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Summary.A k-out-of-n system is working if at least k of its n components are
operating. The system breaks down at the time of the (n — k+1)th component
failure. Since all components start working at the same time, this approach
leads to a kind of redundancy called active redundancy of n — k components.
Important particular cases of k-out-of-n system are parallel and series systems
corresponding to k=1 and k = n, respectively. In this paper, we consider the
mean residual life (MRL) function of a parallel and k-out-of-n systems consisting
of n components having independent and nonidentically distributed lifetimes.
We provide new representations of the MRL function for such systems. The
MRL functions of systems consisting of components having exponential and
power distributed lifetimes are presented. Also we introduce a numerical ex-
ample to study the effect of increasing the system level and various parameters
on the mean residual life of the systems. Further, the relation between the
mean residual life for the system and the mean residual life of its components
is investigated.

Key words: Mean residual life function, Parallel system, k-out-of-n-system,
Permanents

1. Introduction
When the variables are independent but not assumed to be identically distrib-

uted, the usage of the permanents provides an effective technique to handle the
case of order statistics from nonidentical parents.
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Consider S,, as the set of permutations of 1, 2,..., n. If A is an n X n matrix,
the permanent of A, denoted by PerA, is defined as:

PerA = Z Ham(i)

TESy i=1
where the summation extends over all permutations of {1, 2,..., n}.
The permanent does not change when the rows or columns of the matrix are
permuted. And also, the permanent admits a Laplace expansion along any row

or column of the matrix. Thus if we denote by A(%, j) the matrix obtained by
deleting row ¢ and column j of the n x n matrix A, then fori, j=1,2,...,n

PerA = Z a;jPerA(i, j)

j=1
and
n
PerA = Z a;jPerA(i, j).
i=1
If a1, as, ..., are column vectors, then
ap, az ,...,

i1 Z'2

will denote the matrix obtained by taking i; copies of a1, io copies of as and so
on (Bapat and Beg, 1989).

Vaughan and Venables (1972) have shown that the density of X..,, is con-
veniently expressed in terms of permanents, when X, Xs,..., X, are order
statistics of the independent random variables with absolutely continuous dis-
tribution functions Fy, Fs,..., F, and densities f1, fo,..., f, respectively. The
distribution function of X,..,,(1 < 7 < n) is given by Bapat and Beg (1989)

Fl(x) 1—F1($)

n 1 : :
P(X,., <z)= ;mp‘” F.(z) 1-F,(z)
—— ——

7 n—u
where —oo < & < oo and PerA denotes the permanent of a square matrix A;

the permanent is defined just like the determinant, except that all signs in the
expansion are positive. A simple argument shows (David, 1981) that
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P(Xr:n < z):ZP(ZXl,,Xngx)

Z Z HFJZ H 17sz(x)]a

I=r j1,...Jn =1 l=i+1

where the summation extends over all permutations ji,..., 7, of 1,..., n for
which j; < --- <j; and jit1 <+ < Jn-

Most of the fault-tolerant systems such as parallel and k-out-of-n systems con-
sist of nonidentical components. This type of structures finds wide applications
in both industrial and technical areas. For the improvement of the reliability
of the operation of such complex technical systems the implementation of the
structural redundancy is widely used by the method of the k-out-of-n reserva-
tion. In this study we provide the results and examples on mean residual life
function for k-out-of-n systems consisting of n independent and nonidentical
distributed components.

2. The Mrl Function Of k-Out-Of-n System

Asadi and Bayramoglu (2006) have studied the MRL function of k-out-of-n
system under the condition that at time ¢ all the components are working, i.e.
X1.n, > t. In the following theorem we propose the MRL function assuming
that X;, Xs,..., X,, are independent but nonidentically distributed random
variables with distribution function F; and survival function F; = 1 — F}. Let
also X1 ., < Xo.y < -+ < Xy be the ordered lifetimes of the components.
Xk n, k=1, 2,...,n, represents the lifetime of (n — k + 1)-out-of-n system.

Definition 1 The mean residual life function of the k-out-of-n system under
the condition that all components alive at time ¢, is

(1) H(kn)(t):E(Xk:n—t|X1;n>t),k::1,2,...,n

Theorem 1 If H (’“n) (t) is the MRL of the parallel system defined as Eq.(1), then
for F(t) >0, k=1,2,...,n and t>0

k—1

S (1) o
@) HE () = 2 / Per |F(t) - F@) Flz)
n'HF t i ?:

Proof. If S denotes the survival function of conditional random variable X} . ,, —
t| X;y., >t then for z > 0,
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S($|t) = P(Xk:n — t|X1;n > t)

_ P(Xk:n >x+t, Xy > t)
o P<X1;n > t)

Z 2 H[ (o+6) = F,(0)] T Fj(z+1)

i=0 j1,..., jn I=1 l=i+1

3) =

bl > [T [Fo(t) - Fua+0)] 11 Fule+1)

=071, Jn l=1 l=i+1

Hence the full sum is recognizable as the permanent of a matrix, so S(x | t) has
the expression as follows.

(4)

Given that all the components of the system are working at time ¢ > 0, the
MRL function of the system is

HE () = / S(alt)dz

Thus the proof is completed.

The motivation for this structure can be given as an example of the high pri-
ority freight train, which is structured as a 3-out-of-4 system consisting of four
locomotives (Nelson, 1982). The train is delayed only if two or more locomo-
tives fail. It is assumed that the four locomotives in a train fail independently
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and times to failure for locomotives are distributed as nonidentical exponential
distribution. The MRL of such a system is,

1 1 1
+ +
AMFd+A M+FAs+A M+ A+
1 3
+ = .
AtAs+M M+t +\

Hiy ()

It is clear that the MRL of the system is a decreasing function of failure rates
A1, A2, Az, A4 as expected.

2.1. The MRL Function of a Parallel System Having n Components All Alive
at Time t

Consider a parallel system with independent and nonidentically distributed com-
ponents each following the distribution function F; and survival function (relia-
bility function) F; = 1—F;,i =1, 2,..., n. When the system is put into opera-
tion at time ¢, all components are working. Let also X 1., < Xo., <--- < Xy
be the ordered lifetimes of the components. The consideration of the mean
residual life function of this system leads us to the following definition.

Definition 2 The MRL function of a system under the condition all components
alive at time ¢, i.e., Xy, > t, is

(5) 6, (t) = E(Xpin — | X100 > t) = BE(X | X1 > t) — .

In Theorem 2 we obtain a representation formula for mean residual life function
of a parallel system under condition that all components are survived.

Theorem 2 Let ¢,,(t) be the mean residual life function of a system having a
parallel structure and consisting of n independent and nonidentically distributed
components with distribution function F;, i = 1, 2,..., n, respectively. Given
that all components of the system are working at time ¢ > 0 then,

©6)  dut) = — : il)‘/xPer f@) F@)-F) |do—t.
H Fi(t) " ) t \1’/ n—1
=1

Proof. We have,

P(Xnn < $|X1:n > t)

(7) 7P(Xlgx,...,XnSsc,X1>t,...,Xn>t)
- P(X1>t,..., X, >t) ’
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From Eq.(7) we get

Differentiating Eq.(8) with respect to 2 we obtain the probability density func-
tion of conditional random variable (X, . ,|X1., > t) as

9) Z (z) — Fi(t)] -

n
i:l

Using the identity Eq.(9), in Eq.(5) we have,

W, (1) /x fe@) [ F: (@) — F:®)] d —t.
HF t

An argument shows that

ka V[T 1F@) -Fm1= Y fu@) [[F @) - F@l,

Z#k Jireeesdn =

where the summation extends over all permutations ji,...j, of 1,..., n for
which j; and j3 < ... < j,. The result now follows from the definition of the
permanent:

fi(z)  Fi(z) — Fi(t)
—1 Per
—— N——

1 n—1

(10)

Given that all components of the system are working at time ¢ > 0, we obtain
Thus the proof is completed.
Example 1. Let F;(z),i =1, 2,..., n be the exponential distribution function;

1—e % £>0,)>0
Fi(z) = { 0 z <0
Then, using Eq.(6) one can show that for i = 1, 2, 3, the MRL function of a
system containing three components has the following form:
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PR O R B SR
3 M A A3 Mt At
1 1

— + .
Ao+ A3 Art+ A2+ Az

Note that the MRL of a system having independent and nonidentical exponential
components does not depend on t. When the values of A; > 1 then the MRL of
the system decreases. The MRL function of a system containing n components
has the form

n

(11) b, =S (- S !

S aadeaen Yy,
k=1

Example 2. Let Fi(z), i =1, 2,..., n, be the power distribution function;

oy J1-(1-2)f O0<z<1
Fi(w) = { 0 otherwise

Then, the MRL function of a system containing three components has the fol-
lowing form:

I T R 01+ 0
01 +1 0 +1 03 +1 01 +65+1

b5(t) = (1 1) [1

01+ 03 0 + 03 01+ 02+ 03
91+93+1 92+93+1 91+92+93+1
In Fig.1, we have presented the graph of the MRL function of a system contain-
ing three components in which the lifetime of the components are assumed to
be power distribution with different parameter values. It is seen that the MRL
function is a decreasing function of parameters 01, 05 and 03.

,0<t < 1.

As a result, the MRL function of a system containing n components is,

n

(12) ¢, =(-t) [1- D)+ ¥ ngj_’;l

i=1 1<j1<...<ji<n k=1
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Fig.1. The MRL of a parallel system with n=3 power distributed components
with the parameters (61, 02, 035) = (0.5, 0.8, 0.3), (0.5, 0.8, 1),(0.5, 1, 2),(1, 2, 3)
respectively.

Asadi and Bayramoglu (2005) have given an extension of the ¢,,(t) as assuming
that X, Xs,..., X, are independent, identically distributed random variables
with distribution function F and survival function F = 1 — F. They defined the
MRL function of a system, under the condition that X,., > ¢, i.e., (n —r + 1),
r=1,2,..., n, components of the system are still working as

(13) M) = E(Xp.n—t| Xpn > 1), r=1,2,... n.

Then for F(t) >0, r=1,2,...,n and t>0

where M;(t) = = o(t) = =—.

In the following theorem we define the MRL function of a parallel system, assum-
ing that X, Xs,..., X, are independent but nonidentically distributed random
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variables with distribution function F; and survival function F; = 1 — Fj,i =
1, 2,..., n, under the condition that X,., > t,ie, (n—r+1),r=1,2,...,n,
components of the system are still working

Theorem 3 Let M | (t) be the mean residual life function of a parallel system
- L) o I

consisting of n independent and nonidentically distributed components. Then

for ¢ > 0 and F(t) > 0.

r—1 i n—i k __ n—i __
Z:o j Zj Lljl ) kz_:l(_l)kﬂ zllej“*i) (x+t)l—1k_r[+1Fj”+i) ®
(1) M) = St = = =

Proof. It is clear that

P(Xpm >x+t, Xpy > 1)

S(zlt) =

P(X,m > 1)
r—1 i n—i k n—i
. _1)k+1 . T F.
(16) _ =0 jl,;,jn ll;[1 Fin ®) k§1( 2 1,1;[1 FJ(H'i)( ) l:II:[+1FJ(l+”)(t)
- r—1 i n
> X I F@ I [1-F 0]
=0 j1,.-., gn l=1 I=i+1

The full sum in the denominator is recognizable as the permanent of a matrix,
so S(x | t) has the form
Forr=1,2,...,nand t >0,

r—1 i n k __ n—i __
0 j > lllejl(t) kz—;l(_l)kﬂ ll:[1Fj(l+i)(x+t)1—1;[+1Fj<l+'i)(t)
(17) _ =0 d1..o Jjn l= = = =
r—1 —
> i!(nl—l)!PeT F(t) (t)
1=0 \’/. N~

Therefore the proof is completed.
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3. Numerical Results

This section introduces a numerical example for the various value of k of n
components of system. Further, the relation between the mean residual life for
the system and the mean residual life of its components is investigated as in the
study by Sarhan and Abouammoh (2001). They have investigated the reliability
of nonrepairable k-out-of-n systems with nonidentical components subjected to
independent and common shocks and the relationship between the failure rate
of the system and that of its components.

Let us consider an airplane that has three engines. Furthermore, suppose that
the design of the aircraft is such that at least two engines are required to function
for the aircraft to remain airborne. This means that the engines are reliability-
wise in a k-out-of-n configuration, where k=2 and n=3. More specifically, they
are in a 2-out-of-3 configuration. It is assumed that the engines X;, i=1,2,3, are
Weibull distributed with parameters («;, A;), respectively (Petit and Turnbull,
2001).

This distribution was selected based on the common usage in engineering, ver-
satility and to reduce the complexity of the data analysis. The two parameter
Weibull distribution is a time dependent distribution that is also one of the
most useful probability distributions in reliability. It can be used to model both
increasing, and decreasing failure rates. « is referred to as the shape parameter.
If « is less than one, the mean residual life function is increasing over time. If
« is greater than one, the mean residual life function is decreasing over time. If
« is equal to one, the mean residual life function is constant over time, that is
the exponential distribution.

The time to failure X of an engine is said to be Weibull distributed with para-
meters ;>0 and \;>0 for i=1, 2, 3 if the distribution function is given by

1—e i)™ ¢ 50
(18) Ft) = { 0 otherwise

It is assumed that the scale parameter A is identical for all components lifetimes.
It is also assumed that the working of the components is independent of one
another. The mean residual life of an engine at age ¢ is the average remaining
life among those engines which have survived until time ¢. The mean residual
life function of the 2-out-of-3 system under the condition that all components
alive at time ¢ > 0 is

1

D

)7
(19) H(QS)(t)Z = Per |e= M) _ g=(im)® =)™ | g

3
3!HFi(t) t i 3—i
i=1

Z.
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Fig.2a-e shows the mean residual life function of this system with different shape
parameter «;, i=1, 2, 3 of lifetime distribution of components when:

All components have identically distributed i.e. a1 = as = ag.
All components have a linear decreasing mean residual life function i.e. a;>1.
All components have a linear increasing mean residual life function i.e. a;<1.

The first component has a increasing mean residual life function while the rest
two components have an decreasing mean residual life function.

The first and second components have a increasing mean residual life function
while the third one has an decreasing mean residual life function.
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Fig.2. The MRL Curves of the 2-out-of-3 System with Weibull Distributed
components (A=1).
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U mepa | 1| B2 | 3| e | e
1.00,1.00, 1.00 182 1.82 1.82 182 182
0.50,0.50, 050 2.38 =R=}| 11.07 12.06 1282
2.00,2.00, 200 0.es 0.40 u] u] u]
1.10,1.20, 1.20 1282 1.28 1.21 118 112

- 1.10,1.580, 200 1.1z 0.8 u = o.es 075

4 0.30,0.50, 080 2582 3104 35.07 3548 4152
0.50,1.20, 150 423 4.9 553 G.09 6.55
0.50,1.80, 200 412 4.89 550 5.0z 6.38
0.50,0.80, 120 463 | G.02 G.54 F.00
0.50,0.80, 250 455 5.35 5.93 5.51 =R=1=}
1.00,1.00, 1.00 083 0.8z 083 0.8z 0.83
0.50,0.50, 050 272 31 3.4 4.39 4.78
2.00,2.00 200 0324 049 u] u] u]
1.10,1.20, 130 065 0.52 0.55 0.52 0.50

- 1.10,1.50, 200 0.4 036 0.z0 0.26 024

& 0.20,0.50, 020 272 245 a7 4.4 4.20
0.50,1.20, 150 ore 072 063 0.64 0.62
0.50,1.50, 200 0.50 045 0.3z 0.z2 0.20
0.80,0.80, 1.20 1.12 1.20 1.37 1.42 1.42
0.50,0.80, 250 og9g 1.02 1.18 1.26 1.33
1.00,1.00, 1.00 upcic] 0.3z 0.3z 0.z2 0.23
0.50,0.50, 050 0sa 147 1.38 1.56 1.71
2.00,2.00, 200 015 0.0z [a] [a] [a]
1.10,1.20,1.20 0z7 024 0.zz 0.21 0.20

. 1.10,1.580, 200 0.z0 0132 0.0 o.0s 0.07

4 0.30,0.80, 080 07a 0.1 1.03 1.1 1.19
0.50,1.20, 180 020 0.z5 0.zz 0.z0 019
0.50,1.50, 200 02z 015 o 0.09 0.07
0.50,0.80, 120 0.40 0. 0.4 0.41 0.40
0.50,0.80, 250 02z 012 007 0.05 0.0z

Table 1. The Mean Residual Life at Different System Level.

Based on the Fig.2, the following conclusions are possible. It is seen from
Fig.2(a) that the components having constant mean residual life functions, i.e
a1 = ag = az=1, the mean residual life function of the 2-out-of-3 system is
constant. When all components identically distributed and a,;>1, the system has
decreasing MRL function, otherwise the system has increasing MRL function.
When either all components have a linear decreasing mean residual life function
(b), i.e. a;>1, or two components have linear decreasing mean residual life
function (d), the system has a linear decreasing. As the values of «; get larger,
the values of mean residual life decrease (b). Either all components have linear
increasing mean residual life function (c), i.e. «@;<1, or two components have
linear increasing mean residual life function (e), the system has increasing mean
residual life function.

In Table 1, a particular case with n=3 and k=1, 2, 3 is analyzed numerically
to study the effect of increasing the system level and various parameters on
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the mean residual life of the system. The mean residual life of the k-out-of-3
configuration was calculated versus different parameters of required units. All
the computations were done using Maple 5.1.

4. Conclusions

In this paper, we have provided new representations of the MRL function for the
parallel system and k-out-of-n system. Also we introduce a numerical example
to study the effect of increasing the system level and various parameters on the
mean residual life of the systems.

A parallel system is equivalent to a 1-out-of-3 system, i.e. the k is equal to 1,
while a series system is equivalent to a 3-out-of-3 system, i.e. the k is equal
to 3. The system structure changes from a parallel structure to a 2-out-of-
3 structure, then to a series structure. In other words, the system structure
changes from strong to weak as the system level increases. So it is necessary to
provided redundant equipment in a parallel structure, in cases where the failure
of the system is not acceptable. When the components have constant mean
residual life functions, i.e. coming from the exponential distribution; the mean
residual life function of the system is constant in all the system level. Since the
system structure changes from strong to weak as system levels increases, the
mean residual life decreases for all parameters.
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