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ABSTRACT

BIVARIATE RANDOM SEQUENCES AND EXACT
AND ASYMPTOTIC DISTRIBUTIONS OF
EXCEEDANCE STATISTICS

AYSEGUL EREM
Ph.D. in Applied Mathematics and Statistics
Graduate School of Natural and Applied Sciences

Supervisor: Prof. Dr. Ismihan Bayramoglu
June 2017

In this thesis, random threshold models based on bivariate random sequences
are investigated. The random threshold models are defined on the basis of rth
order statistic and rth concomitant. The finite and asymptotic distributions of ex-
ceedance statistics are obtained. Distributions of exceedance statistics presented
in this work, do not depend on marginal distribution functions and depend only
on copulas. Applications of these bivariate random threshold models in medicine

and air pollution are discussed.

Keywords: Random threshol models, exceedance statistics, order statistics, con-

comitants, copula, asymptotic distribution.

il



OZ
IKI DEGISKENLI RASGELE DIZILER VE ASAN

[STATISTIKLERININ SONLU VE ASIMPTOTIK
DAGILIMLARI

AYSEGUL EREM
Uygulamali Matematik ve Istatistik, Doktora
Fen Bilimleri Enstitiisii
Tez Damsmani: Prof. Dr. Ismihan Bayramoglu
Haziran 2017

Bu tezde, iki degiskenli rasgele degisken dizilerine dayali rasgele bariyer model-
leri incelenmigtir. Rasgele bariyer modelleri »’ inc1 sira istatistigine ve eglenigine
dayali olarak tamimlanmigtir. Asan istatistiklere iligkin sonlu ve asimptotik
dagilimlar elde edilmistir. Bu caligmada sunulan asan istatistiklerin dagilimlar
marjinal dagilimlara bagh degildir ve yalnizca kapulalara baghdir. Bu iki
degiskenli rasgele bariyer modellerinin saglik ve hava kirliligindeki uygulamalar

ortaya konulmustur.

Anahtar Kelimeler: Rasgele bariyer modelleri, agan istatistikler, sira istatistikleri,

eslenikler, kapula, asimptotik dagilim.
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Chapter 1

Introduction

Random threshold models have aroused much scientific interest, due to the wide
application areas. These models can be used in many areas, such as medicine,
engineering, modelling environment events (flooding see [36], air and water pol-
lution, etc.), and insurance. For some interesting applications of exceedance

statistics in insurance, see [37] and [27].

Additionally, these models are used in quality control to detect extreme vari-

ation in some quality characteristics, see e.g. [69], [70], and [57].

Since 1940s, in the statistical literature, there have appeared numerous paper
on exceedance statistics and random threshold models (see e.g. [41], [39], [40],
341, 18], [60], and [58))

Exceedance statistics play a fundamental role in nonparametric methods in
construction of distribution free tests, see [18], [59], [45], [46], [43], [44], [52], and
[53]. In some exceedance statistics studies, based on ordered statistics, a new effi-
cient test criterion was constructed for testing hypothesis H, against several class
of alternatives. Katzenbeisser [45], [46] constructed a test based on exceedance
statistics for two sample problem in univariate independent samples. In his stud-

ies, the test statistic based on exceedances were used for testing homogeneity of

1



CHAPTER 1. INTRODUCTION 2

two independent random samples. This new test in the case of the stochastically

ordered alternatives appeared to be unbiased and efficient.

Eryilmaz et al. [37] used exceedance statistics in modeling claim exceedances
over random thresholds for insurance portfolios. Eryilmaz et al. [37] considered
two different models of portfolio claims: independent and identically distributed

portfolio claims, and exchangeable dependent portfolio claims.

We also refer to Benestad [23], [24], [25] for application of exceedance statistics

in hydrological and climate events.

Bairamov [9] considered univariate random threshold model based on inde-
pendent and identically distributed (iid) random variables and upper record val-
ues. In his paper, exact and asymptotic distributions of exceedances statistics
were given and some distribution free properties of exceedance statistics were

presented.

Wesolowski et al. [66] considered a random variable with a distribution func-
tion (cdf) F' and a sequences of iid random variables with the cdf G. For three
different exceedance statistics defined on the base of order statistics and record
statistics, Wesolowski et al. [66] provide exact and asymptotic distributions. This
study proves some distribution free properties of considered exceedance statistics
and also provides a characterization of equidistribution of two independent sam-

ples.

Bairamov et al. [14] defined new exceedance models based on generalized or-
der statistics and discussed applications of these models in life time data analysis
for different censoring schemes. Bairamov et al. [15], investigated the joint be-
havior of exceedance and precedance statistics. Bairamov et al. [16] considered
the waiting time of exceedances in a random threshold model based on ordered

statistics.
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Turhan [62] considered two independent random samples and, used the rth
and sth (r < s) order statistics to introduce new exceedance statistics. The
exact and asymptotic distributions of these statistics were used for construction of
nonparametric test criterions for testing homogeneity of two independent random

samples.

Bayramoglu and Giner [22] introduced new threshold models based on in-
dependent but not necessarily identically distributed random variables. They
studied the finite and asymptotic distributions of exceedance statistics and pro-
vided different numerical results, as well as a discussion of possible practical

applications in insurance.

Although there have been many studies on univariate random threshold mod-
els, few studies consider multivariate random threshold models. In this thesis, we
focus on random exceedance models based on bivariate samples. In particular, we
investigate the exact and asymptotic distributions of exceedance statistics con-
structed for bivariate random samples based on order statistics and concomitants
of these samples. The properties and applications of these exceedance statistics

are also the subject of this thesis.

This thesis is organised as follows. Definitions of order statistics, concomitants
and record statistics are given in Chapter 2. The distribution theory of ordered
statistics are also described for both independent and identically distributed (iid)
and independent but not necessarily identically distributed (inid) random vari-
ables. Also, some distributional properties of records and concomitants for iid

random variables are given.

Chapter 3 consists of a comprehensive literature review of exceedance statis-
tics. Firstly, the random threshold models from iid random variables are consid-
ered. After this, we consider the random threshold models based on order statis-
tics, concomitants and records, providing distribution free properties of random

thresholds constructed on records. Applications of these exceedance statistics
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based on invariant confidence interval and the random threshold based on inid
random variables are discussed. At the end of this chapter, some exceedance

statistics from dependent random variables are presented.

In Chapter 4, new random threshold models are introduced based on bivari-
ate random variables. After the introduction of a new random threshold model
constructed on random variables (X,Y’), the finite and asymptotic distributions
of exceedance statistics are derived, as well as distributions of normalized ex-
ceedance statistics. Next, new random threshold models based on rth order
statistics and rth concomitants are introduced. The finite and asymptotic distri-
butions of new exceedance statistics are derived and distribution of normalized

exceedance statistics are obtained.

In Chapter 5, we discuss ways in which with new random threshold models

introduced in Chapter 4 can be applied in medicine and air pollution.



Chapter 2

Ordered Random Variables

In this chapter, we will give brief definitions of order statistics of independent and
identically distributed, independent but not necesserily identically distributed
random variables, concomitants, record statistics as well as some useful formulas

based on these statistics.

2.1 Order statistics

Let {€, F, P} be a probability space. In this probability space, we consider
random variables X; (w) = X;, w € Q and we assume that these random variables
are independent copies of a random variable X (w) , w € 2. We assume that other
random variables considered in this thesis are also defined in same probability
space {Q, F, P}.

2.1.1 Order Statistics of iid random variables

For many years, order statistics attracted the interest of many statisticians. Due
to their extensive applications in many areas, such as hypothesis testing, estima-

tion of parameters, reliability engineering, survival analysis, biology and medicine,

5



CHAPTER 2. ORDERED RANDOM VARIABLES 6

finance, and economics. The order statistics have been one of the essential topics
of probability and statistics in the last semicentennial. We refer to David and

Nagaraja [32], [33] and Arnold et al. [1] for a detailed review on order statistics.

Let X1, Xs, ..., X, be iid random variables with cdf Fx(z). If we order those
random variables in ascending order, we have the order statistics based on the

sample X1, Xs, ..., X, as follows

Xl:n S X2:n S r S Xn:n;

where X;., denotes the smallest order statistics, X,.,, 1 < r < n, denotes the rth

order statistic, and X,,., denotes the largest order statistic.

If X, s are independent and identically distributed random variables, then
the cumulative distribution function (cdf) of rth order statistic is given by (see
Arnold et al., 2008; p. 12)

1

Feo (o)=Y (”) Fx(@][1 - F(@)]" (2.1)

i=r

It is known that equation (2.1) holds for both discrete and continuous random
variables. If X is continuous random variable with cdf Fy(z) and probability
density function (pdf) fx(z) then the pdf of rth order statistic is

1
~ Beta(r,n —r +1)

[Fx (@) [1 = Fx(2)]"" fx(z), 1<r <n,
(2.2)
where Beta(r,n—r-+1) is a beta function (see Casella and Berger, 2002; p. 229).

fxp ()

In absolutely continuous case, for 1 < r < s < n joint density function of rth
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and sth order statistics is given by (see David and Nagaraja, 2003; p. 12)

(r—l)!(s—?!—l)!(n—s)! [FX(fE)]Pl fx(x)
P X (@9) = ¢ X[Fy(y) = Fx (@) fr(y) 1= Fr ()],
0, otherwise

<y

Furthermore, for x < y the joint distribution function of rth and sth order

statistics 1s

> rms e Tny Ex (@)
FX,xen(®y) = ¢ X[Fy(y) = Fx (@)~ [1 = Fy(y)]" ™,
Fx,..(y), x>y
(2.3)

It is known that equation (2.3) holds for both continuous and discrete random

variables.

Also, for 1 <1y <ry < --- <1, <n, the joint pdf of first k order statistics,
Xm:ny Xm:n7 ceey er:n 1s

erlm ..... erm(l'l,l‘gﬂ‘..,l'k) (24)

n! r1—1
(rl71)!(r27r1'71)!..‘(n7rk)! [Fx ()]
X [Fx<l'2) — Fx(xl)]mirlil [Fx(Ig) — FX($2>]T37T271 if T S T2 S S T

X oo [1= P (a)]" fx (1) - fx (),

0, otherwise

The joint pdf of all n order statistics is

lezn 77777 Xnn('rl’ "'7'7:77/) = (25)

{ nlf(ay) - fan), o < <,
O?

otherwise
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If X;” s are discrete random variables, then the probability mass function
(pmf) of the rth ordered statistics is (see David and Nagaraja, 2003; p. 16)

P{X,,=xa}=Fx. (¢v)— Fx, (xr—1)

1
— Bon i D) (IFX(x)(r, n—r+1)—=Ip;an(r,n—r+ 1))
L [ ey 26)
= 21— 2)""dz, 2.6
B(T’,?’L—’f‘—f-l) Fx (z—1)

where Ip, ()(r,n — 1+ 1) is an incomplete beta function given by

Fx ()
Ipy,, @(rn—r+1)= / 21— 2)""de.
0

Therefore,

FX 117) 'f' n—r .
P{X,,=2x2}= B(rn r+1) Jr Fx(z—1) —z)"dz, x=0,1,2,..
| 0, otherwise

Furthermore, the pmf of the rth and sth order statistics is

FXr:n7X5:n ('x7 y) - FXT:’VLyXS:TL (:L? - 17 y)
fXT:”’XSI" (aj’ y) - _FXr:n,Xs:n ("’E? y - 1) + FXr:n,Xs:n (:L. - 17 y - 1)7

0, otherwise

z <y
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2.1.2 Order statistics of inid random variables

Let X1, X5, ..., X,, be a sequence of independent random variables with continuous

cdf’s Fi(x), Fy(x), ..., F,(x), respectively. Assume that f;(x) = dFjg(f), i=1,..,n.

Then for 1 < r < n, the probability density function of rth order statistic X,., is
(see David and Nagaraja, 2003; p. 96)

n

Fxon(@) = Cop Y Hf” V@) [ (1-Fy(@) —oco<z<oo, (27)

11,8250, inl=1 j=r+1

where Z denotes the sum over all n! permutations (i1, iz, ..., %,) of n and

11,62, 0y0n

il 1
Cn,r = (r—=Dl(n—r)! *

For1 <k <---<k,<mnand1l<r <s <n the joint pdf of X,.,, and X,.,

is
( Crr,s Z Fyy (1) - By, (1) fr, (1)
K1,k kin
X A Fypy (02) = Frpy (1) } - 1 < X9
Penxen(0 020 =0 TR () = Fio (00)} i (22)
x {1 = Fip(@2)} {1 = Fi,(22)}
L 0, otherwise
(2.8)
where Z denotes the sum over all n! permutations (ky, ko, ..., k,,) of n and

k1,k2,..., kn,

Chirs = oG L s) ; (for more detail see the work of Balakrishnan [19]).

As it can be seen from the equations (2.7) and (2.8), for inid random variables
density functions of order statistics are quite complicated. Therefore, Vaughan
and Venables [64] expressed the distributions of order statistics in terms of per-

manents.
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Definition 2.1.1 (Permanents). (See Aitken, 1939; p. 30) Consider a square

matrix of order n x n, such that

a1

21

Qn1

Then the permanent of matrix A is

perm (A) =

Q12

22

Q1n

A2p,

Z Haﬁj’ (2.9)

1,

2,. 4 m j:1

where is the class of sum over all m! permutations (iy,is,...,4,) of

.....

(1,2,...,m).

The permanent of a square matrix is similar to the determinant with difference

of all signs are positive. Also, it is usually denoted by *|A|™.

For 1 < r < n, the marginal density function of X,., is (see Vaughan and

Venables [64])

1

Pen®) = =)

where

‘Perm(Al), —00 < x < 00,
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: : } r—1
Fu(2) Fo(a) rows
A = fi(x) fu()
1—Fi(z) -+ 1—=F,(x) } B

_1_}1(3;) 1_1;1(:5)

For 1 <r < s < n, the joint pdf of rth and sth order statistics is (see Vaughan
and Venables [64])

—————~Perm(As), z1 < 2o
— (r—=1)!(s—r—1)(n—s)!
P X (1, 72) { 0, otherwise
where
[ Fi(x1) Fy(x1) Fo(x1) | r—1
: : : rows
Fl(ﬁl) FQ(ZEl) s Fn(ﬁl)
fi(z1) fo(z1) fa(z1)
Fi(ze) — Fi(z1) Fo(xe) — Fo(x1) -+ Fo(xa) — Fu(q) s—1
Ay = : : : rows
Fi(zg) — Fi(z1) Fa(wa) — Fa(wr) -0 Fu(ze) — Fu(21)
fi(z2) fo(z2) e fa(22)
1—F1(332> 1—F2(l’2) ].—Fn(l'2> n—s
: : : rows
| 1 —Fl(l'g) 1—F2(3§'2) 1—Fn(l'2)

For 1 < k; < ky < -+ < k, < n, joint density function of any subset
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Xk}1:n7 ng:na e 7Xkr:n 1s

Croh,y Perm (Az), o1 <ap <--- <y
kaI:n:XkQ:n ~~~~~ Xk»,-:n (:U17 x2, s 7xT) = ) ,
0, otherwise
where
1
Ch k2

and
Fi(z1) Fo(xy) ky —1
F1(1171) Fn(,fn)
fi(x1) fa(1)
F1(132> — Fl(l’l) Fn<I2> — Fn(JIl)
: : ko —ky — 1
Fi(z2) — Fi(xy) F.(x9) — F, (1) rows
Ay — fl(:xz) fn('xz)
Fl(l‘k) — Fl(l‘kfl) Fn(l’k) — Fn((ll?k,l)
: : kp —kpoq — 1
F1<I'k) — Fl(xk—l) Fn(l'k) — Fn(xk—l) TOwsS
fi(xr) fn(zr)
1— Fl(l’k) 1-— Fn(l'k) rows
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Furthermore, joint density function of Xi.,, Xo.,, ..., Xy 1S

Perm(Ay), ©1 <zy3<---<uz,

fX1:7L7X227L 77777 Xn:n (ﬂjl, x27 A xn) = { o )

0, otherwise

where

fl(fl’l) T fn(xl>

fil@a) - fal®n)

2.2 Concomitants of order statistics

In pursuit of the improvement in theory of order statistics, concomitants were in-
troduced related with ordered random variables. Concomitants have been widely

used in statistical inference based on bivariate random samples.

Let Z; = (X;,Y;), i = 1,2,...,n, be an absolutely continuous bivariate random
sequence with joint c¢df F(z,y) and joint pdf f(z,y). Let Fix(x) and Fy(y) be the
marginal cdf’s of X; and Y}, respectively. Let fx(x) = dFde(x) and fy(y) = d%y’
be the corresponding pdf’s of X and Y. If the sample Z; is ordered by X;, then
the corresponding pair of Y —variate order statistics is called rth concomitants
of rth order statistics and denoted by X|..,j. The theory of concomitants is well
documented in David et al. [31], David and Nagaraja [32], [33], and He and

Nagaraja [42].

Let (Xr:n,Y[m}) be a vector of rth order statistic and its concomitant con-

structed from the sequence Z;. The joint pdf of X, and Y},., is given by
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S Y (@, y) = [y | 2) fx,.. (1), (2.10)

where fx_. () is the pdf of rth order statistic, X; and f(y | =) is the conditional
pdf of Y given X = z.

The marginal density function of the rth concomitant of rth order statistic

can be easily obtained from equation (2.10) as follows:

Frpnl (Y / fy | z) fx,., (x)dz (2.11)

For r < s the joint pdf of the rth and sth concomitants is

Frotionn) = [ [ | 000 |00 o m)dradi, - (2:12)
where fx,.. x...(x1,x2) is the joint pdf of X,., and X;.,. More generally, for 1 <
ry < --- <rj <n, the joint pdf of Y}, ), ..., Y], 18

FipyintoeeYipmon (Y15 25 Y)

Ty
/ / / Hf Yo | Te) [ X (T s ooy T )Ty - dyy, (2.13)

where fx, ... .X, .(T1,...,7) is the joint pdf of X, .., ..., Xy

From equations (2.12) and (2.13), one can easily calculate the expected value

and variance of the rth concomitant as (see Yang [65])

E(Yrn) = E(E(Y1 | X1 = Xo0)), (2.14)
Var(Yyn) = EVar(Y1 | X1 = Xou)) + Var(E(Y1 | X1 = Xou))- (2.15)

Here
E(EM | Xi=X4)=E® (X)),
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where ¢ (X) = E (Y7 | X; = ). Likewise,
E (VCLT (}/1 ‘ X1 = X’/‘:n)) = E(qu) (Xr:n))7

where ¥ (X) =Var (Y1 | X1 =12).

Similarly, covariance of Y},.,) and YJ,., and the covariance of rth order statistic

and sth concomitant is

OOU(YV[r:n}a Yv[s:n]) =Cov [E(le l Xl = Xr:n)a E(}/l | Xl = Xs:n)] (T 7é 3)7
COU(X’I‘:TM Yv[s:n]) =Cov [Xr:na E(K | Xl — Xs:n)] .

Definition 2.2.1 (Positive Quadrant Dependence). (See Lehmann [50]) Let
(X,Y) be a pair of random variable with cdf G(z,y) and marginals Fx(z) and
Fy (y), respectively. Then for all x and y, the random variables (X,Y") are called

positive quadrant dependent, if

G(x,y) > Fx (2) Fy (y), V (z,y) € R% (2.16)

It is obvious that equation (2.16) can be also written in the following forms:

P(X<2Y>y) >P(X<z)P(Y >y),V (z,y) €R? (2.17)
P(X>2,Y<y)>P(X>2)P(Y <y),V (z,y) €R’ (2.18)
P(X>z,Y>y)>P(X>z)P(Y >y),V (z,9) € R% (2.19)

Let X3, X, ..., X, be an iid random sample. If E(Y | X = z) is monotone,
then for any x1,z9 and r,s = 1,2,...,n, (X[,,:n], X[S:n]) are positive quadrant de-
pendent (see Kim and David [48]).

P{X[rn} > IlaX[s:n] > 1'2} > P{X[rn] > :L‘l} P{X[sn} > xQ} ,V (:E,y) S RQ'
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2.3 Record statistics

Record statistics have been aroused great interest among statisticians. Further,
in recent years, it is widely used in reliability theory, risk analysis, and modelling
events in insurance, flooding, geosciences, sports, and climate science (see Ben-
estad [25], [24] and [23]). There have been many studies about record statistics.
We refer to Westcott [67], Ahsanullah [2], [3], [4], [5], Nevzorov [56], Su et al.
[61], and Ahsanullah and Nevzorov [6].

Since we deal with the ordered random variables it will be useful to mention
some other models of ordered random variables, for example record values. The

theory of record values is similar to the theory of order statistics.

Let X1, Xs, ... be a sequence of continuous iid random variables with cdf Fx (z)

and pdf fx(x). The rth upper record time U(r) is defined as follows:

U(1> = 17 XU(l) = Xla

and

U(T+1):min{i:Xi>XU(T)},7":1,2,... )

Note that the rth record value is denoted by Xy ().

Then the pmf of the rth upper record time U(r) is

—1Lk—1
P =k =2 s kamdk=12. (220




CHAPTER 2. ORDERED RANDOM VARIABLES 17

where S(n, k) is Stirling numbers of second kind, i.e.,

S(n k) = é_l)w Ok

k .
— k=i Y B
_;( 1) Z.!(k_z.)!,OSk‘Snandn_O,l’Q’_”.

Indeed, S(n, k) is the coefficient of the following expansion (see Balakrishnan and

Nevzorov, [21])

2=y Sn,k)x(z—1)(z—2)---(r—k+1), n=0,1,2,....
k=0

As k — oo, Westcott [67] showed that

(log k)"

PAUG) =k~ 10—

For any r = 1,2, ... and any integers 1 = k; < ky < --- < k,., the joint pmf of

the rth record time is given by

T

1 1
P{UQ) =k, U?2) =ky,..,U(r) =k} = k—Hk. —
T’Z:2 7
The cdf of the rth upper record value is then
FXU(T-) (:E) =P {XU(T) < I}
1 —log(1-F(z))
= —/ e dy, —co<ax<oo, r=12,..
(r=1!Jo

(2.21)

For r < s, the joint cdf of the rth and sth record values is
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F(T)Fl(sfr_)h(xl)f(ab) .
fXU(T‘)7XU(S) (xh IQ) — X [H(xl)]rfl [H(LUQ) o H(l’l)]sfrfl : —
0, otherwise
(2.22)

where h(zx) is the hazard function i.e.,

_dHX($)_ Ix(x)
M) = = T- @)

and
H(z) = —1In(1 — Fx(x)).
The joint pdf of the first n upper record values is

n—1

Pl [ [ 55555,
fXU(1),XU(2) 77777 Xu(n) (1,22, ooy ) = i=1 o)

0,

< a9 <--- <z

— — n

otherwise

(2.23)



Chapter 3

Asymptotic theory of exceedance
statistics based on ordinary order

statistics and records

The random threshold models based on ordered random variables have been a
subject of many research published in statistical and engineering literature papers.
Katzenbeiser [45], [46] was the first author who considered exceedance statistics
in nonparametric hypothesis testing of equality of distributions. The limiting
distributions of some placement statistics defined for order statistics were derived
by Matveychuk and Petunin [52]. Exceedance models have also been considered
for record values of iid random sequences. Bairamov [9] derived finite and lim-
iting distributions of some exceedance statistics defined for record values of iid
random sequences. Under some conditions coming out from the real life problems
restrictions requiring independence and identically distributed random variables
are avoidable. Under the condition that the underlying distribution of considered
random sequence has points of discontinuity, Bairamov and Kotz [11] investigated
the distributions of exceedance statistics based on record values and derived the
distribution of the second record value. More general results concerning the dis-
tributions having countable number of points of discontinuity are presented in

Bairamov and Khan [13]. Bairamov and Eryilmaz [15] studied the joint behavior

19
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of exceedances and precedences in a random threshold model. For more results
on asymptotic distributions of exceedance statistics based on order statistics and
record values and their applications we refer to Stepanov [60], Eryilmaz et al.
[37], and Turhan [62]. Recently, Kemalbay and Bayramoglu [47] considered the
bivariate random sample in exceedance model and derived the joint distribution

of the ranks of order statistics.

In this chapter, applications of exceedance statistics of invariant confidence in-
terval, exceedance statistics of inid random variables, exceedance statistics based

on order statistics, concomitants and record statistics will be reviewed.

3.1 Invariant confidence intervals

Let X1, Xs, ..., X,, be the observed values of the random variable X with dis-
tribution function F' € <, where & is a class of distribution functions and
X411 be the future observation of random variable X. Let hy(zy,xo,...,z,)
and hs(x1, 29, ...,x,) be two real valued functions of the n variables such that
hy(x1, 2, oy tn) < ho(xy, Toy .oy ), (1, T2, ..., x,) € R™ Then for 5 € (0,1),
the random interval Wy = (hy(X1, Xo, ..., Xy), he(X1, Xo, ..., X,,)) is called the

invariant confidence interval for class & containing the future observations with

confidence level § if

P{Xn1 € W5} =8, VF €.

In the cases hy (X, Xo,...,X,) = —o0 or hy(Xy, Xs, ..., X,,) = o0, the in-
variant confidence interval Wy is said to be one sided. In other cases, that is
hy (X1, Xo, ..., Xp,) # —oc and hy (X1, Xo, ..., X,,) # 00, W is called a two sided

invariant confidence interval for X,, ..

Let I be a continuous distribution function and & a class of continuous
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distribution functions containing F. Assuming hi(Xi, Xo,...,X,) = X,.,, and
ho(X1, Xo, ..., X)) = Xgp, where 1 < r < s < n, Bairamov and Petunin [§]
showed that for the class of all continuous functions & = S, the confidence level

of the invariant confidence interval Wy is

S—rT

(3.1)

Furthermore, if hi(xy,2s,...,2,) and ho(xy, s, ...,2,) are continuous and
symmetric functions, only the order statistics generate the invariant confi-
dence interval Wjs. Consider the observed values of continuous random variables
X1, X, ..., X, with cdf FF € & Let X401, Xoio, ..., Xyurm be the future observa-

tions of random variable X. Then, it is also true that

nl(m+s—r—1)!

P{Xpni1, Xns2, oo, Xogm € Wp} = Gr—Dlm+n)

For more details on invariant confidence intervals, see Bairamov and Petunin [§]

and Bairamov et al. [10].

3.2 Exceedance statistics of inid variables

Let X = (Xi,Xs,...,X,) be a sequence of independent but not necessarily
identically distributed random variables with continuous cdf Fi(z), Fa(x), ...,
F,(x), respectively and Y = (Y1,Y5,...,Y,,) be another sequence of indepen-
dent and identically distributed random variables with continuous cdf G(y). As-
sume that X = (X1, Xy,...,X,) and Y = (Y1,Y3,...,Y,,) are independent. Let
X1, Xom, -+, Xp.n denote the order statistics based on sample X. Then for

1=1,2,....,nand 1 <r < s <n, define the following binary random variables

{ 1, ifY; € (Xpin, Xom)
=

0, otherwise
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It is obvious that the random variables n;, © = 1,2,...,n, are dependent. Let

Sm = Zni. Then the statistics .S, counts the number of observations falling
i=1
into random interval (X,.,, Xs.n)-

Essentially, derivation of the finite distribution of S,, encounters some prob-
lems due to the complexity of expressions of the joint pdf of rth and sth order

statistics for inid random variables. It is given by

P{Sn=1}= > P{n, =1, =L, =0,...m, =0}

01,8250 eyTm

4 Z P {Yll 6 (XT:TM XSI’II)7 s aYZk 6 (X’I’:TL7 XSZTL)7

11,82, im

1k+1 ¢ Xr n7Xs n) . ‘m ¢ (XT:TUXS:TL)}
Z //P{ %1,$2),...,Kk€<$1,l’2>,
11,8950 0sbm
Vieo & (@1,22), .., Y5, & (01,22) } fx,0 X0 (21, T2)dr1dy (3.2)

When equation (2.8) is plugged into equation (3.2), the obtained equation is
very complicated and is not useful for the application. Consequently, Bayramoglu
and Giner [22] derived the asymptotic distribution of the statistics %’L by the use

of functionals for empirical distribution functions. They showed that

lim sup {‘P{S—m < x} —P{Q,s <z} } =
m—ro0 0<z<1 m
where @, s = G(Xsn) — G(X,.,). Obtaining the general form of the finite dis-

tribution of @), is not easy. Therefore, for some selected values of r and s the

distributions of @, s are derived by Bayramoglu and Giner [22].
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3.3 Exceedance statistics of iild random vari-

ables

In this section, we present an extensive literature review of exceedance statistics
for independent and identically distributed random variables, based on order

statistics, record statistics and concomitants.
3.3.1 Exceedance statistics based on order statistics

Let Xi, Xs, ..., X, be a sequence of iid random variables with common cdf Fx (z)
and X411, Xpmao, ... , X;man be the future observations belonging to the same pop-
ulation. Assume that X, X, ..., X,, and X,,, 11, X;n12, ..., Xjnan are independent.
For 1 < r < m denote the rth order statistic by X,.,,. Then define the following

random variable

n

Tn(r) = Z ](XT;m,oo) (Xm-i-i),

=1

17 i Xm i > Xr:m .
where I1x,.,. o) (Xm+i) = f X i =1,2,...,n.
0, otherwise

It is obvious that T,,(7) is the total number of future observations greater than
X;.m- Then Gumbel and Von Schelling [41] derive the probability mass function
of T,,(r) given by

P{T,(r)=2a}= ()G , 1<r<mand0<z<n.

(m+n) (7525)

Let X be a random variable with cdf Fy(x) and Y1,Y5,...,Y,,,... is a se-

quence of iid random variables with a continuous cdf Fy(y). Assume that X is
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independent of Y1,Y5, ..., Y,,,.... The survival function of Fx(z) is defined by
Fx(z) = P(X >1z) = 1 — Fx(x). First, consider the sample Yi,Y5,...,Y,, and

define the binary random variable I; for 1 <i < m as

7 — ify, <X
' 0, otherwise

m
If S, = ZL, then the statistic .S, counts the total number of observations

i=1
which are less than or equal to X. For any integer m > 1, Wesolowski and

Ahsanullah [66] derived the finite sample distribution of the statistic S,,, expected

value, and variance as follows:

P{S, =i} = (?)E(F{,(X)F';_i()()), i=0,1,..,m

In order to derive the asymptotic distribution of S,,, they use characteristic

functions and obtain

lim sup P{%Sx}—P{Fy(X)Sx} = 0.

m—0o0 0<g<1

Wesolowski and Ahsanullah [66] also considered the number of the random
variables Y7, Y5, ..., Y,,, ... that are not exceeding the random threshold X. For any

integer m > 1, define the random variable Z,, as
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The exact distribution, expected value, and variance Z,, are given as follows:

Pizo=i) = (" BECOF (), P01,
B(Z,) = mE (50 ) o (5 (0)
Var(Zy) = mE (%g if(o 1)(FY(X))) i Var (F’;g( )) 1(0,1)(FY(X)>> ,
where

1, if 0<Fy(X) <1

0, otherwise

Lo (Fy (X)) = {

The asymptotic distribution of Z,, with the assumption Fy(X) < 1 a.s is

obtained as

lim sup
M= 0<z<1

rffe o (g5 <]

3.3.2 Exceedance statistics based on records

Let X be a random variable with cdf Fx(z) and Y7, Y5, ..., Y,,, ... a sequence of

iid random variables with a continuous cdf Fy(y). Denote the survival function

by F(.) =1— F(.). Assume that X is independent of Y7,Y5, ..., Y}, ...

Let U(r) be the rth record of the random sample Y7, Y5, ..., Y,,, ... and
U(1) = 1. Then, Wesolowski and Ahsanullah [66] introduced the statistic K as

follows
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K =min {i > 0: Yyus1) > X}.

Obviously, the statistics K counts the total number of record values of
Y1,Y2, ..., Yo, ... below X. Assume further that P{Fy(z) <1} > 0. Then the
finite distributions of K is given by

P{K =i} = %E(FY(X)(— log(Fy (X)) Loy (Fy (X)), i = 0,1, .. .

Moreover, the expected value and variance of K have been calculated by

E(K) = —E(—log(Fy (X))) (0.1 Fy(X)
Var(K) = _E(_log(FY(X)»](O,l)FY(X) +Var(log(FY<X)))I(0,1)(FY(X))'

3.3.2.1 Distribution free properties of exceedance statistics based on

records

Let Xoo = (X1, X, ..., Xy, ...) be a sequence of iid random variables with con-
tinuous cdf F and Y., = (Y1,Y5,...,Y,,...) be another sequence of iid random
variables with the same cdf F. Assume that X, and Y., are independent. Con-
sider the record values Xy (1), Xv(2), ..., Xu(n), ... based on the sample X,. Then,
for j=1,2,...,mand r = 1,2, ... it is true that
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Indeed,

P{Y; < Xy} =

1
= = N1 — e Metdt
r—1)!
1
_g
or

It is obvious that for any j =1,2,....m, r=1,2,..., and r < s

11
f%&w<%<Xwﬁ:§—§

Bairamov [9] defined the following binary random variable for i = 1,2,...,m

and r=1,2, ...

1, if Y, < XU(r)
ni(r) = .
0, otherwise

Denoting by S,,,(r) = Y%, n;(r), it is clear that S, (r) counts the total number

of observations Y1,Y5, ..., Y,,, ... which are less than Xy ).

The finite distribution of S,,(r) is

(%)
(r—1)!

P{S(r) =1} = /0 et (] gyl

Furthermore, the expected value and variance of S,,(r) are
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S, 1 2 1 -t
lim sup [P (r) <z / In du| = 0.
m—00 0<p<1 m (T — ].)‘ 0 1—u
Bairamov [9] also defined a new statistics S} (r) = Sm)ZBEn(1) - Then

Var(Sm(r))
E(S: (r)) =0, Var(S;,(r)) = 1, and the asymptotic distribution of S} (r) is

Sim b v I
lim  sup P{ (r) < x} — |/ {ln ] du| =0,
M=% aci o m (r=1!Jax | a—bu
Wherea—z%andb: 3%—2%

3.3.3 Exceedance statistics based on concomitants

Let Z; = {(X},Y;), i = 1,2,....,n} be a sequence of iid random variables with
a continuous cdf F(z,y) and Fx(x), Fy(y) be the marginal cdf’s of X and Y,
respectively. Let X,., denote the rth order statistics based on sample Z; and
by Y}, its concomitant, respectively. Consider another sequence of random

variables Zy = {(X,4j, Ynts), 7 = 1,2,...,m} with continuous cdf G(z,y). Let
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Gx () and Gy (y) be the corresponding marginal cdf’s of X and Y, respectively.

Define the following random variables

17 if Xr:n > Xn—i—i
Vv =
0, otherwise

and

17 if X[r:n] > Xn+i
V9 =
otherwise

If Fx(z) and Gx(z) are continuous cdf’s and Fx(z) = Gx(x) for all z € R,

then the finite sample distribution of v; is given by

(75D (")

(")

P{v =i} = ,1=0,1,....,m

Bairamov and Kotz [11] derived the finite distribution of 14 for arbitrary

distributions having finite number of points of discontinuity.

Furthermore, the finite sample distribution of v5 is given by

Plv. =i} = (jml) Beta(r,n —r+1) | B (1= Gy(y))m_jH
X (Fx (@)™ (1= Fx(2)"” f(x,y)] da:dy, j=12 0 m 1,

where Beta(r,n —r + 1) is a Beta function.
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3.3.4 Exceedance statistics for a sequence of dependent

random variables

In this section, we present some results on exceedance statistics for the sequence
of random variables whose finite dimensional distributions are n-variate Farlie-
Gumbel-Morgenstein (FGM) distribution. The considered random variables hav-
ing n-dimensional FGM distribution are dependent. It is also true that these

random variables are asymptotically independent.

3.3.4.1 The case of Farlie-Gumbel-Morgenstein distribution

Definition 3.3.1. Let X = (X3, X», ..., X}, ...) be a random sequence with cdf’s
Fi(x) and survival functions F;(z) = 1 — Fy(x), for i« > 1. Let B(k,l) be a
symmetric function, i.e., 5(k, 1) = 5(l, k), Vk, [. If for any permutations iy, is, ..., i\,
of 1,2,...,n the joint cdf of (X, Xi,, ..., Xj,) is

Fiigin (T Tigy oo T5,) = HFzJ(iUJ) {1 + Z 5(k>l)Fik($k)El(9€l)} :

j=1 1<i<k<n

(3.3)

then X = (X1, Xs, ..., X, ...) is called the FGM sequence.

Definition 3.3.2. Consider the random sequence X = (X1, Xo, ..., X,,, ...) with

cdf F;(z) and survival functions F;(z) = 1 — F;(x), for ¢ > 1. Assume that S, is

a sequence of real numbers. If the joint cdf of X, Xy, ..., X, is

Fio.. n(Il,mQ,...,xn):HFj(J:j){l—l—ﬁn > Fk(xk)E(m,)},

1<i<k<n
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then, X = (X1, Xy, ..., X,,, ...) is called a simple-FGM (s-FGM) sequence.

Bairamov and Eryilmaz [12] showed that the admissible range of 3,, n > 1,

for the n-variate distribution is

(5) (3]
where [a] denotes the integer part of a € R. It can be easily seen that

X1, Xo, ..., Xy, ... are asymptotically independent as n — oo.

Let Y be a random variable with cdf Gy (y) and X = (X1, Xo, ..., X)) be a
s-FGM sequence with marginal cdf F;(z) = F(x) and pdfs f;(x) = f(z),
1 <i<mand —o0 < z < 0co. Consider a random variable Y independent from
X = (Xy, Xa, ..., X;n). The joint pdf of X = (X7, Xo, ..., X,,,) is then

f172 77777 m(l’l,l’g, ,JTm) = Hf(l‘]) {1 + Bm Z (1 —2F (I‘k)) (1 —2F (JTZ))} s

j=1 1<I<k<m

—00 < 1, L., Ty < 00 and — % <Bm < 7
(5) 5]

—_

For 1 < j < m define the binary random variable &; as follows:

¢ = 1, if X, <Y
’ 0, otherwise

Consider S,, = Z;”’:l §;. Here, S,, counts the number of observations of X;’ s
not exceeding the random threshold Y. Then for £k = 0,1, ..., m, the finite sample
distribution of S, is given by
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m

Pis, =1 = (1) [BE0F o)

—m—k+2

o (EZ B F ) K — DB 0F 1)

p BRI D ppaE )|
where F(z) =1 — F(z).

If F =G, then for k = 0,1,...,m and —L) < B < ﬁ, the finite sample
2

distribution of S, is

P{S, =k} = (7;) {Beta(k—i—l,m—k—i—l)—i—ﬁm (@Beta(k—i—l,m—k—i—iﬁ)
— k(m — k)Beta(k +2,m — k + 2)
+ <m_k>(7721_k_1)Beta(k+3,m—k+1))},

where Beta(x,y) is a beta function.

Let X =(X1, Xs,..., X)) be a s-FGM sequence with marginal cdf F(z) and
Y =(Y1, Y2, ..., Yo, ...) be another sequence of iid random variables with cdf G(y).
Let Xy, < X5, <--- < X,,., be the order statistics of X. Bairamov and Eryilmaz
[12] also introduced a binary random variable n;, 1 < j < mand 1 < r < n,

based on the rth order statistics of the sequence X as

o 17 if Y} S Xr:n
i 0, otherwise

Define the statistic .S, (r) as follows
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Sm(r) = Z Nj-
j=1

In this case S,,(r) counts the number of observations Y;’ s falling into the

interval (—o0, X;.,).
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If F = @G, then for £k = 0,1,...,m and —ﬁ < B, < ﬁ, the finite sample
2 2

distribution of S,,,(r) is given by

n

PLS,(r) =k} = (’Z) SO (1) (j - D (’;) (#Betalt + k,m — k + 1)

t=r

2
-1
+ By, <¥Beta(s +km—k+3)

—s(s —1)Beta(s+k+1,m —k +2))].



Chapter 4

Main Results

In this chapter, we aim to derive the exact and asymptotic distributions of the
exceedance statistics defined for the bivariate random sequences Z; = {(X}, Y;),
i=1,2,...,n} and Zy = {(Xpsj,Ynyj), j = 1,2,...,m,...}. Here and thereafter,
Z1 and Z, are assumed to be independent. We also assume that X and Y are
dependent random variables. Therefore, the distribution functions are expected
to involve the copulas of distributions of the first and second sequences. Below,
we provide an insight into the definition of copula function, since the theoretical

results and examples presented in this thesis rely on the copulas.

Definition 4.0.1. (Nelsen, 2006, p. 10) A two dimensional Copula is a function
C :10,1]> = [0,1], such that

i For every t, s € [0, 1]
C(t,0)=C(0,5)=0

and
C(t,1)=tand C(1,s) =s.

ii For every t; <ty and s1 < s9 in [0, 1],

C(tz, 82) — C (tl, 82) — C(tg, 81) + C (tl, 81> Z 0.
35
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Theorem 4.1 (Sklar’s Theorem) (Nelsen, 2006, p. 17) Let X and Y be a pair of
random variables with joint distribution function H(x,y) and marginal distribu-
tion functions Fx(x) and Fy(y), respectively. Then for all x,y € RU{—o00, 00},

there exists a copula function C such that
H(z,y) = C(Fx(x), Fy(y)). (4.1)

If Fx(x) and Fy(y) are continuous distribution functions, then the Copula func-
tion is unique. In the contrary case, if C' is a copula and Fx(x) and Fy(y) are
distribution functions, then the function H(x,y) is a joint distribution function

with marginals Fx(x) and Fy(y).

Definition 4.0.2 (Quasi-Inverse Function). Let F' be cdf of a random variable X.
Then a quasi-inverse function of F is any function F~'(u) : [0,1] = RU{—00, 00}
such that:

FYu)=inf{z: F(z) > u} =sup{z: F(z) <u}.

If F'is a strictly increasing distribution function, then the quasi-inverse func-

tion F~! is the ordinary inverse function.

Corollary 4.2 Let Fx(z) and Fy(y) be continuous continuous distribution func-
tions of X and Y, respectively. Let Fy'(z) and Fy'(y) be the quasi inverse
functions of X and Y, respectively and H(x,y) be the joint cdf of X and Y. Then

Clu,v) = H(Fy'(x), Fy ' (y)). (4.2)
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Below, the definition of Archimedean family of copulas is given.

Definition 4.0.3 (Archimedean Copula). (Nelsen, 2006, p. 110) Consider a
continuous, strictly decreasing function ¢ : [0,1] — [0,00] such that ¢ (1) = 0
and ¢ (0) = co. The class of copulas C'(u,v) of the form

Clu,v) =6~ {6 (u) + ¢ (v)} (4.3)

is called Archimedean family of copulas, and the function ¢ is called generator

function.
Archimedean family of copulas have the following properties:
1. C(u,w) is symmetric for Yu,v in [0,1], i.e.,
C(u,v) = C(v,u),V (u,v) € 0,1

2. C(u,v) is associative for Vu,v,w in [0, 1], i.e.,

C(C(u,v),w) = C(u, C(v,w));

3. If a is any constant, then a¢ is a generator function too.

4.1 Exceedance statistics based on simple model

In this section, we present the exact and asymptotic distributions of exceedance
statistics based on random threshold (X,Y"). Furthermore, asymptotic distribu-
tions of normalized exceedance statistics are investigated. Examples and numer-

ical results are provided for some well known copulas.
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4.1.1 Finite distributions of exceedance statistics based

on simple model

Assume that Z; = (X, Y) is a bivariate random vector with absolutely continuous
distribution function F (x,y) = C1(Fx(z), Fy(y)), where C}(u,v), (u,v) € [0,1]%,
is a connected copula and Fx(z), Fy(y) are the corresponding marginal distribu-
tions of X and Y, respectively and fx(z) and fy(y) are the probability density
functions of X and Y defined by F(z) = fx(x) and Fj(y) = fy(y). Further-
more, let Zo = {(X;,Y;), i =1,2,...,m, ...} be a sequence of independent random
vectors with absolutely continuous distribution function

G(z,y) = Cy(Fx(z), Fy(y)) and the same marginal distributions Fx(z) and
Fy(y), where C5 is a connected copula. Assume that Z; and Z, are indepen-

dent.

For i = 1,2, ...,m define the binary random variables

0, otherwise

& =1y (XuY;‘) = {

where I/ (X;,Y;) is an indicator function of the random set M = (—o0, X] X
(—00,Y].

Now define the random variable S,,, = 2’;1 &. It is clear that the exceedance
statistics S,, counts the number of bivariate observations (X;,Y;), i = 1,2, ...,
falling into the random set M and the random variables &;, ¢ = 1,2,..., are

dependent. In the following theorem, we obtain the finite sample distribution of
S

Theorem 4.3 (See Erem and Bayramoglu [35]) It is true that

Pisn =1 = (1) [ [ Gl Gl drey ). (1)
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The expression in terms of copulas is

P{S, — k} = @) /0 1 /0 O o) L — Colu ) dCy (). (45)

where Cy(u,v) is a copula corresponding to joint distribution function G(x,y) and

Ci(u,v) is a copula corresponding to joint distribution function F(x,y).

Proof. First we show that

Pisn =k = (3) [ [ 16l i - G drey o).

Indeed, define
A, ={X;, < X)Y;, <Y}

and observe that the complement of A4;; as
Af = {X;, < XY, >Y}Uu{X;, > XV, <Y}U{X;, > XY, >YV}.
For simplicity, we define the random set E as

E:{AilAiz"'AikA? L AC }

Tk+1 im

Then conditioning with respect to X = x and Y = y we obtain

P{Sn=k}= >_ P{AhAiQ---AikAEW---Afm}

11,825+, im

S /_Z/_:P{E|X:x,Y:y}dFX,Y(l‘ay)

11,825+, im

= Z / / P {ailah A, afm} dFxy(z,y), (4.6)

11,8250

where the sum Z extends over all permutations of iy, i, ..., %, € {1,2,...,m},

i1 7i2 ----- im

a;, = {Xij <Y < y} , and afj is the complement of a;;.
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Since the events a;; are independent, the probability in (4.6) can be written as

Planas, - ayat,,, b, | = Plag)Plag) - Plag ) P(a5, ) -+ P(a, ).

Therefore, the finite sample distribution of .5, can be simplified as

Pisn =1 = (7)) [ [ 16l o= Gl vy ().

Using the probability integral transformation Fx(z) = u, Fy(y) = v in equation
(4.4), we obtain equation (4.5). Thus, the theorem is proved. O
Proposition 4.4 [t is clear that

E(S,) =mE(G(X,Y)) = mE(Cy(U,V)), (4.7)

Var(S,) =mE(G(X,Y)) —mE(G*X,Y)) + m*Var(G(X,Y))

(4.8)
E(Cy(U, V) — mE(C3U,V)) +m*Var(Cy(U,V)),

where (U, V) is a random vector with Uniform(0,1) marginals having joint cdf
Cs(u,v).

Proof.

E(S,,) kP {S,, =k}

A( ) [ Gant n Ga ary o),

k (7:) E(GHX,Y)(1 - G(X,Y)" ")

NERINGE

k=0

[
NE

e
Il

0

Il
&

in% ( )Gk (X, V)1 - G(X, V)" k. (4.9)

Consider the binomial random variable Z with parameters m and T. It is clear
that £(Z) = mT and Var(Z) = mT(1—T). Denote ' = G(X,Y). Then one can
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write equation (4.9) in the following form

Zk( )TM— Tymk
= E(E(2))
= E(mT)
— mE(G(

—_

X,Y)) (4.10)

Similarly, the second moment of .5,,, is

zm:k:QP{S =k}

_Zk2( ) / / 5" dFyy (z,y).

=E Zk?( )Gk (X,Y)(1 - G(X, Y))mk]

=E ZkQ( )T’“ 1-1T)m*
= E[m*T? +mT(1-1T)]
BE(S2) =m*E(G*(X,Y)) +mE[G(X,Y)(1 - G(X,Y))]

Hence,

Var(S,,) = B(S2) —
= m?*E(G?

(E(Sn))”
X, Y)+mE[G(X,Y)1-G(X,Y))]
—m?[E(G(X,Y)))
= m’(BE(G*(X,Y)) — [E(G(X,Y))])
+mE(G(X,Y)) —mE(G*(X,Y))
=mEBE(G(X,Y)) —mE(G*(X,Y)) + m*Var(G(X,Y)). (4.11)

(
(

Using probability integral transformation in equations (4.10) and (4.11), the proof
is completed. O
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Example 4.1 (Product Copula). Consider the trivial case where the random
variables X and Y are independent and so are X; and Y;. Then
Ci(u,v) = Cy(u,v) = uv.

P{S, =k} = (7;) /O 1 /0 o 1 — o™ dudo.

k

(7:) /01 /01 [uv]km_o (—1)i(m . k)uividudv

1=

and finally,

rise==(0) Do ("

=

Example 4.2 (Gumbel-Barnett Copula). Let Cy(u,v) = uvexp(—6Ilnulnv),
¢ € (0,1] be a Gumbel-Barnett family of copulas and Cy(u,v) = wv. The
Gumbel-Barnet family of copulas belongs to the class of Archimedean copulas
with generating function ¢y(t) = In(1 — #1n(t)) (see Nelsen, 2006, p. 119). It is
obvious that § = 0 implies independency. For this case the finite sample distri-

bution of S, is

P{S, =k}

= (7;3) o [uv exp(—0 In(u) In(v)]* [1 — uv exp(—0 In(u) In(v)]™ ¥ dudv

-(7) n§<—1>"(m;k>0/ TR T

1=0

As it is seen from example 4.2, the pmf of S,, involves sum and integral of
exponential and logarithmic functions. Therefore, it can be easily calculated

numerically for different values of m and k.
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4.1.1.1 Numerical results

In Table 4.1, some numerical values for probability P {S,, =k} for m = 5 are

provided for the following cases:

Case i: C4(u,v) = Cy(u,v) = uv.

Case ii: C}(u,v) = wv, Cy(u,v) = wvexp(—flnulnv), 6 € (0,1].

Case iii: O1(u,v) = ww, Co(u,v) = [max(u™ + v — 1,0)]7% 0 ¢
[—1,00)\{0}, in this case Cy(u,v) is called Clayton copula which cor-
responds to the bivariate Pareto distribution. Clayton copula is also a
well-known survival copula of Archimedean family copulas with gen-
erating function yg(z) = % ($’9 — 1) .« — 0 implies independency.

Case iv: Cy(u,v) = wv, Cy(u,v) = oy 0 € [—1,0). Cy(u,v) is known as
Ali-Mikhail-Haq copula and it is a member of Archimedean family
copulas with generating function ¢y(z) = In # (Nelsen, 2006;
p. 116 and Balakrishnan and Lai, 2009; p. 90). It is obvious that for
0 =0, Cy(u,v) is independent.

Case i Case ii Case iii Case iv
0=0.5 o=1 0=-1
P{Ss =k} P{Ss=k} P{Ss=k} P{S;=k}
k=0 0.408 0.269 0.327 0.458
k=1 0.242 0.179 0.259 0.337
k=2 0.158 0.154 0.187 0.154
k=3 0.103 0.141 0.124 0.0436
k 0.061 0.132 0.072 0.0069
=5 0.028 0.125 0.031 0.0005

Table 4.1: Exact distribution of S, for different copulas

As it is seen from Table 4.1, the probability mass function of S, decreases as

k increases.
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4.1.2 Asymptotic distributions of exceedance statistics in

simple model

In this section, we are going to obtain the asymptotic distribution of S—’" when

m — 0o. The following theorem presents a result for lim P {Sm < x}
m—r0o0

Theorem 4.5 (See Erem and Bayramoglu [35]) It is true that the statistics %’1

has a continuous limiting distribution

0, x <0
W(z) =4 P{Cy(U,V)<z}, 0<z<1 (4.12)
1, x>1

where (U, V) is a bivariate random vector with copula Cy(u, v). Furthermore, the

cdf W(z) can be also written in the following form

0, z <0
W(z)=< P{G(X,)Y)<z}, 0<z<1 . (4.13)
1, x>1

To prove the theorem, we need the following lemma.

Lemma 4.6 Let G}, (u,v) be a bivariate empirical distribution function and
gx,y (u,v) is a continuous function defined on [—A, A| x [-B, B]. Then for any
partition —A =z <11 <13 < - < xp=Aand —B =y <y < yo < -+ <
yn = B, it is true that

m

oo o0 1
//QX,Y u,v) dGy, (u,v) = EZQ(XmY;)-

i=1

Proof of Lemma 4.6. Observe that from the definition of the Stieltjes integral of

a real function g(u,v) with respect to empirical distribution function G7, (u,v),
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we have
A B m
. * B 1
i [ o6 ) = - EATE
—A-B =

Indeed, for any partition —A =2 <11 <22 < --- <z, =Aand —B =y <
y1 < Yo < --- <y, = B, the Stieltjes integral of g(u,v) with respect to G (u,v)

1S

DY 9 )G (i, y5) = G (@i, yj1) — Gr(@i, 95) + Gi(wi1,951)),

i=1 j=1

where & € (i1, %], n; € (yj-1,94], 4,5 = 1,2, ...,n. Since

0, U < Xigm O UV < Y1
{sz S u < Xi+l:m and Y;m S v < Y;—i—l:m} or
7
Gt ()= 4 {u> Xit1m and Vi, <0 < Yiprg} or

{Xim <u < Xipimand v > Vi), 1<i<m

1, u > X and v > Y,

it is clear that G (X, Yim) — G (Xim, Yim —0) =G (X —0, Vi )+ G (Xiom —
0, Vi —0) = £ -t =l =l — Loand G (4, y5) — G (24,5 — 0) — G (@ —

0,y;)+Gr,(x;—0,y;—0) = 0 for any other points z; and y;, where G}, (Xi.m, Yiim —
0)= lim G, (Xim, Yim). That is why

DY 9 n) G (i, yy) — G (i, yj 1)
i=1 j=1

— Gy (w1, y;) + Gr (w1, yj—1)]

= %Zg(Xi;m, Yim) = %ZQ (X3, Y3).
i=1 i=1

The lemma is proved. O
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Proof of Theorem 4.6. The probability of % being less than or equal to a real

number x can be written as

S 1 &
pPS—"< =P — I— —o0 XMY; <
{m _gj} {m; (—00,X]x(~o0,Y] ( )_37}

779x,y(u,v)dG;(u,v)§x : (4.14)

—O0—00

where
1, (z,y) e A
]A(l’,y> - ( ) . )
0, otherwise
gx,y (u,v) = I (oo, X]%(—00,Y] (u,v),
and

1
:EZ —00,u] X (—o0,v] XuY;)

is the empirical distribution function constructed on the basis of (X1, Y1), ..., (X, Yin)-
Now, conditioning (4.14) on X = z and Y = y and using the independence of
the random vectors (X;,Y;), i =1,2,...;m, ... and (X,Y) we obtain

P =)
m

= //P //gxy(u,v)dG;‘n(u,v) <z|X=tY=s5pdFxy(ts)
:/ /P //gt,s (u,v)dG;, (u,v) <z pdFxy(t,s). (4.15)

Using the Glivenko-Cantelli Theorem (Borovkov, 1998; p. 5), we have

sup  |GF (u,v) — G(u,v)| 30 as m — oo
(u,v)€ER?
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and the continuity property of the integral functional

o0

W(G) = ]O / g (1, 0) G (u, 0)

o

yields

Then we can write

= P{G(X,Y) < z}. (4.16)
Using the probability integral transformation U = Fx(X) and V = Fy(Y) in
(4.16), we obtain (4.12). Thus, the theorem is proved. O
Corollary 4.7 If Cy(u,v) = Cy(u,v) = C(u,v), then
: S
lim  sup ‘P{E §$} — P{C(U,V) <z} =0, (4.17)

m—00 _soLr<oo

where (U, V) has the copula C(u,v).
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Note that in Corollary 4.7, in the case where Cy(u,v) = C(u,v) = C(u,v), the
function P{F(X,Y) <z} and P{C(U,V) < x} are the well known Kendall distri-
bution function (see Nelsen et al. (2003) [54] and Cherubini et al. [29]). In Genest
and Rivest [38] the Kendall distribution function for different Archimedean cop-
ulas are calculated. The following proposition by Genest and Rivest [38] paves
the way for a method to calculate the Kendall distribution function for the class

of Archimedean copulas.

Proposition 4.8 (see Genest and Rivest [38]) Let X and Y be uniformly dis-
tributed random variables whose copula C (z,y) is of the form ¢~ {¢ (z) + ¢ (y)}

for some convex decreasing function ¢ defined on (0, 1] satisfying ¢ (1) = 0. Set

_ #(X) 4 _ %)
U= o V=C(X,)Y), and A (v) = e for 0 <wv < 1. Then,

(a) U is uniformly distributed on (0,1),
(b) V is distributed as K (v) = v — A (v) on (0,1), and
(¢) U and V are independent random variables.

Below in the sequence of examples 4.3— 4.7, the Kendall distribution function
of some well-known Archimedean family copulas are provided using Proposition
4.8. Actually, it follows from Corollary 4.7 that these Kendall distribution func-

tions are the limiting distributions of %”

Example 4.3 (Product Copula). Let C'(u,v) be the product copula, then the

Kendall distribution function is

Wi(x)=x—=xlog(z), 0 <z < 1.

Example 4.4 (Clayton Copula). Let C(u,v) be Clayton copula. Then,

z(l—z%)

W(z) =+ , 0<z <1

For a =1,

W()=az+x(1—2), 0<z <1,
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Example 4.5 (Frank Copula). Let C'(u,v) be a Frank family copula, i.e.,

e—au _ 1) (e—ow _ 1)
e > —1

C’(u,’u):—éln (1+( ),aeR\{O}

1—exp(—a)
1—exp(—azx)

with generating function ¢, (x) = log ( ) . The Frank family copulas are

the only Archimedean copulas satisfying C(u,v) = a(u, v), where a(u, v) is the

survival copula. As a« — oo, C'(u, v) becomes the product copula. Then

W(zx) = x—i—l — exp (—ax) o < 1 —exp(—a)

aexp (—ax)

O<z <l
1-— exp(—aw)) ’ v

For a = 1, the function W (x) can be written as

1—e™* I—¢el
W(zx) =z+ ¢ log< 3 ),O<x<1.

e = 1—e2

Example 4.6 (Gumbel Copula). Let C(u,v) be a Gumbel copula, i.e., C(u,v) =
e[+ (=) [1,00) with generator function ¢, (z) = {—log (z)}".

Then the Kendall distribution function is given by

1
W(x):x—&(m), 0<z<l.
a+1
For a =1,
1
W(x):x—%(m), 0<z<l.

It is also clear that o = 0 indicates independency.

Example 4.7 (Log Copula). Let C(u,v) be the log copula, i.e.,

1

1 a+1 ] a+1 a+l
C(u,v) = exp { ay 1—{(1—ﬁ) —1—(1—2) -1 ,
ary ary

o, € (0,00),
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with generating function ¢, (z) = {1—log (z)/ay}*"' =1. Then

avyz [{1 —log (z) Jay}*™ —1]

Wi(x) = z+ a, 0<z <1
SN CER T ey
For a = 7 = 1, the function W (x) can be written by
1-1 21
W(z) = P ( o8 (¢)) ], 0<z<l1.

2(1 — log (z))

In Figure 4.1, the asymptotic distributions of %” for copulas given in examples
4.3, 4.4, 4.5, 4.6 and 4.7 are provided for a = 1. Note that W;(z), i = 1,2,...,5
is the asymptotic distribution, for the independent, Clayton, Frank, Gumbel and
Log Copula, respectively.

H"I.::_x_:n
1.0 i =
L -"’f
osf #,-*"'-f )
i - — Wi(x)
05 -_ /’-____,... R H?E I[I:I
6 e
[ P — Wa(x)
L /-" -
0.4 /,x" Wy(x)
— Ws(x)
0.2k
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 X
0.2 04 0.6 0.8 1.0

Figure 4.1: The graphs of the limiting distributions of %" for copulas given in
examples 4.3, 4.4, 4.5, 4.6 and 4.7

Example 4.8 (FGM Copula). Let Cj(u,v) be a Farlie-Gumbel-Morgenstein
(FGM) copula. FGM copulas are one of the well-known copulas and they have
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various applications in modelling survival data, reliability engineering, risk anal-
ysis and insurance (see Louzada et al. [51] and Danaher et al. [30]). The proba-

bility density function of the FGM copula is
c(u,v)=1+a(l—2u)(1—-2v),-1<a <1,
and the distribution function of the FGM copula is
Ci(u,v) =w[l+a(l—u)(l-2v)],-1<a<l

Lai [49] showed that U and V are positive quadrant dependent (PQD) for
0<a<l,ie,

F(z,y) > Fx(z)Fy(y), Y(z,y) (4.18)

or
C(u,v) > uv, Yu,v € [0,1] , (4.19)

where F(z,y) is the survival function of (X,Y) and Fx(x) and Fy(y) are the
marginal survival functions of X and Y, respectively. For more details see Lai
[49] and Lehmann [50].

Example 4.9. Let Ci(u,v) = w[l+a(l—u)(l—v)], -1 < a < 1 and
Cy(u,v) = wv. Then

Fu(z) = P{C'g(uv<x}_ // (u, v)dudy

(u,v):uv<z}

After the transformation ¢t = uv and s = u with Jacobian |J| = <, we have
2t
/ / [Ha |- 28)(1— )] L st
0, <0
Fo(z)=¢ 2(143a(z—1)—(1+a+2ax)lnz) 0<z<1

1 x>1,
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and
4oz —1)— (I1+a+4ax)lnz, 0<z<1
falz) =

0, otherwise

where f,(z) = %x(m) and —1 < o < 1. In Figure 4.2, the graphs of F,(z) and
fa(z) are given for z = 0.3,0.5, and 0.7.

T —— —yaf x=0.3
1of T
osl x=0.5
T
[ =07
04k
[y

-1.0 0.5 0.5 1.0

Figure 4.2: The graphs of F,(z) and f,(x) for selected values of z

These graphs show that larger values of « correspond to smaller values of
F,(z) for fixed x. The pdf f,(z) varies depending on values of a such that for
0 <z <042, fo(x) is decreasing and for 0.42 < z < 1, f,(z) is increasing with

respect to a.

4.1.3 Asymptotic distributions of normalized exceedance

statistics

In this section we discuss the asymptotic distribution of normalized exceedance

statistics.

Let us define S}, = % It is clear that E(S}) =0 and Var(S},) = 1. De-

note by ay, = 28y — VYOO 0 poy(U, V), and b = \/Var(Co(T, V).
Then
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and

Theorem 4.9 The asymptotic distribution of the statistics S}, is given as

lim sup |P{S <z} — F;(z)| =0,

M= _oo<z<00

where

0, r< —%
Foya)={ P{EUI=t <o}, e [-4 5]
1, >

Proof. Note that the probability P {f?% < x} can be written by

» {sm — E(Sn) _ x} o, {Sm/m — E(Sw)/m _ x}
Var(Sy) Var(Sy)/m

Hence

23
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and
lim sup |P{S;, <z} —P{Cy(U,V)<a+bx} =0.

M—00 _oso<z<oo

Example 4.10 (Product Copula). Let C(u,v) = Cy(u,v) = uv. Then

Fry(@) = P{CY(U,V) < a + ba} = / / dudv.

{(uw)uv<a+bzr}

Making the transformation uv =t and u = s with Jacobian |J| = <, we have
a+bx
Foplx / / —dsdt,
07 T < —%
Fi(z) =19 —(a+bzr)(In(a+bx) —1), z€ [_% PTG}
l1—a
L xr > -
and

0, otherwise

f*b(:c):{ —bln(a+bz), =€ [-2 5]

Then - .
a=E(Cy(U,V)) = / / uvdudv = —
0o Jo 4
E(C3(U,V)) / / vidudv =
Var(Cy(U,V)) = 144 )
and
b=/Var(Cy(U,V)) = \1/27

In Figure 4.3, the graphs of F,(r) and f;,(x) in example 4.10 are illustrated.
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s

-1 1 1 3

Figure 4.3: The graphs of F7,(z) and f;,(x) in example 4.10

95

s

Example 4.11 (FGM Copula). Let Cy(u,v) = uv[l + o(1 — u)(l — v)] and

Cy(u,v) = uv. Then

Flyo(@) = lim P{S;, <o} = P{Cy(U, V)<a+b:v}_ //

// (1+ a1 —2u)(1 — 2v))dudv.

(u,v):uv<a+bx}

Making similar transformation as in example 4.10, yields

= [ [ o

aba

0,
Fopalt) =

1,

—(a+bx)(—3a(a+ bxr — 1)
+(1 + a+ 2ac + 2abx) In(a + bz) — 1),

2t
1- =

(u, v)dudv.

(u,v):uv<a+bzx}

1
)] —dsdt

S

r< =7
a l—a
v €[5, 5]
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The limiting density function of S7 is

b(4aa + bz — 1)
Japal®) = —(14 a+ 4aa + 4abz) In(a + bx),

0, otherwise

v € [=§ 5]

Recall that we obtained from example 4.10 that, for Cy(u,v) = uv, a = 0.25 and
b= ‘1/—27 ~ 0.2205. In Figure 4.4, the plots of Fy;,  (r) are illustrated for selected

values of z.
F apal®)
S 1ok -
—-—-—._._________________-_: =3
ool *=1
0sf T
3 =1 —
o7l
[ -
pek "
1 " L L " 1 " " " " [ " " " " 1 1 1 " " 1 &
-10 —0.5 0.5 10

Figure 4.4: The graph of F*

wbolr) in example 4.11 for a = 0.25, b = 0.2205 and
—1<a<l.

It is observed that the function F*

o (x) decreases, as «v increases from —1 to 1.

4.2 Exceedance statistics based on order statis-

tics and concomitants

In this section, we present the exact and asymptotic distributions of exceedance
statistics based on order statistics and concomitants of bivariate sequences of

random sequences.
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4.2.1 Finite distributions of exceedance statistics based

on order statistics and concomitants

Let Z; = {(X;,Y;),i=1,2,...,n} be a sequence of independent and identically
distributed random vectors with joint distribution function

F(z,y) = Ci(Fx(x), Fy(y)). Similarly, let Zy = {(Xs1j,Ynsj), 7 = 1,...,m, ...}
be another sequence of independent and identically distributed random vectors
with joint distribution function G(z,y) = Co(Fx(z), Fy(y)). Assume that the

random vectors Z; and Z, are independent.

Let (X, Yn) be the vector of the rth order statistic and its concomitant

constructed from the sample Z; and define the binary random variables

1 (Xm—i—iaYm—l—i) S N7

0 otherwise,

&(r)=In(X,,Y;) = {

where N = (—00, X;.n| X (=00, Y-

Define the random variable S,, (r) = >~/ & (r) which is the number of ob-
servations of Z, falling into the set N. It is clear that the random variables &;(r),

1= 1,2, ... are dependent. In the following theorem, we present the distribution

of Sy (7).

Theorem 4.10 (See Erem and Bayramoglu [35]) The probability mass function
of Sp(r)

P{Su(r) =k}

By P —

x [Fx(2)]" 1 — Fx(2)]" "dFx.y (z,y). (4.20)
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The expression in terms of copulas is

P{S,.(r)= k:}
Beta r,n—r+1) (TZ) Cg(u, U)]k (1 — Cs(u, U)]m—k;
x u'” 1[1 ]n rdcl ,U (421)

where Cy(u,v) is a copula corresponding to joint distribution function G(x,y) and

Cy(u,v) is a copula corresponding to joint distribution function F(x,y).

Proof. The proof of the theorem is very similar to Theorem 4.3. The only differ-
ence is that here we use the joint pdf of (X.,,Y}.,) instead of the joint pdf of
(X,Y). First we show that

P{Sn(r) =k}

" Beta (mi— r+1) (7/?) /_Z /_Z (G, )] [1 = Gla,y)" "

X [Fx(z)]"'[1 = Fx(2)]" "dFxy (2,y)

Define
Aij = {ij < Xr:nay;lj < Yr[r:n]}

and observe that the complement of A;; as
= {X <X7‘naYz] >§/[rn]}U{X >Xrn7Y;J <an}U{X >X7’n)§/z] >Y’[rn]}

For simplicity, we define the random set E as

41"

B = { A Ay Ay A5, 4G L
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Then conditioning with respect to X,.,, = x and Y}, = y we obtain

P{Su(r) =k} = 3 {AA CAGAS ..A;%m}

il 125mees im

11,82, sbm

— C C
— E / / Ay Qi - Qi A, O } AFX, .. i, (T, ),

11,82, ey

(4.22)

where the sum Z extends over all permutations of i1, s, ..., %, € {1,2,...,m},

il 7i2 ----- 7f'm
and

ai; = {Xij <Y < y} , afj is the complement of a;, .

Since events a;, are independent the probability under integral in (4.22) can be

written as

c c
P {ailah...aikaikﬂ g }

= P(au)P(aZQ)P(alk)P(ac )P(ac )

Tk+1 im

Using the joint probability density function of X,., and Y., in equation (4.22),

we obtain

P{Sm(r) =k}

~ Beta (mi— r+1) (?) /Z /Z Gz, y))* [1 = G, y))" "

x [y z) fx.. (z)dedy.

Therefore, the finite sample distribution of \S,,(r) can be simplified as

PA{Sm(r) =k}

~ Beta(r, :L 1) (ZL) / / ~ Gl

X [Fx(2)]" 'l = Fx(2)]" "dFxy (x,y) .
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Using the probability integral transformation Fx(z) = u and Fy(y) = v in equa-
tion (4.20), we obtain equation (4.21).

Proposition 4.11 [t is true that

E(Sm(r)) =mFE (G(Xr n Y[r n])) - mE(CQ(Ur:ny V;":n))a (423)

ME(C(X, 0 Yip)) = ME(G (X Yiew)) + m?Var(G (X, Vi)

= mE(Co(Upn, Virmy)) — ME(C3(Upn, Virn))) + m*Var(Co(Upn, Vien)),
(4.24)

<
S

iy
n
3

=
I

where U, and V,..,) are respectively the rth order statistic and its concomitant
constructed from the random sample (U1, V1),(Ua, Va),...,(Un, Vy,) with distribution
Cy(u,v).

Proof. One can write equation (4.20) in the following form

Pisa) =1 = (1) [ [ G- 6ol dx o)

Using this probability function, the expected value of S,,(r) can be calculated
directly as

E(Sm(r))z /fP{S (r) =k}

()/ / =Gl )" AP,y (5 0).

b7 ) 2 (160 Y] [ = 60X V)] ™

a3

MS I MS

k=0

NE

e
i

0

Il
&S

Zk( ) Xm,Y[rn})}k[1—G(Xr:my[r:n]>]m_k]

k=0
=mE (G(Xyn, Yirmy)) - (4.25)
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Similarly, the second moment of S,,(r) is

i/ﬁp{s =k}

=3 (1) (60 Vi) 1= G Vi) "]

k=0

. kz—; o (TIZ) [G(Xrtm Y[Tin])k} [1 = G(Xpn, Y[’":"}ﬂmik

- sz(Gz(Xr:n; an})) +mE [G(Xr:na Yv[rn})(l - G<Xr:n7 Yv[rn]))] .

Therefore using first two moments, we can calculate the variance of S,,(r).

Var (8,,(1)) = m? [ (X Yia)]* — mPB(G (Xor Vi)
—mkE [G Xrins Y[r n) (1 r G<Xr:n> Y[Tin]))]
= VCLT(G(Xr ny }/[r n])) mkE (G(X'r:n7 }/[r:n})) . TTLE(G2 (XTIT“ Yrin]))'
(4.26)

Using the probability integral transformation in equations (4.25) and (4.26), the
proof is completed. O

Corollary 4.12 If Cy(u,v) = Cy(u,v) = C(u,v), then
P{Sm(r) =k}

- 5=n ; 7 (7:) /0 1 /O (Ol o)1 — O, o)™ w1 — w7 dC . v).

4.2.1.1 Numerical Results.

Below in Table 4.2 numerical results for the pmf of the exceedance statistics S, (r)
for different copulas and for m = n = 5 and r = 3 are presented. These copulas

are given in the following:
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Case 1): Cy(u,v) = Cy(u,v) = uv.

Case ii): Ci(u,v) = wv, Cy(uv) = wvexp(—flnulnv),d € (0,1] (Gumbel-

Barnett copula).

Case iii): C(u,v) = uv, Cy(u,v) = [max(u=+v=0—1,0)]7% 0 € [-1,00)\{0}
(Clayton copula).

Case iv): Ci(u,v) = uv, Co(u,v) = t5r5a—» ¢ € [-1,1) (Ali-Mikhail-Haq
copula).
Case i Case ii Case iii Case iv
0=0.5 =1 0=-1
P{S(3) =k} P{S(3) =k} P{Sy(3)—k} P{S(3) -k}
k=0 0.361 0.036 0.268 0.4175
k=1 0.278 0.065 0.284 0.362
k=2 0.188 0.104 0.226 0.168
=3 0.109 0.161 0.140 0.0451
k=14 0.050 0.247 0.064 0.0070
k=5 0.014 0.387 0.018 0.0004

Table 4.2: Numerical results for the exact distribution of .S, (7)

As it is seen from Table 4.2, while k increases, pmf of S,, decreases in cases

i) and iv). However, pmf of S, increases in case ii), as k increases.

4.2.2 Asymptotic distributions of exceedance statistics

based on order statistics and concomitants

In this section, we derive the asymptotic distribution of S%(T) as m — oo. The

following theorem presents a result for lim P {Sm—(r) < x} .

m— 00 m
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Theorem 4.13 (See Erem and Bayramoglu [35]) The statistics S’"T(r) has the

continuous limiting distribution

0, r <0
T(x)=1q P{Co(Urn,Vien) <z}, 0<2 <1, (4.27)
1, x>1

where Uy, and V,.,) are respectively the rth order statistic and its concomitant
constructed from the random sample (U1, V1),(Ua, Va),...,(Uy, Vy,) with distribution
Cs(u,v).

The expression in terms of joint cdf is

0, x <0
T(r)=q P{G(Xpn, V) <z}, 0<2< 1.
1, z>1

Proof. The proof of the theorem is similar to Theorem 4.10. The only difference
that here we use the joint pdf of (X, Y};.n) instead of the joint pdf of (X,Y). [

Corollary 4.14 If Cy(u,v) = Cy(u,v) = C(u,v) then

0, r <0

T(x)=< P Betam =y // c(t,s)tr (1 —t)" "dtds<zxzp, 0<xz<1,

C(t,s)<z}

1, x>1

where
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Proof. Since (X,.,, Y;m)) is a vector of the rth order statistics and its concomitant
constructed from the sample Z; with joint distribution function

F(z,y) = C(Fx(x), Fy(y)), we can use the joint pdf of X,., and Y},.,; given in
equation (2.11). Consequently,

P {G (Xr:nuif[r:n}) < ZE} - // f (U | u) fr:n (U) dudv
{(u,v): G(u, v)<x}

~ Beta(r, n—r+1 // fXY

(u,v)<z}

x F ' (u)[1 — Fx (u)]n "dFx (u)dv (4.28)

and the result follows. O]

Example 4.12 (Product copula). Let C(u,v) be the product copula, i.e. the
random variables X; and Y; are independent. Then from equation (4.28) we

obtain

m— 00

= (1—w)"""dud
~ Beta(r,n—r+1 // v) uaw

(u,v): uwv<z}

Ti(z) = lim P{S mlr) }

1
t?

T 2 (1—t)" " dtd 4.29
i(z) = Beta Tn—r+1// > ( )

For example if » = 3 and n = 5, the limiting distribution of —S’:rgr)

Making transformation ¢ = u and s = uv with Jacobian |J| = 7, we have

18

—3x* + 1023 — 1022 + 5
Ty() = L3 . ) gca<i.
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Example 4.13 (Clayton copula). Let C'(u,v) be a Clayton copula, i.e.,
C (u,v) = (u_l/C + oo~ 1)_6, c>0.

For ¢ = 1, the clayton copula becomes

Cluv) = —2
uU—+v—uv
and
2uv
AR P e B 5

Then for » = 3 and n = 5, from equation (4.28) we obtain

Ty(z) = lim P{S m(7) <x}

m—r0o0

1—t
9 2
Beta 3.3) / / ts“dsdt

2® (—42® + 152> — 200 +10) , 0 <z < 1.

Example 4.14 (Ali-Mikhail-Haq copula). (Nelson, 2006, p. 116) Let C(u,v) be
an Ali-Mikhail-Haq copula, i.e.,

uv
— 1< ,
C (u,v) Y .t I<ax<1

Let « = —1, r = 3 and n = 5. From equation (4.28) the limiting distribution of
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S’”T(T) can be calculated for all x, 0 <z <1 as

Ty(z) = lim P{S’"(T) < x}

m—ro0

m
1 1-t 9 (1 e 2
_ / / (1+st—s—1t)s dids
Beta (3,3) Jo 0 1+s

= 2(—42* + 52® — 202 + 100z
+60(2 — z)In(2 — ) — 80).

In Table 4.3, the limiting distributions of P {Sm(r) < :13} for selected copulas

m

are presented:

C(u,v) n r lim, P {ST(T) i
z(—3x4 231022
uv 5 3 T(g) = S0 10:)
(Wl+v =17 5 3 Ty(z) = a2?(—42® + 1522 — 20z + 10)
TH=w0=1] 5 3 Ty(w) = z(—4a' + 52% — 2022 + 100z + 60(2 — 2) In(2 — z) — 80)

Table 4.3: Asymptotic distributions of S’”T(T) for product, Clayton and Ali-
Mikhail-Haq copulas

Ti(x), To(z) and T3(z) are new polynomial continuous distributions arising
in considered exceedance models. In Figure 4.5 the graphical representations of

these functions are illustrated below.
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Figure 4.5: The graphics of limiting distributions given in Table 4.3

In Figure 4.5, the T1(z), To(z),T5(x) are the limiting distributions of S”;n(r)

with underlying copulas C(u,v) = wv, C(u,v) = (u'+v'—1)"", and

C(u,v) = W, respectively, for n =5 and r = 3.

4.2.3 Asymptotic distributions of normalized exceedance

statistics based on order statistics and concomitants

Now, as in Section 4.1.3, asymptotic distribution of normalized exceedance statis-

tics are investigated.

Let us define S* (r) = Sml=EEn0) 14 i clear that E(S%(r)) = 0 and

Var(Sm(r))
Var(Sk (r)) = 1. Denote by a,,(r) = W , bn(r) = —V‘/a:(nw Also de-

note by, a(r) = E(Cy(Upin, Vi) and b(r) = /Var(Co(Up, Virmy))- It is clear
that

E(Sn(r))  _ alr)

e \Var(Sm(r)  br)
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and

Theorem 4.15 The statistics Sf,(r) has the continuous limiting distribution

function
0, T < -3
C (UTinvvr:n )70‘(7') a(r 1—a(r
H(z) = P{ SUENES gx}, xe[—bér)), b(r())]
1, > A
Proof. Proof of this Theorem is similar to the proof of Theorem 4.9. m

Example 4.15 (Product copula). Let C(u,v) = Cy(u,v) = uv. Then the con-

tinuous limiting distribution function of S (r) is given by

1 a(r)+b(r)z  p1
H(x) / / s"72(1 — s)" "dsdt.
0 t

- Beta(r,n —r+1)
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The mean of Cy (Um, V[r:n]) is

1 1
E (Co(Uym, Vi) = / / Colu, v)dFy v, . (u,0)

/ / w f v, (1, 0)dudy
/ / uvf (v | u) frp (v) dudv

1_ n—r
Beta(rn—r+ //UU W dud

1 1
r "(1—u)""d 4.30
Beta(r,n—r+1)/0 Wl =)™ du (4:30)
1
= Bet 1,n— 1 4.31
Beta (r,n —r+1) eta(r4ln—r+1) (4:31)
r
= ) 4.32
2(n+1) (432)

and the second moment of Cy(Uy.p, Vi) is calculated as

(02(Ur n7vrn] / / u v dFUrn V[rn] (U U)

2 r+1 n rdudv
Beta (r,m—r+1 //

r+11 n=r
SBeta(r,n—r+1)/0 (=)™ du

1
= SBeta(rn—1 71 )Beta(r+2,n—7’+1)
B n! (r+1Dl(n—r)!
3(r—Dln—r)! (n+2)!
r(r+1)

"3+ 1)(n+2) (4.33)

Consequently, using the first two moments of Cy(U,.,, Vjr.n)) We can calculate
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the variance of Cy (U, Vipm)) as

Var (CQ(Ur:n, ‘/[r:n])) =F (Cg(Ur:ny Wr:n])) - [E (C2<Ur:nu ‘/r:n]))}2

_ r(r+1) B < r )2
3(n+1)(n+2) 2(n+1)

_Ar(r+1)(n+1) = 3r*(n+2)

B 12(n+1)2(n +2)

_rPn —2r® 4+ drn + 4r

 12(n+1)(n+2).

(4.34)

Analytical expression of function H(x) is given in integral form. We present

below, in Figure 4.6, the graphs of H(z) forn =4 and r =1, ..., 4.

Hix) (x
1.0 [ — 1O [ —
-~ X P
- F -~ f:=1
osf /e 0.8 /f/
£ [
0sf 7
/ I
o.7E -/5'4 [
.'-Illr [
! 02
)
d 1 1 1 > 'll 1 1 1 1 1 1 1 >
0 3 10 13 -1 1 2 3 4 3 5
1.0 [ Lo -
i ..-f [ y .-d'"f
oaf T o8} 7
L //" =3 [ =4
06f" 0.6f
L
i AT
/':'-4 I //"":'.4 i
/ : -
r
S0l /// 0.2
/'/ .-"/
r + e
-1 1 2 E -10 -03 05 10 15 10

Figure 4.6: The graphs of H(z) for Ci(u,v) = Cy(u,v) = uv for n = 4 and
r=1,...,4
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Application

Hypertension has long been a serious health problem, as one of the most im-
portant causes of cardiovascular heart disease, and has an adverse effects on life
quality. Therefore, developing countries have taken precautions for preventing
hypertension, including promoting healthy nutrition, physical exercise, avoiding

stress. The classification of blood pressure is given in the following table:

Systolic Blood Pressure (SBP) Diastolic Blood Pressure (DBP)

Normal <120 mm Hg <8)mm Hyg
Prehypertension 120 — 139 mm Hg 80 — 89 mm Hg
Hypertension > 140 mm Hyg > 90 mm Hg

Table 5.1: Classification of blood pressure levels

The values are given in Table 5.1 are the thresholds for hypertension (see Urden
et al., 2014; p. 341). Let the sequence of random vectors Z; = {(X;,Y;),
i=1,2,...,n} be a training sample consisting of hypertensive patients and inter-
pret X; and Y; as SBP and DBP of ith patient. Assume that X ~ U(120,260)
and Y ~ U(90,150). Then, consider another sequence of random vectors

Zy = {(Xn4j, Yntj), j = 1,2,...,m, ...} as a control sample, according to which,

71
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patients will be categorized as hypertensive or not. Therefore, the statistics .5,
and S,, (1) counts the total number of people with normal blood pressure in control
sample. Also, the proposed exceedance statistics can be used to make inferences
about prevalence of hypertension. In this way, the number of hypertensive people

can be accurately estimated.

Recently, air pollution has become an important problem, causing habitat
loss and respiratory illness. Especially, particular matter (PM) pollution has a
negative effect on the ecological balance. The sum of liquid and solid particles of
varying sizes are called as particular matter (PM). Particular matter is classified
as coarse dust (PMig) (2.5 to 10 micrometers), and fine particles (less than 2.5

micrometers) (PMs5).

In 2006 World Health Organization (WHO) determined the threshold values
for PMs 5 and PMo (see WHO Air Quality Guidelines [68]). While the average
permitted value for PM, 5 is 25mg/m?, it is 50mg/m? for PMy. According to
[68], the average values of PMj, should not surpass the determined thresholds
for more than 35 days in a year. Assume that daily levels of PMj 5 and P Mg are
independent from each other days. Let Z = {(X;,Y:),7 = 1,2,...,m,...} be iid
bivariate observations. Then, X; and Y; can be interpreted as the daily average

values of PMs 5 and P Mg, respectively. Consider,

1 Zf (XHY;) € (_Oon) X (_007Y)7
&= ,
0 otherwise.

Consequently, S, = > " & is the total number of days in which average

values of PMs 5 and PM; does not surpass the critical threshold values.



Chapter 6

Conclusion

Random threshold models provide a basis for hypothesis testing and statistical
inference. They also play an important role in real life problems such as reliability,
modelling hydrological events and air pollution. In the literature, there have been
many studies about univariate random threshold models. However, in modelling

real life problems, there is a need for multivariate random threshold models.

In this thesis bivariate random threshold models based on bivariate random
sequences are investigated. Later, the finite and asymptotic distributions of ex-
ceedance statistics are studied. Because of considered bivariate random variables,
the obtained distributions are expected to depend on copulas. These result agree

with the models in real life applications.

The discussion of the use of these proposed models in medicine and air pollu-
tion illuminate the application area of exceedance statistics and random threshold

models.
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