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ABSTRACT. This paper aims to study convex analysis on some “generalized
domains,” in particular, the domain of the product of closed subsets of reals.
We introduce the basic concepts and derive analytic properties regarding con-
vex subsets of mixed domains and convex functions defined on convex sets in
mixed domains. The results obtained may open an avenue for modeling and
solving a new type of optimization problems that involve both discrete and
continuous variables at the same time.

1. Introduction and preliminaries. Discrete and continuous analyses and opti-
mizations are closely related, yet they are usually treated separately. Stefan Hilger
[15] reasoned that there must be an underlying mathematical structure to explain
when and why the theories behind the two settings coalesce or differ, and, hence,
introduced the theory of time scales in order to unify the seemingly disparate fields
of discrete and continuous analyses. The introduction of “Hilger derivative” (delta
derivative) on time scales further enables mathematicians to combine differential
and difference equations within the framework of dynamic equations on time scales
(see for instance [5], [8], [9], [21], [22], and references therein). Many topics of mod-
ern mathematics such as the oscillation theory, control theory, and stability theory
have been restudied in the new context. Our reference list is by no means com-
plete, but we would like to particularly mention that the oscillation theory on time
scales has been studied in [10] and [11]; the control theory and variational problems
on time scales can be found in [14], [16], and [17]; some applications of dynamic
equations on time scales to economics are documented in [6] and [23]; the stability
theory for delay dynamic equations on time scales has been treated in [2], [4], and
[5]; the integral equations on time scales are studied in [1], [3] and [18]; and the Fell
topology for dynamic equations on time scales is determined in [24]. In our view,
the time scale systems might best be employed in engineering applications where
both of the discrete time and continuous time systems are used. A simultaneous

2000 Mathematics Subject Classification. Primary 90C25, 80M50; Secondary 65K05, 90C30.

Key words and phrases. Continuous optimization, convexity, convex optimization, discrete
optimization, generalized convexity, subgradient, time scales.

This work was supported by The Scientific and Technological Research Council of Turkey and
The US National Science Foundation Grant #DMI-0553310.

189


http://dx.doi.org/10.3934/jimo.2012.8.189

190 MURAT ADIVAR AND SHU-CHERNG FANG

presentation of the two theories under the umbrella of time scales might provide a
new perspective and easiness for modeling and solving optimization problems on a
general domain.

The notion of convexity for functions of one variable on a time scale has been
introduced in [13]. However, to the best of our knowledge, the notions of convexity
for functions of several variables and convexity for the subsets in a product space of
different time scales have not been seriously investigated. In this paper, we intend to
formally study convexity related notions such as convex combination, hyperplane,
supporting hyperplane, convex hull, subgradient, epigraph and hypograph for sets
and functions in products of time scales. We also intend to introduce a framework
of convex optimization on time scales for modeling and solving problems with both
discrete and continuous variables. Hopefully, our work is not only a generalization
of existing theory but also an initial step for the development of new models and
algorithms.

We now introduce some basic definitions and examples in time scale calculus.
They can be found in [8] and [9] in which a comprehensive review on time scales is
given.

It is important to mention that, throughout this work, we assume that a time
scale, denoted T, has the topology inherited from the standard topology on the real
numbers R. Moreover, we denote the set of integer numbers by Z, natural numbers
by N and positive natural numbers by Ny.

Definition 1 (Time scale T). An arbitrary nonempty closed subset T of real num-
bers is called a time scale.

Definition 2 (Operators on time scales). Let T be a time scale. The forward jump
operator ¢ : T — T and backward jump operator p : T — T are defined by

o(t)=inf{s € T:s>t},
and

p(t) =sup{s e T:s<t},
respectively. Moreover, the forward step-size function p : T —[0, 00) and backward
step-size function v : T —[0, c0) are defined by

pu(t) = o(t) —t,
and

v(t) =t—p(t),
respectively.

In the following table, we illustrate the operators o, p, 1, and v on some particular
time scales:

[T o) [ o) [ wt) [ v@t) |
R t t 0 0
Z t+1 t—1 1 1
RZ| t+h t—h h h
" qt t/a | (a—Dt]|(@-1)7
2N 2t t/2 t t/2
N2 [ (VE+1)2 | (WE—1)2 | 2Vt+ 1| 2Vt —1

Table 1
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& a is left dense and right dense
a
— a b is left dense and right scattered

b

- P—— c is left scattered and right dense
C

. L] . d is left scattered and right scattered
d

(a is dense and d is isolated)

FIGURE 1. Points of time scales

The points of a time scale, ¢t € T, can be classified in the following manner:

t is right scattered if t<ol(t)
t is right dense if t=o(t)
t is left scattered if pt) <t
t is left dense iof p(t) =t
t is isolated if p(t) <t<olt)
t is dense if p(t) =t=o0(t)
Table 2

Figure 1 depicts classification of the points of some time scales.

Definition 3 (Time scale interval). Let T be a time scale, for any a,b € R and
a < b, the time scale interval [a, b] is defined by

la,b] = [a,b]N'T.
The intervals [a, b)T, (a,b]T and (a,b)r are defined similarly.
The sets T® and T, are derived from the time scale T as follows: If T has a

left-scattered maximum M, then T® = T—{M}. Otherwise T" = T. If T has a
right-scattered minimum m, then T, = T— {m}. Otherwise T, = T.

Definition 4 (Delta and nabla derivatives). Let T be a time scale. The delta
derivative f2 of a function f : T — R is defined at a point t € T* by

FA(t) o= tim L) = F(9)

P S vy where s — t, s € T\ {o(t)}.

The nabla derivative fV of a function f : T — R is defined at a point ¢ € T, by

) o i £20) = F(9)

h T .
b = = where s = t, s € T\ {p(t)}

Note that the delta and nabla derivatives of a function defined on time scales were
first introduced by Hilger [15] with the intention to unify discrete and continuous
analyses.
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Example 1. Let % be the time scale {q" : k € Z} U{0} with ¢ > 1. The following
table shows the derivatives of f on some time scales:

T [ pt) [ o) | fY1) | f2(t)
R| ¢ t ft) | (@)
Z

P N N RN ()
q“ | t/q | qt | D f(t) | DS f(t)
where A_f(t) = f(t) — f(t=1), AL f(t) = f(t+1) — f(¢),
_ flat) — f#)
DFf(t) := NrE (1.1)
i 1) = £(t/q)
_ _J@) = f(t/q
D= "0

Based on the above definitions, in the rest of this paper, we study the notion of
convexity for the sets in the products of time scales and for the functions defined
on the product of time scales. The conventional concepts of convex combination,
hyperplane, supporting hyperplane, convex hull, subgradient, epigraph, hypograph
and etc. are generalized in later sections. We also extend our findings to treat some
convex optimization problems on mixed domains.

2. Convexity on mixed domains. In this section, we introduce the convexity
notion for the sets in products of closed subsets of reals (time scales).

2.1. Right and left convex combinations on T. Let us start with the convex
combination of elements in a time scale.

Definition 5. Let T be a time scale, a,b € T and A € [0,1]. The right and left
convex combinations of the elements a and b are defined by

K (a,b;\) :=max{s€T:s<a+Ab—a)}

and
K~ (a,b;\):=min{s€T:s>a+ Ab—a)},

respectively. If z!, 22, ..., 2™

Y™ A\ = 1, then the right and left convex combinations of z!, 22, ...,z
by

are m elements in T and A1, Mg, ..., Ay, € [0,1] with
™ are defined

K (2, 2?, 2™ M, Aoy ooy A) = max {s € T: s < 30" N’}
and

K= (zt, 22 .., 2™ M\, Ay oy A) = min {seT:s> Egl)wmi} ,
respectively.

The next result follows directly from the definition.

Corollary 1. Let T be a time scale and a,b € T. Then, the following are true:
(1)
Ki(a,b; 0) =a and Ki(a,b; 1) = b;
(i)

Ki(a,b;)\)e{ la, by ifa<b for any A €[0,1];

b,aly ifa>Db
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(iii) If a+ A(b—a) € T for some A € [0,1], then
K*(a,b;)\) = a + \(b— a);
(w) If K*(a,b;\) = K~ (a,b; \) for some X € [0,1], then a+ A(b—a) € T and
K*(a,b;)) = a+ b — a);
() Ifz* =a €T for alli =1,2,....m, then
1

+/.1 2 m.
K*(x 2%, 2™ —,

% 7.“77) = a.

1
m m
Example 2. Let T = Z, then

K*(a,b;\) = |la+ \(b—a)|

and
K~ (a,b;\) =[a+ A(b—a)]

for a,b € Z and X € [0,1], where |.] and [.] indicate the greatest integer and the
least integer functions, respectively.

Example 3. If T = R, then K¥(a,b;\) = a + A(b — a) for any a,b € R and
A€ 0,1].

2.2. Right and left convex combinations on T; x Ty x ... x T,,. Hereafter, we
use the notation A™ to denote the product Ty x Ty X ... X T,, of the time scales T;,
i =1,2,...,n, and e; to represent the j-th unit vector whose j-th coordinate is 1
and other coordinates are 0. For any two elements

n

and
2 2 § :
€ (.131,.2327. 3 n €L 6]

of A" and X € [0, 1], the right and left convex combinations K* (!, z2; \) of 2! and
22 are defined by

K:z:z/\ ZKix:c)\

VAR

(Ki(xla'rh)‘) Ki(‘r%x?aA))“' Ki(xl $ /\))

n»*n
where

K;'(le,x],)\) max {s € T, : s < ;Ujl +)\(x? ijl)}

and

Ky (le,xj,)\) =min{s €T : SEI}#’/\(I?*QI;)},

are the right and left convex combinations on the time scales T;, j = 1,2,...,n,
respectively. In general, if

n

i i C

T = E ziej, 1=1,2,..,m
j=1
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are elements of A™ and A1, Ag, ..., A\p, € [0, 1] are scalars such that £, A\; = 1, then
the right and left convex combinations of ', 22, ..., 2™ are defined, respectively, by

n
—+ 1 2 m, o + 1 2 m.,
KT (x 2%, 2™ A1, A2y ooy An) '*ZKJ' (5,25, s T A1, A2, oy A )€
=1

and

J

n
-1 2 m. o — (1 .2 m,
K= (x5, 2%, 2™ M, Agy ooy Ap) 1= E K (25,07, ., 75 A1, A2y oy Am ey,
=1

where

K (zh,z?, 2™ M, Ay ey An) 1= max{s € T:s < Zzl)\m;}

J R R R B
and .
Kj_(mjl,x?, o T AL, A2y vy A ) i= min {seT:s> Zgl)\,mz}
are right and left convex combinations on T;, respectively, for j =1,2,...,n.

Example 4. Let A2 =7 x Z and x' = (0,0), 2% = (-1,2) and 2* = (1,2). Then

i () = (3] ) = .
i (eang) = ([-5] ) = 0.
K+t (xl,x?’;;) = (B ,Llj) =(0,1),
i (eeg) = ([3] m) =,

Observe that the right convex combination KT (xl,xz; %) of the points x' and x>
does not lie on the line joining the points ' and x2, i.e. here the line y = —2z.

Similarly, K~ (zl,x3; %) does not lie on the line y = 2z joining ' and x3.

From the above given example and the definition of right and left convex combi-
nations in A™, we have the next result.

Remark 1. The right and left convex combinations K* (!, z2; \) of two points x!
and 22 in A™ don’t have to lie on the straight line joining z' and z?. However, if
! + (2% — 2') € A" for a scalar A € [0, 1], then

K* (2! 2% \) = 2t + \2? — o).

2.3. Right-convex set, left-convex set, and convex set. Using the concepts
of convex combinations, we now define convex sets in the product of time scales.

Definition 6 (right/left-convex set). Let S be a subset of A™. The set S is said
to be right-convex in A™ if and only if K+ (z!, 2%, ...,2™; A1, A2y ...; M) € S for all
zt2?, . x™ € S and A, A2, ..y Ay € [0,1] with Y07" Ay = 1. The set S C A™ is
said to be left-convex in A™ if and only if K~ (2!, 22,...,2™; A1, A2, ..., A\m) € S for
all 21, 2%, ..., 2™ € S and A1, A2, ...y A € [0,1] with 30" A\ = 1.

Definition 7 (Convex set). The set S C A™ is said to be convex in A™ if and
only if 31" Njz® € S for all 2!, 2%, ...,2™ € S and A1, Mg, ..., Ay, € [0, 1] such that
YA =1land >t Nt € A

This definition can alternatively be stated as below.
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FIGURE 2. Above given three-point set is not convex in Z x Z even
though it contains all Z x Z points lying on the lines joining its
elements

FIGURE 3. The set consisting of black points is a convex set in Z x Z

Definition 8. Let S be a subset of A™. Denote by conuvgn (S) the convex hull of S
in R™. The set S is said to be convex in A™ if and only if a + A(b — a) € S for all
a,b € convgn (S) N A™ and A € [0, 1] such that a + A(b—a) € A™.

Hence, we arrive at the following result:
Corollary 2. Let S be a subset of A™. The set S is convex if and only if convgn (S)N
A" =S (see Figure 2 and Figure 3).

Lemma 1. If A is a convex set in R™, then
convgn (ANA")NA" = ANA". (2.1)

Proof. Notice that AN A™ C convgn (AN A™) N A™ is always true, since AN A" C
convgn (AN A™). If A is convex in R™, then

ANA" = convgn (A) NA™ D convgn (AN A™) N A™.

This along with the preceding corollary leads to the next result.
Theorem 1. If A is a conver set in R™, then AN A™ is conver in A™.
Corollary 3. Ewvery right (left)-convex set is convez, but this is not conversely true.

Proof. Suppose that S is a right convex set and a,b € convgn(S) N A™. Then S is
convex because

a+Ab—a)=K"(a,b;\) €S
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The set S~ The set ST The set S

FIGURE 4. The sets S—, ST, and S, respectively

for any A € [0,1] such that a + A(b —a) € A™. Similar argument can be applied
to a left convex set. Next example shows that convexity may not imply right /left-
convexity. O

Example 5. Let A2 = Z x Z and S be the subset of A consisting of the points
! = (0,0), 22 = (—1,2), 2* = (1,2), 2* = (0,1) and 2° = (0,2). Define the sets
S* by

St = {xl,xS,x4,x5},
and

ST = {xl,xQ,lA,xs}.
Evidently,

S=8tus = {xl,x27x3,x4,x5} .

Then the set S is right-convex but not left-conver, since

K~ <x1,x3;;) = qﬂ ,[1]) =(1,1) ¢ S+.

The set S~ is left-convex but not right-convex, since

Kt (xl,xQ;;> = Q—;J ,UJ) =(-1,1)¢ 5.

The same arguments show that the set S is neither right-convex nor left-
convez. However, the sets ST and S are convez, since convgn(S*) N A" = S* and
convgn (S) NA™ = S (see Figure J).

2.4. Convex hull.

Definition 9. The convex hull of a set S in A™, denoted by convpn(S), is the
collection of all convex combinations of elements of S in A™. In other words, = €
convpn (S) if and only if '
r=X" Nz € A"
for some integer m > 0, \; € [0,1] € R such that X", \; = 1, and 2!, 2%, ...,2™ € S.
Using Theorem 1 and Definition 9, we have the following results:
Corollary 4. For any set S in A™,

convpn (S) = convgn (S) N A™.
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FIGURE 5. The set S consisting of black points surrounded by
outer rectangle is a convex set in Z x Z. The black points lying be-
tween outer and inner rectangles are the points of convex boundary
cbdyan (S). The black points surrounded by inner rectangle belong
to the convex interior cintan(S) of S

Corollary 5. Let S C A™, then S is convex in A™ if and only if S = convpn(S5).

Lemma 2. A set S in A" is convex in A" if and only if there is a convex set C in

R"™ such that S = C NA"™.

Proof. The necessity part of the proof follows from Theorem 1. For the sufficiency
part, if S is assumed to be a convex set in A™, then S = convg~ (S)NA"™, by Corollary
5. Choosing C' = convgn~(S) as a convex set, we complete the proof. O

Corollary 6. convan(S) is the intersection of all convex sets in A™ containing S.
Corollary 7. convan(S) is the smallest convez set in A™ containing S.

2.5. Convex-closure, convex-interior, convex-boundary. We now define more
details of a convex set in the product of time scales.

Definition 10. Let S C A™ be a convex set in A™. The convex-closure, convex-
interior and convex-boundary, denoted by cclpn(S), cinta~(S) and cbdyan(S), re-
spectively, are defined by

cclan (S) = convrn (S) N A",

(o)
—

cintan (S) = convgn (S) N A",
and
cbdypn (S) = Oconvrn (S) N A",

respectively, where convgn(S) , convgn(S), and dconvgn(S) indicate the closure,
interior and boundary of convg~(S) in R™, respectively (see Figure 5).
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Remark 2. The convex-interior cintan(S) and convex-closure cclpn(S) of a set S
in A™ are different from the interior inta~(S) and closure clp»(S) of S in A™ with
the subspace topology inherited from the standard topology on R™. Moreover,
cintan (S) Cintpn(S) C S

and

S Cclan(S) C cclpn(9).
Notice that for a convex set S in R™ we have

CCl]Rn (S) = Cl]Rn (S) = ?,

cintgn (S) = intgs (S) = 5
and
cbdygn (S) = 0S.

Corollary 8. Let S C A™ be a convex set in A™. Then cclan(S) is closed in A™
and cintan (S) is open is A™. Furthermore, cclpn(S) is closed in R™ (since A™ is
closed in R™ ).

Corollary 9. Let S C A" be a convex set in A™. Then the convez-closure cclan (S)
and the convez-interior cintan(S) are convex sets in A™.

2.6. Minimum distance from a point to a convex set. The concept of min-
imum distance is introduced in this subsection. Let us start with a well known
result:

Theorem 2. Let S be a nonempty, closed convex set in R™ andy ¢ S. Then, there
is a unique point T € S with the minimum distance from y. Furthermore, T is the
minimizing point if and only if
(y—7Z,x—T) <0 for all z € S. (2.2)
However, for convex sets in a time scale, we may not have a unique minimizing
point T satisfying the inequality (2.2).
Example 6. Let A2 = Z x Z and S = {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}.
Choose Y = (3,1). We see that B = (2,3) is the minimizing point in convex set

S in A%2. However, Bis not the unique minimizing point and A = (1,2)is another
minimizing point with (Y — B,A— B) =1 >0 (see Figure 6).

To guarantee the uniqueness of the minimizing point satisfying Ineq. (2.2), we
need to impose some conditions on y ¢ S. The following lemma known as the
Weierstrass* Theorem which will be used to prove propositions later.

Lemma 3. Let A be a nonempty and compact set in R™ and f : A — R be con-
tinuous on A. Then the problem min{f(x): xz € A} attains its minimum, that s,
there exists a minimizing point to this problem.

Theorem 3. Let S be a nonempty closed set in A™ and y ¢ S be a point in R™.
Then there exists a point T € S with minimum distance from y. Furthermore, if
T € S is the minimizing point and y ¢ S is a vector satisfying

(y— M+ 1 =NT),z—T) #0, forall € (0,1) and z € S — {T}, (2.3)
then the minimizing point T € S is unique and

(y—=,x—7) <0 forallz € S. (2.4)
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FIGURE 6. A and B are the minimizing points

Conversely, if y ¢ S is any vector in R™ and the inequality (2.4) holds, then T is
the unique minimizing point.

Proof. First, we show the existence of a minimizing point. Since S # (), there exists
a point T € S, and we can confine our attention to the set

S§=sn{zeS:|y—al <ly-2l}
in seeking the closest point. In other words, the closest point problem
inf{|ly —z| :x € S}
is equivalent to

inf{”y—xH :xe§}.

The compactness of S along with Lemma 3 lead to the existence of the minimizing
point T € S, which is closest to the point y € R™ — S.

Suppose that T € S is the minimizing point and y ¢ S is a vector satisfying (2.3).
Then (2.3) says there is not any A € (0,1) such that

0=y = (a (L= V)2 =7) = My = 2,0 = 3) + (L= N) {y ~F,0 = 7).,

for all z € S — {Z}. This shows that (y —z,2 — ) and (y — T,z — T) cannot have
opposite signs. Since
inf {{ly —z[| : z € S} = |ly - 7|

and
ly =21 =y —2l” + e —Z|* +2(y — 2,2 — 7)
we find
|z —Z|* +2(y —z,2 —T) <0 forall z € S.
Therefore,
(y—z,x2—T) <O0foral zeS—{z}.
Consequently,

(y—T,x—T) <0foral z € S—{z}
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and (2.4) follows.
Conversely, if y € R™ — S is any vector and (2.4) holds, then

2 —2 —2 — —
ly—=l” =lly—zI" + lz ="+ 2(y — 2,7 — )
implies
P 2 —12
ly —z||> > |ly — 7| for all z € S.

This shows that T is the minimizing point. For the uniqueness of T, let us assume
that there is an 2’ € S such that ||y — 2'|| = ||y — Z||. Since

2 2 2 _
ly =2'I" = lly = 21" + 2" = 2" + 2 (y — 7,7 — o),

we have
0=z —a'|° +2(y — 7,7 — ')
=@—2.7-2)+{y-T,T—2Y+(y—T,T—2')
=(y—a2 -2+ {y—7,T—12')
and hence,

(y—a'z—2")=—(y—z,2—2") =y —7,2' —T) <0.
On the other hand, we have
ly = 2I* = lly = 'I” + 12’ — 7| + 24y — 2’2’ ~ )
and
o' —z||° =2y —a', 7 — ') <O0.
This is possible only if ' = Z. The proof is complete. O

Different from Theorem 2, in Theorem 3 we ruled out the convexity condition
on the set S C A™. Next, we prove that Theorem 2 follows from Theorem 3 as a
corollary.

Corollary 10. If A" =R", S is a convez set in R"™ and T € S is a point such that
ly —Z|| = min{|ly — x| : x € S} fory e R* -5,
then condition (2.3) is automatically satisfied.

Proof. If S is convex in R™, then T+ A(z —%) € S for any z € S—{Z} and X € [0, 1].
Since T is the minimizing vector we have

ly =7+ M=) > |y — 2. (2.5)
Also,
ly = @+ Az =D)* = lly —2|* + N[l = 2> ~2\(y -z, 2 —7).  (2.6)
From (2.5) and (2.6), we get
Ny — T, —T) < N |lz — 7| for any 0 < XA < 1. (2.7)
Dividing (2.7) by any such A > 0 and letting A — 07, we have
(y—T,z—7) <0. (2.8)
Together with
Y-z, z—-T)=y—z,0—-7)+{(x — T,z —7), (2.9)

we know (y — x,x — T) cannot be positive. Also, we know

(-T2 —T 4+ (y—z,z2—T)° #£0forallz e S — {T}. (2.10)
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Otherwise, ||z — Z|| = 0,i.e. * = T, which contradicts the assumption of z € S—{7}.
Combining conditions (2.8-2.10), we have

y—z+Q-Nz),z—T)=XNy—z,2—-T)+(1-N{y—T,z—T) <0
forall A € (0,1) and x € S — {7} . O

2.7. Hyperplane, half-space and supporting hyperplane. We now study the
separation properties of convex sets in A™.

Definition 11 (Hyperplane, halfspace). For a given nonzero vector p € R™ and a
scalar a € R, when the following set
H:={xeA": (px)=0a}
is nonempty, we call it a hyperplane in A™. The vector p is called the normal vector
of the hyperplane. We also define two half-spaces HT and H~ as follows
Ht :={zr e A": (p,z) > a},
H ={zxeA": {p,z) <a}.

For a fixed 7 € A", H' and H~ are sometimes particularly referred to as:

HY:={zeA": (px—7) > a},
H ={zeA": (pz—7) <a}.

Definition 12 (Supporting hyperplane). Let S be a nonempty convex set in A"
and T € cbdyan(S). A hyperplane

H:={zeA": (px—T) =0}
is called a supporting hyperplane of S at T, if either S C HY, ie., (p,z — %) > 0
foralz e S,or SC H™,ie., (px—ZT)<0forallzeS.

Theorem 4. Let S be a nonempty closed set in A™ and y € R™ — S an arbitrary
vector satisfying (2.3). Then there exists a nonzero vector p € R™ and a scalar «
such that

(p,z) <a<(py) forallzesb.

Proof. By Theorem 3, we know the existence of a minimizing vector z € S such
that

(y—%,x—T)<0forallxzesb.
Lettingp=y—Z # 0 and o = (p,T) = (y — T, T), we have
<p,l’> = <y—f7l'> S <y_va> = Q.
On the other hand,

Py —a={y—-7,y) - (y—7,7) = |y — 7| > 0.
The proof is complete. 0
In the conventional case we have the following result:

Theorem 5. [7, p. 49] Let A be a nonempty convex set in R™ and T € OA. Then,
there exists a hyperplane that supports A at T, i.e., there exists a monzero vector
p € R™ such that p™ (x —T) < 0 for every x € cl(A).

Analogously, we obtain the following result for A™:
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Theorem 6. Let S be a nonempty convex set in A™ and T € cbdyan(S). Then,
there exists a hyperplane that supports S at T, i.e., there exists a monzero vector
p € R™ such that pT'(x — ) < 0 for all x € cclyn(S).
Proof. Notice that
cclpn (S) = convgn (S) N A™

and

cbdyan (S) = Oconvrn (S) N A™.
If T € cbdyan(S), then T € dconvgn(S) N A™. Since the set A = convgn(S) is
convex in R", we know, by Theorem 5, there exists a hyperplane that supports A
at . This means there is a nonzero vector p in R™ such that p” (x —Z) < 0 for any
x € cl(A) = convgn (S), especially for those x € convgn (S) N A™ = cclpn(S). O

Again, in the conventional case we have the following result:

Theorem 7. [7, p. 49] [7, Theorem 2.4.8] Let A; and Ay be nonempty convez sets
in R™ such that Ay N Ay = 0. Then there exists a hyperplane that separates A1 and
Ao, i.e., there exists a nonzero vector p in R™ such that

inf {(p,x) : x € A1} >sup{(p,x) : x € As}.
Analogously, we have the following result for A™:

Theorem 8. Let S1 and Sy be nonempty convex sets in A" such that S; N Sy = (.
Then there exists a hyperplane that separates Sy and Sa, i.e., there exists a nonzero
vector p in R™ such that

inf {(p,z): x € S1} >sup{(p,x) : x € Sa}. (2.11)

Proof. Since conuvga (S1) and convgn (S3) are convex in R™, we have a nonzero vector
p € R™ such that

inf {(p,x) : © € convgn(S1)} > sup {(p,x) : ¢ € convgn(S2)}, (2.12)
by Theorem 7. Using the convexity of sets, we have
S1 = convgn (S1) N A™ and Sy = convgn (S2) N A™.
Together with (2.12), we have
inf {(p,x) : x € S1} > inf {(p, z) : = € convg~(S1)}
> sup {(p, x) : ¢ € convgn(S2)}
>sup{(p,x):x € Sy}.
This shows (2.11) and completes the proof. O
3. Convex functions on A”. After defining convex sets in A™, we turn our at-

tention to the convex functions defined on A™.

Definition 13. Let S be a convex set in A™. The function f : S — R is said to be

convex if and only if
f (Z >\i%‘> < Z Aif (i) (3.1)
i=1 i=1

forall z; € S,i=1,2,....,m, and \; € [0,1], ,4=1,2,...,m, such that >" | \; =1
and Y ;0 Az € A™
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Observe that, for a convex function f : S — R the inequality

fla+Ab—a)) < f(a) + A(f(b) — f(a)), (3-2)

holds for all a,b € S and A € [0,1] such that a + A(b — a) € A™. However, the
converse of this statement may not be true. To illustrate this we give the following
example:

Example 7. Let A2 =Z x Z; S = {(-1,0),(0,—-1),(0,0), (0,1), (1,0), (1,1)}. De-
fine the function f:S — R as follows: f(—1,0) = f(0,—1) = f(1,0) = f(0,1) =1,
£(0,0) = 0, and f(1,1) = —3. Then (5.1) does not hold, e.g. in the case when
A1 =Xy = A3 = 1/3 we have

2 1 1 1
-1+ = —(—1,0 -(0,—-1 —(1,1) ) = f(0,0) = 0.
+2 <t (3104 5004 30.D) = £0.0
However, the inequality (3.2) is satisfied for all a,b € S and X\ € [0,1] such that
a+Ab—a)€ZxZ.

Remark 3. In [13, Definition 3.1] the inequality (3.2) is given as a necessary and
sufficient condition for the convexity of the function f : [a,b]; — R on a time
scale interval [a, b];. However, Example 7 shows that the inequality (3.2) is only a
necessary condition for the convexity of a function defined on the products of time
scales. Moreover, in one dimensional case (see [13]) there is no need for defining
convexity of the domain of a convex function f : [a,b]; — R since every time scale
interval [a,b]; = [a,b] N T is convex in T. However, in multidimensional case one
has to define the notion of convexity of a set before defining convexity of a function.

The next result follows from the definition of convex function immediately.

Corollary 11. Let S be a convex set in A™. If the function f: R™ — R is convex
on convgn (S) then the restricted function f := f|g is convex on S.

3.1. Epigraph and hypograph. The convex functions on A™ can also be charac-
terized by the epigraphs and hypographs.

Definition 14. Let S be a nonempty set in A™ and f : S — R be a function. The
epigraph of f, denoted by epif, is a subset of A” x R defined by

epif ={(z,y):z €S, yeR, y=f(x)}.
The hypograph of f, denoted by hypf, is a subset of A™ x R defined by
hypf :={(z,y):z €S, yeR, y< f(a)}.

Theorem 9. Let S be a nonempty convex set in A™ and f: S — R be a function.
Then f is convex on S if and only if epif is convex in A™ X R.

Proof. Let f be a convex function on S C A™ and (x;,y;) € epif for all ¢ =
1,2,...,m. Then, for each i = 1,2, ..., m we have

yi > f(x;).
Suppose A; € (0,1),7=1,2,...,m, arescalars such that ) ;" ;| A; = land Y ;" \iz; €

A™. Then
ZM% > Z)\if () > f (Z /\ﬂz)
=1 i=1 i=1
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Therefore,

> ilwi ui) € epif.
i=1
This shows that
convgn+1 (epif) N (A" x R) = epif
which means epif is convex.
Conversely, if epi f is convex, then for the elements (z;, f(z;)) € epif,i =1,2,...,m,
and for the scalars \; € (0,1) i = 1,2,...,m, such that >/ | A; = Land }" | Az, €

A™, we have
m

D Ailwi, f(w)) € epif.

i=1

Z/\if(xi) > f (Z Aﬂi) :

Hence f is convex. O

That is,

3.2. Subgradient. Once convex functions on A™ are defined, we can study the
first order information by the subgradients.

Definition 15. Let S be a nonempty convex set in A™ and f : S — R be a convex
function on S. Then & € R™ is called a subgradient of f at T € S if

f@)>f@) +€(x—7) forallz € S.
Similarly, let f : S — R be a concave function on S (i.e., —f is convex on S). Then
£ € R" is called the subgradient of f at T € S if

fx)<f@) +&(x—7) forallz € S.

Theorem 10. Let S be a nonempty convex set in A" and f : S — R be a convex
function on S. Then, for T € cintan(S), there exists a vector & such that the
hyperplane

H={(z,y):y=f@)+& (z-7)}
supports epif at (T, f(T)). In particular,

f(x)> f@) + & (x — %) for all z € S,
i.e., £ is a subgradient of f at T.

Proof. Theorem 9 implies that epif is convex. Noting that (Z, f(Z)) belongs to the
boundary of epif, by Theorem 6, there exists a nonzero vector (§,7) € R™ x R
such that

& (=) +n(y — f() <0 for any (z,y) € epif. (3.3)
Here 1 must be nonpositive. Otherwise, the above inequality may cause a contra-
diction by choosing ¥ to be sufficiently large. We now show that n < 0. If not, i.e.,
n =0, then

¢l (x—7) <0forall zes. (3.4)

Take any z' € convgn(S), then there exist scalars A\; > 0, i« = 1,2,...,m, and
T1,T2,..., Ty € S such that > A; =1 and

m
i=1
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Applying (3.4), we have
& (@ —m) =) Aigg (2 —7) < 0.
i=1

This means
&(x —7) <0 for all x € convgn(S). (3.5)

o
o —

Since T € cintan(S) = convgn (S) N A™, there exists a A > 0 such that T+ A\, €
convgn (S). That is,

Ay o < 0.

This leads to &, = 0 and (&p,n) = (0,0) which contradicts the fact that (&, 7) is a
nonzero vector. Therefore, n < 0. Denoting &/ |n| by £ and dividing the inequality
(3.3) by |n|, we get

¢z —7) —y+ f(T) <0 for any (x,y) € epif. (3.6)

In particular, the hyperplane H = {(x, y) iy =f(@) + & (x— f)} supports epif at
(7, f(T)). By letting y = f(x) in (3.6), we get f(x) > f(@)+&T (v —7) forall x € S.
This completes the proof. O

Theorem 11. Let S be a nonempty convex set in A™ and f : S — R. If for every
point T € cintpn(S) there exists a subgradient vector £ such that

f(x)> f@) + €T (x —T) for all z € S,
then f is convex on cintan(S).

Proof. Let x; € cintan(S) for all i = 1,2,...,m and X\; € (0,1), ¢ = 1,2,...,m be
scalars such that ;" A\ = 1 and Y ., Na; € A". By Corollary 9, we know
cintan (S) is convex and

Z Aix; € cintan (S).

i=1
By our assumption, there is a subgradient & of f at ZZ’;I Aixz;. In particular, for
each j =1,2,...,m we have

f(zj) > f(z Xiwi) + €8 (21 — Z i)
i=1 i—1

Since 3270, Aj8 = f for a f = Y7 \iw; we obtain

D Aiflag) > f(z X)) +ET (Y Nz =Y A D) i)
j=1 i=1 =1 j=1  i=1
= f(z )\,xz) + fT(Z )\jil?j — Z /\7,.1’1)
i=1 =1 i=1

= f(z )\1%)

and the result follows. O
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3.3. Minima and maxima of a convex function. For convex functions defined
on A™, we now study their minimum or maximum solutions.

Definition 16. For a given function f: A™ — R and a given set S C A", consider
the following problem:

minimize f(x) subject to x € S. (3.7)

A point x € S is called a feasible solution to the problem. If 7 € S and f(z) > f(T)
for all z € S, then 7 is called an optimal solution or a global optimal solution. The
collection of optimal solutions are called alternative optimal solutions.

Theorem 12. Let f: A" — R be a convex function and S be a nonempty convex
set in A™. The point T € S is an optimal solution to the problem (3.7) if and only
if f has a subgradient & at T such that

T(x—7) >0 forallz € S.

Proof. Suppose that £7'(x —Z) > 0 for all z € S, where £ is a subgradient of f at
T. By the convexity of f, we have
fz)>f@) +&(x—7) > f(z) for all z € S.

Hence 7 is an optimal solution to the problem.
To show the converse, suppose that Z is an optimal solution to the problem (3.7)
and we construct the following two sets in A x R :

Dyi={(x—Ty):z € A" and y > f(z) — f(T)}
Dy :={(z—-7,y) :x €S and y <0}.

One may easily verify that both of D1 and Dy are convex. Moreover, D1 N Doy = ().
Otherwise, there would exist a point (x,y) such that

xeS and 0>y> f(x)— f(T).

This contradicts the assumption of T being an optimal solution to the problem. By
Theorem 8, there is a hyperplane that separates Dy and Ds, i.e., there exists a
nonzero vector (£, 7o) and a scalar « such that

-7 +ny<a, forxzecA"andy> f(x)— f(T) (3.8)
&x—2)+ny>a, forzeSandy<O0. (3.9)
If welet z =7 and y = 0 in (3.9), it follows that o < 0. Next, let z = T and

y =€ > 01in (3.8). It follows that ne < a. Since this is true for every £ > 0, we
have 7 < 0 and o > 0. Consequently, n < 0 and o = 0. If n = 0, then, from (3.8),

¢l (x —7) <0 forall z € A™. (3.10)
Let 7 > 0 be a sufficiently large real number such that

(o)
o —

T € convgn (H,),
where the set H, := B(Z,r) N A™. Since
&(x—7) <0 forall x € H,,

we have
¢l (xz —7) <0 for all = € convgn (H,.). (3.11)
On the other hand, there exists a scalar ¢ > 0 such that

x =T+ cy € convgn (H,).
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Together with (3.11), we have
02 ¢ (z —7) = cfléoll”
Hence, & = 0. Since (&o,7n) # (0,0), we must have n < 0. Dividing (3.8) and (3.9)
by —n, and denoting & = —%0, we get the following inequalities
y>€M(e—7), forxze A" andy> f(z)— f(T), (3.12)

&z —7) >y, forxzeSandy<O0. (3.13)
By letting y = 0 in (3.13), we get £'(z — %) > 0 for all z € S. From (3.12), it is
obvious that

f(x) = f@) +e>¢"(x—7) for all z € A™ and £ > 0.

Taking limit as ¢ — 0, we have

f(x) > f(@) + €T (x — ) for all z € A™.
Therefore, £ is a subgradient of f at Z with the property that ¢7'(z —Z) > 0 for all
x € S. This completes the proof. O

Corollary 12. Under the assumptions of Theorem 12, if S C A™ is convex with
o

cintan (S) = convgs(S) N A" 0, (3.14)

then T € cintan(S) is an optimal solution to the problem (3.7) if and only if there
exists a zero subgradient of f at T.

Proof. The previous theorem says that T € cintan(S) C S is an optimal solution to
the problem (3.7) if and only if f has a subgradient ¢ at @ such that ¢ (x —7) >
0 for any = € S. Consequently, the linearity of the inner product implies that

Tz —7) >0 for all x € convgn(S). (3.15)

Since T € CO’IERT(S), there exists a positive real ¢ such that x = T—c€ € convga (S).
By (3.15), we have —c ||¢]|> > 0. Hence we have & = 0. O

4. Differentiable convex functions. In this section, we study the differentiabil-
ity of convex functions on time scales and use it for solving optimization problems.

4.1. Uniqueness of the subgradient. First, we recall the following uniqueness
result in the conventional continuous calculus:

Lemma 4. [7, Lemma 3.3.2] Let A be a nonempty set in R™ and f : A — R be
convex. If f is differentiable at T € A, then the set of subgradients of f at T is the

singleton o ( ))}
of@ @\

alxl T anl'n

(emad 1) = {
i.e., grad f(T) is the only vector such that
f(z) > f(@) + (grad £(@))" (x — T), for all z € A. (4.1)

In order to show the above result may not be true in time scales, we first prove
the next lemma.
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Lemma 5. Let f : [a,b]; — R be a convex function. Then
£~ F(8) _ fl) = £() _ ()~ £(5)

t—s - uU—S - Yy—5
for any t, u, s, y € [a,bly satisfyingt < u < s <y. If f is A—differentiable and

, (4.2)

V —differentiable at T € com@, by N'T, then

Y@ < 2@, (4.3)
where f2(Z) and fV(T) are the delta and nabla derivatives of f, respectively.

Proof. Ineq. (4.2) follows directly from the definition of convexity. The equality
holds in (4.3), if T is right and left dense. In other cases, we can get (4.3) from (4.2)
by making the following substitutions:

(i) t=pE),s=7,y=o0(T),if T is right and left scattered;

(ii) t = p(T), s =7, and y = T + h for h > 0 being sufficiently small, if Z is left
scattered and right dense;

(iii) t = T — h for h > 0 being sufficiently small, s = T, and y = o (), if T is right
scattered and left dense. O

The next theorem shows that the subgradient may not be unique for convex
functions defined on arbitrary time scales.
Theorem 13. Let f : [a,bl; — R be a convex function on a time scale interval
[e]

la, bly with the property that T € comm, bl NT # @. Then the set
of(@):={{eR: f(x) > f(T) +&(z —T) for all z € [a,b]}

contains f2(Z) and f¥(T) for all T € comm, bly N'T. Moreover, every function
@ : [a,blp = R satisfying
Y @) < o@) < f2(@) (4.4)

belongs to Of(T) for any T € convgn [a,bl; N'T, and vice versa.

Proof. If T = x, then the proof is easy. Hence we may assume that T # x. When
x > T, if the point T € [a, b]y is right scattered, then we know z > ¢(Z) and
flx)—f(z flo@) - f(& _
(@) = f@) . f(o(@) ():fA(I%

x—% o) -T

by the convexity of f. If the point T € com@, bly N'T is right dense, then, for
sufficiently small h > 0, we have z > T + h and
fl@) - f@ _ f@+h) - [(@)

T —T - h

Taking the limit as h — 0 gives the desired result.

—

When = < 7, if the point Z € convgn [a, bl N'T is right scattered, then

flo(@) - f(2) | flz) — f@)

o@)—xz — x-T
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o
o —

as desired. If the point T € convgn [a,bly N'T is right dense then, for sufficiently
small h > 0, we have T+ h > 7 > x and

f@+h) —fla) _ flz) ~ @)
T+h—xa - T—7
Simplifying the last inequality leads to
f@+h) —f@  flz) — f@)
h - z-z

Taking limit on both sides as h — 0 and multiplying by  — =, we have

fl@) = f(@) + f2@)(x — 7). (4.5)
One may similarly show that
fla) = f(@) + f¥ (@) (- ), (4.6)

o
—

for any Z € convgn [a,b];NT and x € [a, b];. This shows that any function satisfying

o
—

(4.4) belongs to Of(Z) for every T € convgn [a, bl N'T.

o
—

Now, suppose we have ¢ € Of(Z) for all T € convgn[a,bly NT. If T €

-

convgn [a,b]; N'T is right or left dense, then either

f@+h) - f@)

#(@) = hlig)lJr h
or
. f@E+R) - (@)
o0 = iy T

Hence, the proof follows from the fact that

< f2@).

Suppose that the point T € convgn [a, b]NT is isolated. Then substituting x = o(7)
n (4.5) leads to

FA@)(o(@) —7) = f(0(@)) - f(T) 2 (T)(0(T) ~ T).
Therefore, ¢(Z) < f2(Z). On the other hand, by substituting = = p(%) into (4.6),
we get

Y @)(p@) —7) = f(p(T)) — [(7) 2 (p(@) — D)p(T)-
Dividing both sides by p(Z) — T, we have ¢(T) > fV (7). O
4.2. Subgradient of a convex function on A™. In this subsection, we character-

ize convex functions in terms of subgradients on the product of time scales. First,
note that the following definitions can be found in [21] and [22].

Definition 17. Let T;, i € {1,2,...,n}, be time scales and f : A" — R be a
function. The partial A-derivative of f with respect to z; € T¥ is defined by

8f(1:) — lim f(Il,CEQ,...,O’Z‘(l‘i),xi+1,...,ﬁcn) —f($17x2,...75i,$i+1,...,In)
Aixi sf;é;)(w:ci) O'Z(QTZ) — S8; 3

(4.7)
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where o; : T; — T; is the forward jump operator on the i — th time scale T,.
Similarly, the partial V-derivative of f : A™ — R is defined by

5f(33) — lim f(xlaxQM"vpi(xi)axi—}-h"'3xn)7f(xlax27"'7Si7xi+17"'7xn)
e s () — g ’
Vizi - s pizi) = si
(4.8)

where p; : T; — T, is the backward jump operator on the ¢ — th time scale T;.

In preparation for the next result, let’s define the set

UBmhi

as a frame at the point z = (:rl,acg, ey Tp) in A™ where

Bi(w,hf) = { se' + > xjel 1 s € NF(a,hi) ¢, (4.9)

j=1
i

e', i =1,2,...,n, are the unit vectors whose components are determined by

i _ s )1 i=g
ej_(S”_{O i

the sets Nii(x,hli), 1=1,2,...,n, given by

vy Az o)} i pa(a) >0 +
N ) = { R ) 20 where i >0,

" {pilar), ) (o)
_ N pilZ;), x; if vi(x;) >0 _
N (x,h]) = { (2~ hean] i va(zs) = 0 where by > 0,
are the sets in the time scale T;.
In order for the partial derivatives ‘1( %) and af ( ) given by (4.7) and (4.8) to be
well defined at a point x = (21, 2, .. ) € S one has to assume that

UBi(z,nf) c s (4.10)
=1

to guarantee that the vectors (21,2, ..., 0:(2;), Tit1, .oy ) and (21, T2, ...y Si, Tit1,
Zn), S € Nii(:v, h;t), i=1,2,...,n,arein S. Notice that the condition (4.10) also
implies x € cintan(9).
Then we are ready to state our next result.

Theorem 14. Let S be a nonempty convex set in A™. Let f : S — R be a function

such that the partial derivatives [X_(f) _and {y(f)

2 1 =1,2,...,n, exist at

any point T = (T1,Ta,...,Tp) € cintpan (S ) satzsfymg (4. 1())
1. If f is convex on S, then there exist scalars \;(T) € [0,1], i =1,2,...,n, such
that the vector

- 0
@ =3 ()\i(x) Afi(:z)
is a subgradient of [ at any point T € cintan(S) satisfying (4.10), i.e.,
f@)> f@) + @) (x —7) for allz € S. (4.12)

0f(x)
Vil‘i

+ (1= Xi(@)

z_) e (4.11)

T=T
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2. Suppose that

cintan(S) = {x €S:

)
1C-

B;i(7, hi) S} : (4.13)

Then f is convex on cintan (S) provided that for any T € cintan(S) there exist
scalars A\i(T) € [0,1], 4 = 1,2, ...,n, such that the vector £(T) defined by (4.11)
s a subgradient of f at T.

Proof. By Theorem 11, we know that f: S — R is convex on cintn(.S) if for each
point T € cintan (S) there exists a subgradient vector £(Z) such that
fx) > f@) + @) (2 —7) for all z € S. (4.14)
Hence the second part of the proof can be seen from (4.13) and the existence of
partial derivatives if%f? and %
T — LT p—
For the first part, we let f be convex. Then by Theorem 10 we know that for
any T € cintan(S) satisfying (4.10) there is a subgradient vector

£(7) = (£&(7),&(T), .. & (T)) (4.15)
of f at T. Define functions g; : T; — R by

Li1=12,...,n

91(8) = f(fl,fg, ...,Ti_l, S,Ti+1, ...,Tn), = 1, 2, N
Obviously, g; is convex for every i. Substituting
T = (517527 ey Tim15 8y Tit1, afn)
into (4.14), we have
9i(s) = gi(Ti) + &(T)(s — Ts)
for all s € I,, where
Iyi = {S eT,;: (fl,fg, ey Ti—1, S, Tit1, ,fn) S S} .

The condition (4.10) implies that

o
T; € convgn (Iz,) N'T;.
o

This means &;(Z) is a subgradient for the convex function g; at T; € convgna (Iz,)NT;.
From Theorem 13, we further know the existence of a scalar A;(Z) € [0,1] such that

0f () _y 9f (@)

The proof is complete. O

& (@) = N(T) (4.16)

T=T

Notice that if the point Z = (%1, Ta,...,T,) € S mentioned in Theorem 14 is a

point having dense components, i.e., 0;(%;) = p;(Z;) = 0 for all i = 1,2, ...,n, then

/@) _ of@)| _ of(w)

and the inequality (4.12) turns into (4.1). Therefore, Theorem 14 leads to the
following result.

, (4.17)

=T

T=T T=T
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Corollary 13. Let S be a nonempty convex set in A™ and T = (T1,Ta,...,Tpn) €
cintan (S) a point satisfying (4.10) and 04(%;) = pi(T;) =0 foralli =1,2,...,n.. Let
f:9 —= R be a function such that the partial derivatives %(;? L and %(;? -

exist for alli =1,2,....n. If f is convex on S, then

gradf (T) = Z 0/(x)

= O

)

s a subgradient for f at T, i.e.,
f(x) > f(@) + gradf ()" (x — T) for allz € S.

Remark 4. For a convex function defined on a convex subset S of the product of
time scales Ty, Ty, ...,Ts, the vectors

grada f (T Z A ol (4.18)
and
)
grady f (T) = Z vf(j) €; (4.19)
i=1 7 la=T

may not be subgradients at a point satisfying (4.10). To see this, one may consider
the convex function f(z1,22) = (z1 — 2 — 1/2)? defined on Z x Z with

grada f (xl,xg)T = (221 — 229,229 — 221 + 2)
and
grady f (acl,xg)T = (221 — 229 — 2,229 — 221) .

It is easy to see that neither grada f (z1,z2) nor grady f (z1, z2) is subgradient for
f at the point (0,0). However, for A = 1 and A = 0, the vector

E(z1,22) = A (2m1 — 222) + (1 — X) (229 — 221 + 2)] 1
+ [X (221 — 2w — 2) + (1 - X) (225 — 2:;;1)} e

is a subgradient of f at any point (z1, z2) with £; = xa. It turns out that Theorem
13 has no straightforward generalization to the multidimensional case.

4.3. A necessary and sufficient condition for optimality. The next theorem
provides a necessary and sufficient condition for the existence of an optimal solution
to the problem (3.7).

Theorem 15. Let S be a convexr set in A™ and f : S — R a convexr function
3f(m) and 3vf(;ﬂ)
T=T tle=x

T € cintan (S) satisfying (4. 10) Then T is an optimal solution to the problem (3.7)
if and only if there exist scalars N\;(T) € [0,1] such that

Ale
1=1

is a zero subgradient for f at T.

with the partial derivatives , 1 =1,2,...,n, at the point

T=T
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Proof. Corollary 12 says that T € cintan(S) is an optimal solution to the problem
(3.7) if and only if there exists a zero subgradient £(Z) of f at T. By Theorem 14,
the existence of the zero subgradient vector (Z) is equivalent to the existence of
scalars \;(Z) € [0,1] such that &;(Z) defined by (4.16) is zero for each i = 1,2, ..., n,
and &(T) given by (4.20) is a subgradient for f at T. This completes the proof. O

If A™ = R"™, then (4.17) holds, and hence, the vector (%) defined by (4.16)
coincides with gradf. Thus, we can deduce the conventional condition for optimality
from Theorem 15.

Remark 5. By Theorem 15, optimality of the point = € |J;__, B;(7, hi) C S implies

that

%{:} . <0< ifli(xi) . foralli=1,2,...,n. (4.21)
If € S is a point such that 0;(Z;) = p;(Z;) = 0 for all i = 1,2,...,n, then (4.17)
holds for all ¢ = 1,2,...,n, and hence, the condition (4.21) turns into a sufficient
condition guaranteeing optimality of T. However, in the case when o;(Z;) = p;(T;) =
0 is not true for any i = 1,2, ..., n, the condition (4.21) is only a necessary condition
for optimality of Z. Using the condition (4.21) one may find the critical points which
are candidates to be optimal solution to the problem (3.7). To guarantee optimality
of such a point Z one has to make sure that f has a zero subgradient £(Z) of the
form (4.20) at Z.

Example 8. Let A2 = ZxZ; So = {(-1,0),(0,-1),(0,0),(0,1),(1,0),(1,1)}.
Define the function fy : So — R as follows: fo(—1,0) = fo(0,—1) = fo(1,0) =
f0(0,1) =1, fo(0,0) =0, and fo(1,1) = —1. Obviously, fo is convex on the convex
set So in Z x Z. Even though, the condition (4.21) holds at the point T = (0,0), fo
does not attain its minimum at T = (0,0). This is because fo has no zero subgradient
at the point T = (0,0).

Hereafter, we will explore the additional assumptions that makes the condition
(4.21) the necessary and sufficient condition for the optimality of the point T € S.

Theorem 16. Let S be a convex set in A™ and f: S — R a convex function with
the partial derivatives if_—(;_) and L&) ,1=1,2,...,n, at the point T € §.

=T Viti |,z

Suppose that there exists a frame \J!_, B;(T, h;t) at T satisfying (4.10). Suppose
also that grada f and grady f, defined by (4.18) and (4.19), are subgradients for f
at T € S. Then T is an optimal solution to the problem (3.7) if and only if (4.21)

holds.

Proof. Since

f(x) > f(Z) + gradaf(@) (z —7) for all z € S
and

f(x) > f(@) + grady f(Z)" (x — ) for all 2 € S,

we obtain
f(@) > f(@) + (Agrada f(@)" + (1 = Ngrady f(@)") (z - )

for all x € S and A € [0,1]. This and Corollary 12 shows that the necessary and
sufficient condition for T to be an optimal solution to the problem (3.7) is that the
inequality (4.21) holds. O
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Example 9. Let A2 = Z x Z and f : A> — R be defined by f(x1,22) = (x1 —
1/3)% + (w2 — 1/4)2. It is easy to verify that the vectors

1 1
grada f(z1, 332)T = (2371 + 3 2x9 + 2)

and

5 3
gradvf(xl,acg)T = (2331 — §,2x1 — 2)

are subgradients for f at the point (0,0). Since the inequality (4.21) holds at the
point (0,0), the optimal solution to the problem (3.7) is (0,0) whenever S = 7Z x Z.

In the next theorem we make the following assumptions:

Al Let f: S C A™ — R be a function on a convex set S C A™ such that f is a
restriction of a convex function F' : convgn (S) — R™ to the set S.
A.2. All partial derivatives

i=1,2,...n
b < b
ox; | _—

o

exist at the points of conuvgn(.5).

Theorem 17. Let S be a convex set in A™ and T € S a point such that (4.10)
and (4.21) hold. Suppose that (A.1-A.2) hold. If gradF(z)T =0, then T € S is an
optimal solution to the problem (3.7).

Proof. The proof follows from the classical result Lemma 4 and the fact that f is a
restriction of a convex function F'. O

Example 10. Let A2 = R x Z and f : A*> — R be defined by f(x1,22) = (x1 —
w9 — 1/3)2. The function f is the restriction of convex differentiable function F :
RxR—R, f(r1,22) = (z1 — 22 — 1/3)%, to R X Z. f attains its minimal value 0
over the set S* = {(w1,22) : ¥1 — w2 = 1/3} since gradF(z)T =0, for all T € S*.

In the next result besides A.1 and A.2 we also make the following assumption:
A.3. The vector

Qf(@) =) wi(T)e’ (4.22)
i=1

defined by
e g <0
—\ . oOF _ .
wi(T) = 0 if - =0 ,i=12..,n (4.23)
&) T T
Viti |z ! 0Ti | ym

is a subgradient for f at T € S whenever gradF (z)T # 0.
Notice that Qf(Z) = gradf ()T if A" = R"™.
Theorem 18. Let S be a convex set in A™ and T € S a point such that (4.10)

holds. Suppose (A.1-A.3). Then T is an optimal solution to the problem (3.7) if
and only if (4.21) holds.
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Proof. By Lemma 4 and (A.1-A.3) we have

f(x) > f(@) + [AgradF (z)" + (1 = NQf (T)] (z — T) (4.24)
for all z € S and X € [0,1]. (4.24), (4.22-4.23), and Corollary 12 shows that T is an
optimal solution to the problem (3.7) if and only if (4.21) holds. O

Remark 6. The above theorem offers a procedure for the determination of an
optimal solution by solving at most 2n inequalities in n variables instead of solving
a system of n equations in n variables.

Example 11. Let the function f: T; x Ty — R be defined by

flxy,mo) = (21 — 20 — 1/2)%
Obviously, f is a restriction of the conver function F(x1,13) = (11 — 29 — 1/2)?
with the partial derivatives

OF oF

— =———=2(x1 — a9 — 1/2).

0xq 0xo (21 =22 /2)
In the following we consider several time scales of Ty and Ty such that the function
f(x1,x2) attains its minimum over the product Ty x Ty

Case 1. If Ti=Ty =R, then
of of 2( 1) B of of

= Ty —T2— 5| = — = - .
All‘l V1x1 2 AQ.TQ VQZ‘Q

Obviously,
O f(T) = gradF(T)
is a subgradient for f at any point of R%. The condition (4.21) turns into conven-

tional condition for optimality and we know that f attains its minimum over the
set

1
Sik:{($1,$2)€RXRZ$1—$2—2:0}.

Consequently,

i ,22) = 0.
<zl,£1>1?Rfo(x1 72)

Case 2. If Ty=7Z and To = R, then the inequality (4.21) implies that

Aalj;l =2x1 — 229 >0 > V.o, =2x1 — 229 — 2
and
of = o7 :—Q(xl—x2—1> =
Apxy  Vaxo 2
Therefore,
S;‘:{(a:l,xg)EZXR:xl—xQ—lgﬂgxl—xz andxl—asg—;:()}

1
:{(3717562)EZ><R:3:1—$2_2:0}

: s : : oF | _ oF
is the set of critical points. Since B |. = des

=0 forz € S5 and

x

Qaf(x) = (0,0)
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t400

+2.00

¥ 1-x_2-1=0

F1Gure 7. Upper line is the line z; = x5 and lower line is the line
1 — x2 — 1 = 0. Black dots are the elements of S5

is a subgradient for f at every point T of S5, the set S5 becomes the set of all
alternative solutions to the problem (3.7) and the minimum value of f over Z x R
18

mi r1,22) =0
(whwz)ngXRf( ! 2)

(see Figure 7).
Case 3. If T1= Ty = Z, then the condition (4.21) implies that

of of

=2x1 — 229 > 0> =2x1 — 2x9 — 2
e X1 T2 =2 U =2 Vi1 Z1 T2
and
of
=29 —2x1+2>0> =219 — 2x7.
A2I2 2T2

Hence we obtain the set
S3 ={(x1,22) €EZ XZ:2x1 — 229 > 0> 221 — 229 — 2}
= {(.’ﬂl,iCQ) ELX1T: T = ZL’Q}
U{(z1,22) EZXZ: 21 — 29 =1}

oF

as the set of critical points. Since el M or

To |—
821,

= —1 for all T € {(x1,12) €

Z X Z:x = x2} we have

_(of of
0 /() = ( Aq wz)

= (2371 — 2.’172, 256’2 — 2.%'1)
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FiGure 8. Upper line is the line zo = x; and lower line is the line
z9 — 21 + 1 = 0. Black dots are the elements of S3

forT € {(z1,22) € ZXZ : 21 = x2}. Obviously O f(T) is a subgradient for f at each
point of the set {(x1,22) € Z X Z : x1 = x2}. Similarly, since g—i‘i =— g—i =1
for all T € {(x1,22) €Z X Z : x1 — 22 = 1} we have
o of of
Q =
1@ = (gt )
= (2$1 - 21}2 - 27 21‘2 - 2.’1’,‘1 + 2)

for T € {(x1,22) € ZXZ : x1 —xo = 1}. Since Q3 f(T) is a subgradient for f at
each point of the set (x1,x2) € {Z X 7Z : x1 — x2 = 1}, the set S5 becomes the set of
alternative solutions and the value

1

min T1,T2) = —
(:131,:62)€Z><Zf( ! 2) 4

is the minimum value of f over Z x Z (see Figure 8).
Case 4. If T1=7Z and Ty = 2N = {27 : n € N}, then the condition (}.21) implies

that
0 0
f :2$1—2$2202 f 22331—2.132—2
VASE 21 171
and
of aof 3
=319 — 2 1>0> = —29—2 1.
Asxo 2 ntlz02 Vaxa 21:2 o1+

Hence,

Sy = {(wl,xg) eZx2N:m :xg}
U{(xl,xg) eZx2N iz —ay = 1}
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is the set of critical values. Since g—fl == g—sz =1 forallT € {(z1,22) € Z X%
x x
2Ny =9} and ng; _=- g—;; _= 1 for all® € {(z1,79) € Zx 2N : 2y —29 = 1}
we obtain
_ of of
QF =
1@ (Alxl ’ V2$2>
3
= (221 — 2z4, 5372 —2x1+1)
and
o of  of
Q =
L 1@) (w Am)

= (2$1 —2x9 — 2,3x0 — 221 + 1)

as the subgradients for f at the elements of the sets {(x1,72) € Z x 2V : z1 = 2}
and {(z1,72) € Z x 28 : 1y — 19 = 1}, respectively. Consequently, S is the set of
alternative solutions and

. 1
G R A

is the minimum value of f over the set 7 x 2N (see Figure 9).

(3/2)%_2-2x_1+1=D

FIGURE 9. Black dots are the elements of S}

Case 5. If T1=7 and Ty = 17 = {n/3:n € L}, then the condition (4.21)
implies that

and
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Solving these inequalities for (x1,x2) € Z X %Z leads to
* 1 4
Sy = ($17$2)€ZX§Z:2x2—2x1+§:0

1 2
U{(x1,$2)€ZXSZ:2x2—2x1+:0}

3
as the set of critical points. Since Since g—fl = - g—i = 1/6 for all T €
{(z1,22) € Z x 37 : 225 — 221 + § = 0} and 66%7: _37117: —1/6 for all
T € {(21,22) € Z x §Z: 25 — 231 + 2 = 0} we obtain
_ of  of
QF =
5 /(@) (Vlfvl’ Aﬂz)

4
= (221 — 229 — 2,229 — 221 + g)

and

L (of of
05 /() = ( oAq V)

2
= (21‘1 — 2I2,2I2 — 2561 + g)
as the subgradients for f at the elements of the sets {(x1,x2) € Z X %Z 1229 — 221 +
% =0} and {(z1,22) € Z x %Z 1 2xg — 2x1 + % = 0}, respectively. Consequently, Si
is the set of alternative solutions and
1

(11,151érzl><z/3f(x171'2) = %

is the minimum value of f over Z x %Z.

5. Optimization on time scales. In this section we propose the linear program-
ming (LP) and the quadratic programming (QP) problems on time scales. We
start with an extension of LP problem.

5.1. LP problem on time scales. Consider the problem
n
minimize Z CiT;
i=1

s.t. Zaijzj < bz for i = 1,2, N
j=1
x=(1,...,0n) €Ty xTg x ... x T, (5.1)

where the coefficients ¢;, a;;, b;, for all i,j € {1,2,...,n}, are real numbers and
T;, 7 = 1,2,..n, are time scales. It is obvious that the problem (5.1) becomes the
standard LP problem when T; = R, for i = 1,2,..,n, and an integer programming
problem when T; =Z, for i =1,2,..,n .

Since there are many time scales other than R and Z, the problem (5.1) lead to
different type of optimization problems.
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Given a linear function f(z1,xza,...,x,) = Z;;l ¢;x; defined on a convex region
A in R™, we know by Corollary 11 that the restriction f|,, : ANA™ — R of f into
ANA"™is convex on AN A"™. Moreover, we have

Qg(T) = gradag(x) = gradyg(T) = gradf(x) =Y  ciei,
i=1

where g = f|,. and gradag(Z) and gradyg(Z) are defined as in (4.18) and (4.19),
respectively. Then Theorem 14 leads to the next result.

Theorem 19. Let S be a convex set in A™ and f : convgn (S) — R a linear function.
Then, for each T € cintan(S) satisfying (4.10)

grada f(Z) = grady f(Z) = gradf (z)
holds and &£(T) = gradf (T) is a subgradient for f at T, i.e.,
f(z) > (@) + gradf(@)T (x — Z) for allz € S.

Notice that the next result is well known in the literature for conventional con-
tinuous optimization.

Theorem 20. [7, p. 103] Let f : R"— R be a convex function and A be a nonempty
convez set in R™. If f is differentiable, then T € A is an optimal solution to the
problem

minimize f(x) subject to x € A

if and only if
(gradf (@))* (x — %) >0 for all x € A.
Furthermore, if A is open, then T € A is an optimal solution if and only if
gradf (T) = 0.
We have a parallel result for linear optimization on time scales:

Remark 7. Let A be a convex set in R™ such that cintan (AN A™) # 0. Tt is clear
that S := AN A™ is convex in A™. Given a linear function f : R™ — R, it is evident
that =* € S is a solution to the problem

minimize f(z) subject to z € S (5.2)
if and only if z* is a solution to the problem
minimize f(z) subject to x € convgn (S).

By replacing A with convgn(S) in Theorem 20, we arrive at the conclusion that
T € S is an optimal solution to the problem (5.2) if and only if

(gradf(@))" (x —7) > 0 for all z € S.

In Figure 10, we illustrate an application of Remark 7 to an integer linear pro-
gramming problem (ILP).

Example 12. Consider the following LP on time scales:

max 3z + 5y

st. 2r—y<14
r+y<16
z—y <10

r€R,U{0} and y € 2Y U {0}
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FI1GURE 10. The region bounded by the black lines is the polytope
A. The black dots surrounded by the dashed rectangle are the
elements of the convex set S = AN(Z xZ) in Z x Z. The triangular
point is the point T at which grad f makes an acute angle with all
vectors pointing from T towards elements of S. The grey line is the
hyperplane whose lower halfplane contains S.

Obviously, the optimal solution (x*,y*) to this problem is (8,8), where the optimal
value of f(x,y) = 3x+5y is 64 and the gradf = (3,5) makes an obtuse angle with all
vectors pointing from (x*,y*) towards any point of the feasible domain (see Figure
11).

The above example indicates that linear optimization on time scales not only
may unify linear programming (LP) and integer programming (IP) but also may
provide more general perspective for constructing new models for solving problems.

5.2. QP problem on time scales. Consider the following quadratic optimization
problem over time scales:

1
minimize f(z) = ixTQ:r +cl
s.t. Az <b
2 €Ty X Ty X ... x Ty, (5.3)

where @ is an nxn symmetric and positive semidefinite matrix, ¢ is an n-dimensional
column vector, A is an m xn constraint matrix, b is an m-dimensional column vector,
and Ty, Ts,...,T,, are time scales. Letting T; = R for all i = 1,2,...,n, we obtain
standard linearly constrained convex quadratic programming problem. Letting T; =
Z for all i = 1,2, ...,n, we obtain a convex quadratic integer programming problem.
Choosing different time scales in (5.3), we may get hybrid quadratic programming
problems.
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"

/ R, U :DE

FIGURE 11. The feasible domain for the above given LP consists
of four parallel lines bounded by the constraints

We would like to particularly point out that the study of optimization on time
scales may provide easiness and new algorithms for solving problems besides the
generalization. To illustrate our point, let us consider the following unconstrained
optimization problem:

1
minimize f(z) = §$TQCL‘ +cl'x
for x € T,
where @ and ¢ are defined as in (5.3) and T is a time scale. If we let T = {p(0),0, 1,
a(1)}, p(0) < 0,1 < (1) and S = T™, then we have cinty. (S) = {0,1}" # 0. Tt
is easy to see that f(z) is convex and S is also convex in T™. Hence we can apply
Theorem 18 to (5.3) to check the existence of an optimal solution. Consequently,
we know
T = (51,527 ,fn) € cintn (S) = {0, 1}n

is an optimal solution to the problem (5.3) if and only if T is an element of the set

* T n . 0f(x) of ()
=N" CACO) <g< 92)
S mz:l {x S {07 ]-} vle o >~ 0 ~ Alxl o ,
where
0f(z) ) () = fi(0) ifT =0
ANy |y | YLD i =1 (5.4)
of (x) _ %@(5«)» T, =0 s
Vigi ey | ()= fi(0) ifT=1" :
and

fl(S) = f (517 .--,Ei71,3,5i+1, ---7571);
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provided Qf(T) is a subgradient for f at any T € S*. On the other hand, if the
problem (5.3) has an optimal solution T € cintr» (S) = {0,1}", then the problem

1
minimize f(z) = §a:TQJ: +cl'z

for x € {0,1}" (5.6)
has the same optimal solution. Hence, we have derived a sufficient condition for the
Corollary 14. Let f be a function such that the set

0 0
S* =N, {xe{O,l}”' /() <0< /()

optimal solutions to the problem (5.6).
: 5.7
vixi T=T Alxl a:—x} ’ ( )

is non-empty and Qf defined by (4.22) is a subgradient for [ at everyT € S*. Then
every element in S* is an optimal solution to the problem (5.6), and vice versa.

Example 13. Define p(0) = —1, o(1) = 2 to obtain the time scale T ={-1,0,1,2}.
Let

2 00 -1
Q=106 0| andc=| —4
0 0 6 —4

Evidently, Q is a symmetric and positive definite matriz and f is conver on the
convex set S = T™. Consider the problem

minimize f(x) = —x1 — 4xo — 4as + 2?2 4 3235 + 3x§
s.t. w1, 29,23 € {0,1}. (5.8)
By (5.4-5.5), we have
of (x) _ of (x) _
Vl_il,‘l = 21’1 2, Al,’L‘l = 2501,
of (@) _ of (@) _
@ = 6x2 7, AQJZQ = 6(E2 ].,
" of(x) of(x)
T x
V3I3 = 6$3 — 7, A3$3 = 6%3 —1
Since
. of (x) of(z)
<0<
ST { (21, 29,23) € {0, 1} Vg, S 0< Ac
={(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0), (1,1,1)},
. 3. 0f(x) of (x)
= <0<
S5 {(xl,xg,xg) e {0,1} Vory = 0< Ayts
= {(0, 1, O) , (1, 1,0), (O, 1, 1) , (17 1, 1)} ,
and
of (z) of (z)
— <0<
{ xl,xg,xg 6 {0 1} Vazs 0< A31‘3
={(1,0,1),(0,0,1),(0,1,1),(1,1,1)},
we obtain

S*=8rnS;NnS;={(0,1,1),(1,1,1)}.
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Since
gradf(0,1,1)T = (=1,2,2)
and
gradf(1,1,1)T = (1,2,2)
we have
of(z) of(x) 8f(m)>
Q O7 1, 1 = 9 ?

( ) <A1x1 Vaxs ' Vixs (0,1,1)
= (2951, 6x2 — 7,613 — 7)(0,1,1)
=(0,-1,-1)

and

_ (0f(z) Of(x) Of(x)
AL = (V19U1 " Vazz ' Vs >(1,1’1)

= (221 — 2,622 — 7,623 — 7)(1,1,1)
- (07 _17 _1)

which are the subgradients of f at (0,1,1) and (1,1,1), respectively. By Corollary
14, we can deduce that (0,1,1) and (1,1,1) are optimal solutions to the problem
(5.8) at which the function f(z) = —x1 — 4xe — 43 + 23 + 323 + 322 attains a
minimum value of —2.

Note that the existence of an optimal solution to the problem (5.6) is guaranteed
by the existence of an element of the set S* defined by (5.7). However, one may
easily find a convex function f(z) = %xTQx + ¢z such that the setting T =
{-1,0,1,2} in Example 13 does not work for finding at least one element of S*. In
such cases, we can redefine the time scale T = {p(0),0,1,0(1)} to show that S* # §.

Example 14. Let

2 00 -1
Q=10 8 0 and c= | —16
0 0 8 —16
for the following quadratic optimization problem:
minimize f(x) = —x1 — 1629 — 1623 + 23 + 4a3 + 4x§
s.t. x1,x9,23 € {0,1}. (5.9)

We consider two cases:
Case 1. (S* =0 ) Let T={-1,0,1,2}. From (5.4-5.5), we have
of (z)

of(x)
———— =8xy — 20 d = 8xy — 12.
Vgl‘g 2 an AQIZ?Q 2

This implies that

o 0
S;: {(ilva’xS) 6{0’1}3: Vf;(.:Q) =0= Afg(;;)} -7

Hence we have S* = @. In this case, Corollary 14 yields no optimal solution for

(5.9).
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Case 2. (S* # 0) Set p(0) = —4 and o(1) = 5 to define the time scale T =
{—4,0,1,5}. From (5.4-5.5),
)

of (x

lel

0f(x)
Alxl

0f(z)
AQ.TQ

0f(z)
V3£ZZ3

0f(z)

Aoz

and, consequently,

of(x) { -5

Vlacl o 0
of (x) { —32
Vaxa o —12
of (x) { —32
Vsxs3 o —12

Therefore, we have

ST = {(xl,xg,mg) € {0,1}*:
={(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1), (1,1,0) , (1,1, 1)},

and

S5 = {(ml,xg,xg) e {0, 1}3 :

we have

21?1—2

21‘1

Zfl’l =0
Z'fl'l =1

ZfﬁL’Q =0
if.’L‘Q =1

ZfﬁL’3 =0
if.’l?3 =1

0f(x)
V1I1

23 — (22
81‘2 —20
81’2 —12
((902 +4)?
(903 — (@3
8rs — 20
81‘3 —12

3 (x% — (x4 —4)2> -1

1 ((m +4)? —x%) —1

{
{
|
{
{
{

((.133 +4)° — x%) — 16

zfxle

ifﬁclzl ’

zfo:le

Zf£E1:1 ’
2 .

—4))—16 ifos =0
ifx2:1
zfac2:0

—a:g)—m ifos=1"

—4)2>—16 ifz3=0
ZfﬁEng
if$3:0
ifl‘3:1 ’

of() [0 ifz1=0

’Alxl_ 5 if$1:17

of(x) [ =12 ifxze=0

’AQCUQ B 3 ifx2:1

af(x) [ —12 ifzz=0

’AQCE’Q B 3 ifxii:l

<0< 3f($)}

Alfﬂl

0f (x)
VQIIZQ

<0<

)

={(0,1,0),(1,1,0),(0,1,1),(1,1,1)},

Ss = {(ml,mg,xg) e {0, 1}3 :

0f ()

Vixs3

<0<

={(1,0,1),(0,0,1),(0,1,1),(1,1,1)}.

Consequently, we obtain the optimal set
S*=57NnsS;nsS; ={0,1,1),(1,1,1)}

at which the function f(x) =
value of —24.

)

—x1— 1625 — 1623 —i—x% —|—4x% + 4x§ attains a minimum
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The previous examples lead to an open problem to be answered.
Open problem. Given an n X n symmetric and positive semi definite matrix @
and an n x 1 column vector c. Is there always a time scale T = {p(0),0,1,0(1)}
such that the set S* defined by (5.7) is non-empty?

6. Concluding remarks. The purpose of this paper is two fold: First, we intro-
duce the fundamental concepts of convexity of sets and functions defined on time
scales and derive their analytic properties for further analysis. Second, we pro-
pose a new problem of optimization on time scales for system modeling with both
continuous and discrete variables. Before our work, time scale systems have been
considered only for the generalization of differential, difference, ¢-difference and
h-difference equations by using dynamic equations containing A-derivative of the
functions. This paper is the first work in which sets in the product of time scales are
investigated in terms of their convexity properties. Different from the convexity no-
tion in continuous calculus, several researchers (e.g., [12] and [19]) have defined the
concept of discrete convexity to explain the convexity of a subset in Z X Z X ... X Z.
Our notion of convexity describes a much more general mathematical structure in
the product of time scales. Theorem 15 provides a necessary and sufficient condition
for optimality which enables us to handle different type of optimization problems on
time scales. It may open an avenue for future research on time scales with analogues
results of Lagrange multipliers and Karush-Kuhn-Tucker conditions.
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