F2isin¢
holds, where the Wronskian of two solutions v and v of Equation (1.4) is

defined by
W [, v] = an (UnVnt1 — Unt10p) -

iv. For ( € R\{nm:n € Z} and XA = 2cos ((/2)
Q=0 Q) fu (Q)+1(0) g, (©), (2.11)

where

¥ (C) = W[f;gés“i)rig‘ (C)], 1 (C) = _W[fJ;EQI;é‘ @1

It is worth noting that the function p has an analytic continuation to the open
upper half-plane C .
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2.2. Resolvent and discrete spectrum. The set of values A € C such that
Ry (L)) = Ly" exists as a bounded operator on ¢2(Z) is said to be the resolvent
set p(Ly) of L.

Similar to the one in [1], we formulate the resolvent set p (L)) and the resolvent
operator Ry (L) as follows:

p(L,\):{)\:Qcosg :z € Cy and <I>(z)7é0} (2.12)
and
R)\ (Lk) ¢n = Z gn,m (Z) Qbm
meZ
for X =2cos % € p(Ly) and ¢ := {¢n},c; € £* (Z), n € Z, where
7@(2”;(2), m=n—1n-2,..
Gn,m (2) = { fi((?)f;(z) _ 1 ) (2.13)
T, m—n,n+ g ees
and
P (z):=2isinzu(z) =W [f~ (2),f (2)]. (2.14)

Notice that the function ® is 47 periodic, analytic in C,, and continuous in
C,. The zeros of the function ® play a substantial role in the formulation of the
sets of eigenvalues and spectral singularities of L. From (2.11-2.14) and definition
of eigenvalues we arrive at the following conclusion.

LEMMA 3. (Eigenvalues) Let o4 (Ly) denote the set of eigenvalues of the operator
L. Then we have

Ud(L/\)Z{/\220052:261’:’Jr arldq)(z):()}7

where
Pt ={z=n+ip:nc[-m 37| and ¢ > 0}.

Note that L) has no eigenvalues on the real line. This is because, if \g =
2co0s(zp/2) € R is an eigenvalue, then the corresponding solution y,, (z9) will satisfy
the estimate ¥, (20) = c1€™%0 + coe™ ™% 4 0(1) as n — oo contradicting the fact
that y,, € (2 (Z).

2.3. Continuous spectrum and the spectral singularities. To obtain the
continuous spectrum of the operator L) we shall resort to the following lemma.

LEMMA 4. For every § > 0, there is a positive number cs such that

cs
I= |® ()] /1 — exp (—2Im z)

for A\ =2cos 3, 2 € C4, and Imz > 6. Hence, | Ry (Ly)|| — oo asImz — 0.
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Proof. Let § >0, z€ Cy and Im z > §. Define the function Ah"™° by

hmo(z) = fn_ (Z), n=mgo—1, my—2,...
" 07 n = mo, m0+1,...

Evidently, h™0(z) € ¢? (Z) and

Ry (Ly) k7o (2) = S 2™071G, 1 (2) fn(2)
_ f:(Z) mo |2

for mg < n. By (310) we have f,} (2) = e +0(1) as Imz — oo for n € Z. Thus,
we can choose mg = mg(0) sufficiently large so that mg < n, Imz > 4, and the
inequality

1
|f,JLr (z)| > ie*"Imz
holds. Therefore, we get

exp (—2mgp Im z)
4(1 —exp(—2Imz))’

2
[FANC] =
Hence, we arrive at the following inequality:

B (L) B &
[l T (1= exp(—2Tm2)) |@ (2)

as desired, where
(2]

" 2exp (moIm2)’

We shall need the following theorem at several occasions in our further work.

THEOREM 2. o, (L)) = [-2,2], where 0. (L)) denotes the continuous spectrum of
the operator L.

Proof. By (2.12), for any A € p(L)) there is a corresponding z € C4 such that
A =2cos3 and ®(z) # 0. Let \g = 2cos 3 € 0. (Ly). Then ||[Ry (Ly)|| — oo as
A — Ag. This shows that @ (z) = 2isinzu (z) — 0 as z — zp. Continuity of p and
1 (20) # 0 yield sinz — 0 and Im z — 0. On the other hand, we have Im z — Im zg
since A\ — Xg. It follows that Imzy = 0, i.e., A\g = 2cos 2 € [-2,2]. Conversely,
from Lemma 4 [|Ry (Ly)|| — oo for A = 2cos § € [-2,2]. Now, we have to show
that the range R (L)) of values of the operator Ly is dense in the space (2 (Z). It
is obvious that the orthogonal complement of R (L) coincides with the space of
solutions y € ¢2 (Z) of Equation Ly = 0, where L} denotes the adjoint operator.
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Since Equation Liy = 0 has no any eigenvalue on the real line, the orthogonal
complement of the set R (L)) consists only of the zero element. This completes
the proof. O

REMARK 1. If p, = 0, the difference equation
A (an—lAyn—l) + (Qn + 2Ap, + >\2) Yn =0, n€Z,

turns into _
AnYn+1 + bnyn + An—1Yn—1 = A:'-/na ne Z7 (215)

where ~
bp=2+¢, —ay, —a,_1 and A=2— )2

Namely, in the case p, = 0, (1.1) is equivalent to (1.6) and A = 2— A2 becomes the
new spectral parameter. Thus, Theorem 2 implies that the continuous spectrum of
the difference operator corresponding to (2.15) is [—2,2]. This result was obtained
in [1, Theorem 3.1].

Spectral singularities are poles of the kernel of the resolvent operator and are
imbedded in the continuous spectrum ([15, Definition 1.1.]). Analogous to the
quadratic pencil of Schrédinger operator [6], from Theorem 2 and (2.13) we obtain
the set of spectral singularities of the operator L) as follows:

COROLLARY 1. (Spectral singularities) Let o5 (Ly) denote the set of spectral
singularities. We have

ass(LA)Z{A:2cos§ 12 € Py and«l)(z):()},

where Py := (—m,37)\ {0, 7,27}.

Hereafter, we discuss the quantitative properties of eigenvalues and spectral
singularities. For this purpose, we will make use of boundary uniqueness theorems
of analytic functions [9]. Lemma 3 and Corollary 1 show that the problem of
investigation of quantitative properties of eigenvalues and spectral singularities can
be reduced to the investigation of quantitative properties of zeros of the function
® in the semi-strip PT U P,.

2.4. Quantitative properties of eigenvalues and spectral singularities.
Now, we investigate the structure of discrete spectrum and the set of spectral
singularities. In this context, the sets of eigenvalues and spectral singularities are
analyzed in terms of boundedness, closedness, being countable, etc.

Theorem 1 and (2.10) imply the next result.

COROLLARY 2. Let ® be defined by (2.14). Then

b (2) = (HTGZ(—CLT))_l e [1+0(1)] forze Ptas Imz — oo.
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Let M; and M, denote the sets of zeros of the function ® in Pt and Py,
respectively, i.e.,

My ={zeP":®(2)=0},
MQZ{ZEPO(I)(Z)ZO}

Corollary 2 shows boundedness of the set M;. Since ® is a 47 periodic function
and is analytic in P, the set M; has at most countable number of elements. By
uniqueness of analytic functions, we figure out that the limit points of the set M;
lie in the closed interval [—7, 37]. Moreover, we can obtain the closedness and the
property of having zero Lebesgue measure of the set My as a natural consequence
of boundary uniqueness theorems of analytic functions [9]. Hence, from Lemma 3
and Corollary 1 we conclude the following.

LEMMA 5. The set of eigenvalues o4 (Ly) is bounded and countable, and its ac-
cumulation points lie on the closed interval [—2,2]. The set of spectral singularities
0ss (L) is closed and its Lebesgue measure is zero.

Hereafter, we call the multiplicity of a zero of the function ® in P* U P, the
multiplicity of corresponding eigenvalue or spectral singularity.

In the next two theorems, we shall employ the following conditions and show
that each of them guarantees finiteness of eigenvalues, spectral singularities, and
their multiplicities.

Condition 1. sup,c, {exp (¢ |n|) (|1 — an| + [pn| + |gn])} < oo for some € > 0.

Condition 2.  sup,cz {exp (5 \n|6) (11 — an| + |pn| + \qn|)} < oo for some € > 0
and § <6< 1.

Note that Condition 2 is weaker than Condition 1. If Condition 1 holds, then
we get by (i) of Lemma 1 that

|K% .| < cizexp(F(e/4)m) for n=0,1 and m = £1,+2, ...,

where c¢; o are positive constants. That is, the function ® has an analytic continu-
ation to the lower half-plane Im z > —e/2. Since ® is a 47 periodic function, this
analytic continuation implies that the bounded sets M; and Ms have no any limit
point on the real line. Hence, we have the finiteness of the zeros of the function ®
in P+ U Py. These results are complemented by the next theorem.

THEOREM 3. Under Condition 1, the operator L) has finite number of eigenvalues
and spectral singularities, and each of them is of finite multiplicity.

Proof.  The proof follows from Lemma 5 and the fact that the sets o4 (L)) and
0ss (L) have no limit points. O

Under Condition 2, ® has no any analytic continuation, so finiteness of eigenval-
ues and spectral singularities cannot be proven in a similar way to that of Theorem
3.

The following lemma can be proved similar to that of [2, Lemma 2.2]:
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LeEmMmA 6. If Condition 2 holds, then we have

d*®

W(Z) SAk, Z€P+, k=0,1,...,

where
Ay < C4F + DAFEIEFA/5-D)

and C, D, and d are positive constants depending on € and §.

THEOREM 4. If Condition 2 holds, then eigenvalues and spectral singularities of
the operator L) are finite, and each of them is of finite multiplicity.

Proof. Let M3 and M, denote the sets of limit points of the sets M; and Moy,
respectively, and Mj5 the set of zeros in PT of the function ® with infinite multi-
plicity. From the boundary uniqueness theorem of analytic functions we have the
relations

MiNMs =0, My C My, M5 C Mo,
and using continuity of all derivatives of ® on [—, 37| we get that
Ms C My, My C Ms.

Combining Lemma 6 and the uniqueness theorem (see [2, Theorem 2.3]), we con-
clude that

Ms =0.

Thus, countable and bounded sets M; and M5 have no limit points. The proof is
complete. O

3. Applications to special cases. In this section, the spectral results ob-
tained for Equation (1.4) are applied to the following particular cases:

Casel. p,=0

Case 2. p, = —v, and ¢, = v2,

in which we obtain the equations (1.2) and (1.3), respectively.

In addition, we explore some analogies between Equation (1.4) and its g-analog
(1.8) using some transformations and the results obtained in theorems 1-4. Finally,
we deduce the main results of [3, Theorem 5]-[4] in the special case.

In the next we cover the first case.
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3.1. Sturm-Liouville type difference equation. It is evident that the sub-
stitution p, = 0 in (1.4) yields the Sturm-Liouville type difference equation (2.15)
whose spectral parameter is X =2 — A2 Denote by A the difference operator cor-
responding to Equation (2.15). In [1], the authors show that the operator A has
finitely many eigenvalues and spectral singularities provided that

ilél;{exp(dnl)(\l—an|+\bn\)} < o0 (3.1)

holds for some & > 0. Afterwards, a relaxation of the condition (3.1) is given by
[2, Theorem 2.5] as follows

ilé}z) {exp (5 |n\5> (11 —an| + |bn|)} < o0, % <d< 1 (3.2)

Note that Conditions 1 and 2 turn into the conditions (3.1) and (3.2), respectively.
That is, the results [1, Theorem 4.2] and [2, Theorem 2.5] can be obtained from
Theorem 3 and Theorem 4 as corollaries.

The second case is handled in the following.

3.2. Klein-Gordon type difference equation. Setting p, = —v, and ¢, =
v2 in Equation (1.4), we obtain the Klein-Gordon type non-selfadjoint difference
equation

A(anflAynfl) + (U’ﬂ - )‘>2 yn =0, neZ. (33)

Observe that Equation (3.3) is more general than the discrete analog of the differ-
ential equation

—y"+(p(x) =N’y =0. (3.4)
Let T' denote the difference operator corresponding to Equation (3.3). The set
of eigenvalues of differential operator corresponding to (3.4) was determined by
Degasperis [7], in the case that p is real, analytic and vanishes rapidly for z — oo
(for non-selfadjoint case see also [5]). However, finiteness of eigenvalues and spectral
singularities of difference operator I" has not been shown elsewhere before. As a
consequence of Theorem 3 and Theorem 4, we derive this result as a corollary.

COROLLARY 3. If for some € > 0
1
sup{exp <€|n|6) (|1—an|+|vn\)}<oo, - <6<1
nez 2

holds, then the difference operator I' has finite number of eigenvalues and spectral
singularities, and each of them is of finite multiplicity.

3.3. g-difference case. We suppose ¢ > 1 and use the following notations
throughout this section:

¢ ={q" :n €N},
qiN:{qfnanN},
¢ ={":nel}.
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The ¢-difference equation is an equation which contains g-derivative of its unknown
function. The g-derivative is given by

A (1) = y(f;)_l?t(t)7 Le

and the g-integral is defined by
b
[rosi=a-n ¥ .
@ te[a,b)Ng?

We shall denote by ¢2 (qZ) the Hilbert space of square integrable functions with

the norm
112 = / FO)F Ayt
qZ

Consider the quadratic pencil of Schrodinger type g-difference operator L} corre-
sponding to the equation

(a(t)u® (t))A” + (b)) +2 e (t) + A u(t) =0, t € ¢” (3.5)

where a, b, and ¢ are complex valued functions, A is spectral parameter and p is
the backward jump operator defined by

u(t) =ult/q), teq”
Multiplying Equation (3.5) by 1/t/q we arrive at

0= 2{@ (1) u® () + (b (1) + 22 (1) + 2 u (1)}
t u(qt) — u(t) ar t 2
- &{a(t)w} +\/g(b(t)+2/\c(t)+)\ Yu(t)

L fTf e —ule) ) ()]

‘\/;{@m[(q” G-na ]}
+\/§(b(t)+2A () + X)) u(t)

_ [t 1 L) —u®) ot ult) —ult/q)

‘\/;{<q—1>t/q[“) TR I Y ]}
+ \/g (b(t) +2Xc(t) + A% u ()

_alt) a(t/q) t .t
a0 1 )

W) al) 1 alt/e)
*H Vi e \/é(q—l)QtQ/qQ}

() ()
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—a(t)(at) +at/0) @ (t/a) + {b)+236@) + X2} aw), ted

and therefore,

a)a(qt) +at/q)at/q) + {B(t) +2XE(t) + X?} a(t) =0, (3.6)
where t € ¢% and
at) =Vitut), A=q YA (3.7)
S — a(t)
g (q—1)%¢2
b(t) ey @(t/9)
by =g Vet - =72~

Using the notations
t=4q"a(q") =an, b(q")="0bn, c(¢")=0n, u(q")="1n (3.8)
we can express Equation (3.6) in the following form
Gninet + BrotBn_1 + {Zn £ NG, + X2} U =0, nez. (3.9)

By establishing a linkage between Equations (3.5) and (3.9), the next theorem
provides an information about some spectral properties of L.

THEOREM 5. Let the sequence U = {uy,}, ., and the value X be defined as in (3.7)
and (3.8). The following properties hold:

i. u € (?(¢*) and solves (3.5) if and only if & € (* (Z) and solves (3.9).
ii. X is an eigenvalue of (3.5) if and only A= q~Y*\ is an eigenvalue of (3.9).
iii. For A\ = 2¢/*cos (2/2)

Int Inr
+ =at j—— 1 AT i A
JT(t,2) = a™ (t)exp (Zlnqz> { + /reqN (t,r)exp (121nqz> qr}

and

_ - Int _ CInr
J7(t,z) = a (t)exp <Zlnqz> {1 + /reqNA (t,r)exp (221nqz> Aqr}

are Jost solutions of the Equation (3.5), where a™(t) and A* (t,r) can be
uniquely expressed in terms of a(t), b(t), and ¢(t) provided that the condition

=

eq’

Int

Ing

(1-a@l+2-b@)|+E®l) < oo

holds.
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iv.
oq (L) = {)\ = 2¢"* cos (%) cz€ P and Q(2) = 0},
Oss (L?\) = {)\ = 2q1/4 cos (g) iz€ Pyand Q(z) = 0} ,
where
Q) =W I (1), 7% (1,5)].
V.

0o (L5) = [~24"/4,2¢/4]
where o, (L) denotes the continuous spectrum of the operator LY.
vi. If the condition

t

In
supexp | e|—
teq” Ing

holds for some € > 0, then the quadratic pencil of g-difference operator L{ has
finite number of eigenvalues and spectral singularities with finite multiplicity.

5) (|1 —a)+ \2—3@)\ + E(t)|)} < 0, % <5<1

Proof. The proof can be done similar to that of related results in preceding sec-
tions. For brevity we only give the outlines. From (3.7) we have (i) and (ii.). Using
n= 11;1—; and (i), proof of (iii) can be obtained in a similar way to that of Theorem
1. Hence, Lemma 3 along with Corollary 1 implies (iv). Using (3.5), (3.7), (3.9),
and Theorem 3 we obtain (v). Finally, combining Theorems 3, 4, and (3.9), we

conclude (vi). 0

REMARK 2. Theorem 5 not only covers the results of [3, Theorem 5] and [4, Theo-
rem 4] but also derives spectral properties of Klein-Gordon type g-difference equa-
tions in the special case b(t) = v2(t) and c(t) = —v(t).

4. Principal vectors. In this section, we determine the principal vectors of Ly
and discuss their convergence properties. Thus, we will have an information about
principal vectors of the operators A, I', and L§.

Define

n

FF\) = fF (2 arccosé) , n€Z,
_ _ A
E (N :=f, 2arccos§ , NEZL,

HM\:=2 (2 arccos %) .
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Obviously, F* (\) = {FF (\)} solve Equation (1.4), and
HQ\) =W [F~(\), F" (V)]

is satisfied. Furthermore, F'* and H are analytic in © = C\ [~2, 2] and continuous
up to the boundary of ©. Using Lemma 3 and Corollary 1 we can state the sets
o4 (L)) and o5 (L)) as the sets of zeros of the function H in © and in [-2,2],
respectively. Moreover,

sup {exp (< [nl”) (1= an| + [pal +1an) } <00, 5 <0< Le>0

nez
is the condition that guarantees finiteness of zeros H in © and in [-2,2]. Let
A1, ..y As denote the zeros of the functions H in © (which are the eigenvalues of L))
with multiplicities my, ..., mg, respectively. Similarly, let As11, ..., A\ be zeros of the
functions H in [—2, 2] (which are the spectral singularities of L) with multiplicities
Msq1, ..., Mk, Tespectively. Similar to that of [1, Theorem 5.1] one can prove the
next result.

THEOREM 6.

dr e dv
Fr = + —F Z
{d)\r n ()\)})\)\j ~ ( v > r—ov {d}\v n ()\)})\)\ , N € L,

J

holds for r = 0,1,...,mj_1, 3 =1,2,.... k.

Let us introduce the vectors

(™) () = (™) ()
v ) ={UP )} (4.1)
for r = 07 17 M1, J = 1,2, ...,k, where
1 (d
0 0 =y { e P 00
J T’! dAT A=),
~ G, 1 { d’
_ rv ) p- ()\)} ,n € 7. (4.2)
vz:(:) (r—o)to! [ d\v A=A,

Define the difference expression £,U (™ by
OHBU™ (\) = A (an,lAU<”—1)(Aj)) + (g + 2090 + X)) U™ (N)), neZ.
We get by Equation (1.4) that

LU0 () =0,

1de
(1) (y. A0 () —
OBUD () + 7.0 () =0,
1.de 1 d?¢
(r) (). = A1)y 2P A (r=2) () —
1N (/\J)+1! d)\U ()\])+2! d,\2U (\j)=0
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for 7 = 2,3,..,m;_1, j = 1,2, ..., k. This shows that U ();) := { () (Aj)} .
ne

for r = 0,1,...,m;_1, j = 1,2,...,s are principal vectors corresponding to the
eigenvalues A1, ..., A; of the operator Ly,. The principal vectors corresponding to
the spectral singularities Asy1, ..., A are found similarly.

Let us define the Hilbert spaces

Hy(Z) = {y = {ntnez : Y (L4 )™ |yl < OO} ;

neEZ

H_p(Z):= {y = {ntnez D L+ )" fyal” < OO}

neEZ

for p=20,1,.... Evidently Hy (Z) =(? (Z) and
Hys G H, S £(2) S Hp S HL .

Convergence properties of principal vectors of L) are given in the following
theorem.

THEOREM 7. We have

i UM (\) = { ) (/\j)}nEZ € (Z) forr=0,1,...,mj_1,j=1,2,...,5,

i U0 () = {U (Aj)}nez ¢ 2(Z) forr = 0,1,.omj_1, j = s+ 1,5 +
2.k,

i, U0 () = {U}ﬁ (Aj)}

2, ..., k, where

- € H 41 forr=0,1,....m;_q,j =s5+1,5+
n

Po = max {my, Mo, ..., Mg, M1, ..., Mk } -

Proof. Use (4.1-4.2) and proceed by a method as in [1, Theorem 5.2] and
[1, Lemma 5.1]. a

REMARK 3. Using the substitutions that lead to establishment of Subsections 3.1,
3.2, and 3.3 in the equalities (4.1-4.2), one may derive the principal vectors of
the operators A, ', and L easily. Moreover, Theorem 7 enables us to see the
convergence properties of principal vectors of the operators A, T, and LY.

Open problem: The eigenfunction expansion has not been studied even for the
above mentioned particular cases. So, this may be the topic of further studies.
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