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Abstract Let W(1), W(2), ... be weak record values obtained from a sample of
independent variables with common discrete distribution. In the present paper, we
derive weak and strong limit theorems for the spacings W(n + m) — W(n),m >
1,n — oo.

Keywords Weak records - Spacings of weak records - Convergence in distribution -
Almost sure convergence

1 Introduction

Let X1, X2, ... be independent random variables with common distribution function
F which has support on non-negative integers. The sequences of weak record times
L(n) (n > 1) and weak record values W(n) (n > 1) were introduced in Vervaat
(1973) as

L):==1, Ln+1D:=min{j:j>Ln), X;>Xrm}
W(n) = XL(n)-
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164 E. Hashorva, A. Stepanov

Weak records have been studied later in Stepanov (1992, 1993), Aliev (1998,
1999), Lopez-Blazquez and Wesotowski (2001), Wesotowski and Ahsanullah (2001),
Stepanov et al. (2003), Wesotowski and Lépez-Blazquez (2004), Dembiriska and
Lépez-Blazquez (2005), Dembinska and Stepanov (2006), Danielak and Dembinska
(2007). The material related to weak records is presented in the books of Arnold et al.
(1998) and Nevzorov (2001).

If F is continuous, then weak record values and times agree with record values
and times, which are intensively discussed in the literature; see e.g. Resnick (1987),
Arnold et al. (1998) and Nevzorov (2001).

The joint density function of weak record values is given by

' P(x = k;
PWQ) =ki,...,Wn) =k,} = P{Xl—k}H {X1>ki

where 0 < ky <--- <k;, F(k,) < 1 and for n = 1 the product in the last equality
is equal to 1.

It immediately follows that the sequence W(n) (n > 1) forms a Markov chain.
Formulaes for conditional densities are presented in the next Sects. 1 and 2.

Asymptotic properties of the ratio of weak records W (n+m)/W(n) (m > 1, n —
00) have been investigated in Dembiniska and Stepanov (2006). With some motivation
from the aforementioned paper we discuss in the present work the asymptotic behavior
of the random spacings

An,m) :=Wmn+m)— W(n) (m=>1, n— o0).

We will show that the convergence in distribution of /(W (n))A(n,m) (m > 1,n —
00), where h is a positive measurable function, is closely related to the asymptotic
behavior of the conditional excess h(n)(X, —n)|X, > n.

Another type of results (given in Sect. 4) concerns the almost sure behavior of
A(n, m). In our study, we will show that A(n, m) does not tend to zero with probabil-
ity one for any choice of discrete distribution function F' with infinite upper endpoint.
At the same time the sequence of spacings of weak record values can converge with
probability one to infinity. This holds, in particular, for F(n) = 1—n=%, a > 0,n € N.

In the next section, we present some preliminaries followed by results in Sect. 3,
where the convergence in distribution of A(n, m), n — o0 is discussed. Almost sure
convergence is investigated in Sect. 4. Several illustrating examples are presented in
Sect. 5. The proofs of all the results are given in Sect. 6 (the last section).

2 Preliminaries

We consider distribution functions F with infinite upper endpoint and support on non-
negative integers. In order not to repeat this, we formulate the following assumption.

Assumption 2.1 The discrete distribution function F has support on N U {0} and the
inequality F'(n) < 1 holds for all » € N.
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Let X, (n > 1) be a sequence of independent random variables with distribution
function F satisfying Assumption 2.1 and W (n) (n > 1) be the corresponding random
sequence of the weak record values. Set throughout the paper

pn):=P{X;=n}, qgn)=PX;2n}=1-Fn-1 (n=0).

It follows easily that for 0 <k, <--- < kpym,n > 1,m > 1

P (kntm)

_ _ _ _ pki)
P{W(n+m)—kn+m,...,W(n+1)—kn+1|W(n)_kn}_—q(kn) ,-:H 7@

and

. J
P{W(n+m)=j|W(n)=i}=p(J)Zp(ll) > PUn=1) (o <izjim=1),

J
1

q@) = ql) = qUn-1)
2
ki j l j Ip_1) :
where []/_, ., % = 1 and the sum le1=l % e lem_1=lm_z Zﬁlmig isequal to 1
whenm = 1and to > _, % when m = 2.

We will make use of bot?] results in the proof of almost sure convergence. Related
results obtained in Dembifiska and Stepanov (2006) are collected in the two lemmas
below.

. d p as . .. . .
In the following, —, —, — stand for convergence in distribution, convergence in
probability, and almost sure convergence, respectively.

Lemma 2.1 Let F be a distribution function satisfying Assumption 2.1.

(a) Forany two integers i, k with k > i, we have

P(Wn+1)=k|W(n) =i} = q(].().
q(i)
(b) Foranyi=0,1,..., the equality
S Py — i) — 2D
S RWan = i) = L

n=1
holds.

Lemma 2.2 For any choice of discrete F satisfying Assumption 2.1
Wn) S 0o (n— o00).
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Further, if for any constant K > 1

1-F(K
fim L&D 3)
n—oo 1 — F(n)
then
Wn+m) p

-1 (m>1,n— o0).
W(n)

We write in the following X ~ G to indicate that the random variable X pos-
sesses the distribution function G. If also ¥ ~ G we write alternatively X ~ Y
without mentioning explicitly the distribution function G. Denote by N'B(m, p) and
Gamma(a, }) the Negative Binomial and the Gamma distribution function, respec-
tively. In our notation N'B(m, p) (m > 0,0 < p < 1) possesses the probability mass
function

C'(m + k)

P AR || 1 _ k k > 0 ,
Tmre+n? Lo k=0
and Gamma(a, 1) (a > 0, A > 0) possesses the density function

a

T'(a)

xlexp(—ix) (x > 0),
where I'(-) is the Gamma function.

3 Weak limit results

Let X,, (n > 1) be independent random variables with discrete distribution F satisfy-
ing Assumption 2.1 and X5 , (n > 1) be independent random variables (in the same
probability space) with distribution function F}, , given by

Frpn(x) =Plh(n)(X; —n) <x|X; =n} (x =20),

where h(t), t € R is a positive measurable function.
In this section we focus on the weak convergence of the scaled spacings A(n, m).
In view of Lemma 2.1 for any x > 0, n > 1, we have

P{X; >n+x/h(n)}
D
=P{Wn+1)>n+x/h(n)|W(n) =n}
=Plh(m)(W(n + 1) —n) = x|W(n) = n}
=Plh(n)(W(n +1) = W(n)) = x|W(n) = n}
=P{h(n)A(n, 1) = x|W(n) = n},

P{Xpn = x}
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which shows that the scaled spacings h(n)A(n, 1) are closely related to the random
sequence Xj, .
We assume in the following that the convergence in distribution

Xon 5 Y (n— o) (4)

holds with ¥ > 0 almost surely. If Y = 0 or Y = oo (almost surely) we suppose that
the above convergence holds in probability.
Convergence in (4) is closely related to the Gumbel max-domain of attraction of F.
It is well-known from extreme value theory that if F is in the max-domain of attraction
of the unit Gumbel distribution A (x) = exp(— exp(—x)), then there exists a positive
measurable function w (see e.g. Falk et al. (2004) or Kotz and Nadarajah (2005)) such
that
1—F(u+x/wu))

ulgle 1= F =exp(—x) (x €R), (&)

where xr := sup{x : F(x) < 1}. We write for short F € GMDA(w).
Consequently if ¥ € GM DA(w), then (4) holds with

h(n) = w(n) and Y ~ Gamma(l,1). (6)

Note in passing that the scaling function w can be defined asymptotically (see e.g.,
Embrechts et al. (1997)) by

_ 14+o0(1)
v = g X, = oo

At this point, we begin presenting results of our work.

Theorem 3.1 Let X,, (n > 1) be independent random variables with common distri-
bution function F satisfying Assumption 2.1. Suppose that there exist h and Y such
that (4) holds. Then

(h(Wnm)An,1),....,h(Wn +m))A(m +m, 1)) 4 o,y VYm) (n— 00),
(N

where ), ..., Y are independent random variables with ; ~ Y,0 <i < m.

The following corollary is immediate (recall (6)):

Corollary 3.1 Under the assumptions and the notation of Theorem 3.1 if F €
GM DA (w), then (7) holds with h(n) = w(n),n > 1and Y ~ Gamma(l, 1).

In the above corollary the limiting random variable Y possesses a continuous distribu-
tion function. We consider next a case when the limiting random variable Y possesses
a discrete distribution. Let us define a random variable Yg as Yg ~ N'B(1, 1 — B), if
B €(0,1)and Yg =0, Yg = oo (almost surely) for 8 = 0 and B = 1, respectively.
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Lemma 3.1 Let X,, (n > 1) be independent random variables with common distri-
bution function F satisfying Assumption 2.1. If

1—Fn+1)
nlggol——F(n) =B €[0,1], 8)

then (4) holds with h(n) = 1 and Y ~ Yg. Furthermore, (7) is satisfied.

By imposing some asymptotic condition on the scaling function %, we are able to
generalize 3.1. More precisely, we assume that

li)n;onh(n) =0 9)

and

h(an+1) N
n—oo  h(ay) =1 (10)

where a, is a non-decreasing sequence of integers such that lim;,_, o an+1/a, = 1.
Clearly the above conditions hold if lim,_, o A(n) = ¢ € (0, c0). For such instance
our next theorem holds with the same assumptions as in Theorem 3.1.

Theorem 3.2 Let X,, (n > 1) be independent random variables with common distri-
bution function F satisfying Assumption 2.1. Suppose that there exist h and Y such
that conditions (4), (9), and (10) are satisfied. If P{Y < oo} = 1, then for given
integers k1, ka, ..., kp, andm > 2

d
(h(W(n))A(n, kl)a M) h(W(n))A(n + km—l ’ km)) - (Zkl LRI} ka) (n_) OO),
(11
where Zy, ~ Z];’Zl Yjand Y1, ..., Yy are independent random variables with the

same distributions as Y.

The corollary below follows from Lemma 3.1, Theorem 3.1, and Theorem 3.2.
Corollary 3.2 Let X,, (n > 1) be independent random variables with common dis-
tribution function F satisfying Assumption 2.1.

(@) IfF e GMDA(w) and h(n) = w(n),n > 1 is such that (10) holds, then (11)
also holds with Zy, ~ Gamma(k;, 1),1 <i <m.

(b) If(8) holds, then (11)isvalidwithh(n) = 1,n > land Z, ~ NB(ki, 1-8),1 <
i < m. Furthermore, Z, = 0 or Zy, = oo if B = 0 or B = 1, respectively.

We discuss next the convergence of the expectations of A(n, m).

Theorem 3.3 Let X,, (n > 1) be independent random variables with common distri-

bution function F satisfying Assumption 2.1. Suppose that (8) holds with B € [0, 1).
If, in addition,

1-F@n+1)

T Fo) =B«elp. D 12)
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is valid for all large enough n, then for any m > 1

lim E{A(n, m)} = pm_

-8

Remark (a) Condition (9) in Theorem 3.2 can be dropped if W (n+m)/ W (n) gy
holds for any integer m.

(b) The convergence in (10) holds, for example, if % is bounded and regular varying
at infinity with index o« € R. We refer the reader for details on regular variation
to Resnick (1987) or Embrechts et al. (1997). A key result for regularly vary-
ing functions is the uniform convergence theorem, see e.g., Theorem A 3.2 in
Embrechts et al. (1997).

(¢) If lim,_ ~ h(n) = oo and the Assumption 2.1 holds, then for a given positive
real x we have

. 1 —=Fm+x/hn))
lim =
n—00 1— F(n)

1.

The above asymptotics implies Xy, , £ 0asn — oo. This case is therefore not
interesting.

4 Almost sure convergence

In this section we focus on the almost sure convergence of A(n,m), m > 1. It is
interesting that A(n, m) cannot converge to 0 with probability 1 for any F satisfy-

ing Assumption 2.1, despite the fact that A(n, m) 2 0 in the case when (8) holds

with B = 0. In view of Theorem 3.2, § = 1 implies A(n, m) A sasn — oo.
Imposing some additional conditions, we strengthen this convergence to almost sure
convergence; see Theorem 4.3 below.

Theorem 4.1 Let X, (n > 1) be a sequence of independent random variables with
common distribution function F satisfying Assumption 2.1. Then for any m > 1

P{A(n,m) > 0i.0.} = 1.

We get immediately:

Corollary 4.1 For any choice of discrete F satisfying Assumption 2.1, the random
sequence A(n, m) can not converge to zero with probability one.

Corollary 4.2 Let X, (n > 1) be a sequence of independent random variables with
common distribution function F satisfying Assumption 2.1, and let (8) hold with B €
(0, 1]. Then foranym > 1,k > 0

P{A(n,m) > kio}=1.
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In the next theorem we exclude the case 8 = 1.

Theorem 4.2 Under the assumptions and notation of 4.2, if B € (0, 1) then for any
m>1

P{A(n,m) =0i.0.} = 1.

It follows from Corollary 3.2 or Theorem 4.2 that for 8 € (0, 1) the sequence A(n, m)
cannot converge to infinity with probability 1.

In the previous section we showed that if § = 1, then A(n, m) L coasn — oo.
In the next theorem we strengthen this to almost sure convergence.

Theorem 4.3 Let X, (n > 1) be a sequence of independent random variables with
common distribution function F satisfying Assumption 2.1. If

00 2
> (p(”)) <00, (13)

“—\qm)

then for any m > 1

A(n, m) 00 (n - ).

5 Examples

5.1 Let us consider the case when F is the geometric distribution with parameter
p € (0, 1). We have

I1-F@mn+1)
R

hence Theorem 3.2 implies (set h(n) = 1,n > 1)

A(n, m) 4 Y ~NB@m,p) (n— oo,m>1).

The above convergence can be confirmed directly since A(n, m) is a negative bino-
mial random variable with parameters m and p, and the distribution function does not
depend on 7 at all.

5.2 Define a discrete distribution function F such that for all n large we have F (n) =

1-— n"‘C‘”a, xR, 6§ e (0,00),C e (1,00). It follows that

1-F 1
lim 1=Fle+1) = B,
n—oo 1 — F(n)
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withg =1if§ < l,and B =1/Cor B =0if § = 1 or § > 1, respectively. If
B = 1/C, then Corollary 3.2 (part (b)) yields

A(n,m)iYNNB(m,l—%) (n — o0).

By Theorem 3.3 we obtain

m
Jim E{A(nm)} =E[Y) = ——.

For B = 0 or B = 1, the convergence in probability to O or oo follows. In the latter
case (corresponding to § < 1) we can not say if the convergence holds almost surely
because (13) is not valid.

5.3 Let us consider the case when F is a Poisson distribution with positive parameter
A. It is well-known that F does not belong to the max-domain of attraction of any
univariate max-stable distribution function. We have

1 — F(n) 1

— — =17 A 22
I=Fa—1 I+ 31+ e+

<An+1) =0 (n— 00).

Hence Corollary 3.2 (part (b)) implies A(n, m) 2 0asn — oo for any m > 1.
5.4 Let F be such that p(n) = exp(—a(n — D?) —exp(—anb), n > 1witha >0,b €
(0, 1]. Setting

w(t) = abt®™ ' &> 0)

we obtain as t — o0

1— F(+ ’
i Fy;/)w(t)) e (_mb [(1 ) - 1]) S exp(—x) (Vx € R).

For h(n) := w(n), Vn > 1 we have
nh(n) = abn® — oo (n - o0).
Hence, Theorem 3.2 implies that for any integer m
ab(Wn)?"'A(n, m) > Y ~ Gamma(m,1) (n — o).

Also, observe that

1— F(Kn) ( . |:([Kn])b ])
———~ =exp| —an —1{)—=>0 (K>1,n— ),
1 — F(n) n
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where [x] is the integral part of the number x. Condition (3) is fulfilled and

WnAm 2y > 10— oo).
Wn)

55Letg(n) =n"%n>1,a > 0. We have

. qgn+1)
lim —— =
n—00 q(n)

1.

Consequently, A(n, 1) 2 o0 asn — oo. Furthermore

pm) . (. 1\ :
q(n)_l (1 n+1) a/n (n — 00);

hence condition (13) is fulfilled, and thus A(n, 1) Y 00, n — 00.

6 Proofs

Proof of Theorem 3.1 Applying the first part of Lemma 2.1 for x > 0, we obtain

P{A(W()AG, 1) = x} = E(I{A®, 1) = x/h(W (1))}
= E([{W(1+1) = W) +x/h(Wm)))
= E(E(I{W (1 + 1) = W) + x/h(W @)} W}
. [q(Wm) +x/h(W (1))
g(W(m)

’

where /{A} is the indicator of A. Choose x € R a continuity point of the distribution
function of Y. The convergence in (4) implies

. q(n+x/h(n))
im ————~

Jim e =P{Y > x}.

In view of Lemma 2.2, W (n) — oo almost surely as n — oco. Hence for any k > 0

. gWn)+k/h(Wn))) . qn+k/h(n))
im = lim ———

=PlY >k s, (14
200 (W) oo q(n) zh as (4

The claim for m = 0 follows now from the bounded convergence theorem.
Next, let £ > 0 be an integer and 0 < xg < x1 < --- < x; be continuity points of
the distribution function of Y. By Lemma 2.1 and the Markov property of the random
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sequence W (n), almost surely we have fori =0, 1, ...,k

Ph(Wn +)A(m +i, 1) > xi)|Wn), ..., Wn +i))
=PWn+i+1D)=xi/h(Wn+i)+Wh+i)Whn),..., Wh+i)}
=P(Wn+i+1)>x;/h(Wn+i)+Wn+)|Wn+i))

qgWm+i)+xi/h(Wn +1)))
= : (n>1).
g(Wn+1))

Consequently, we obtain

P{h(Wn)Am, 1) > xo, ..., h(Wn +k)A(n +k, 1) > x;}

— E[I (h(Wm)AMm, 1) > x0, ..., h((Wn +k — 1AM +k—1,1) > x_1}

X[mwm+m+wumwm+m»_my2mq]
g(W(n +k))
+P{Y > 0 )P{A(n, 1) > x0, ..., k(W +k = 1)A(m +k —1,1) > x_1).

As above, forn — oo

qWn + k) +x/h(Wn +K) as P{Y > X}
q(W(n +k)) o

The claim follows now by passing to the limit and using induction with respect to k. O

Proof of Lemma 3.1 LetY ~ N'B(1,1—8)andseth(n) := 1,n > 1. By the assump-
tion, for any k > 1

1-Fa+k
lim —— =
n—oo 1 — F(n)

Since P{Y > k} = ,Bk the random sequence X5, , (n > 1) converges in distribution
asn — oo to Y, provided that 8 € (0, 1). If 8 = 0, then

1—F(n+1)

lim P{X,, > 1} = lim =0.
n—0o0o

n—oco 1 — F(n)

Hence X, Ly =0asn — oo. In the same way, one can show that X}, , L
when 8 = 1. O

Proof of Theorem 3.2 Condition (9) implies that for any M, ¢ > 0 the inequality

(n—-1

—_— > 11—
n+ M/h(n)
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holds for all large n. For arbitrary K > 1 choose ¢ such that (1 — &) K > 1. Then, for
M a continuity point of the distribution function of Y, the inequality

Kn—1)>n+ M/h(n)
holds for all large n. Consequently,

1-F(K(n—1) P{X;>K@n-1)
1—Fn—1) P{X| > n}
P{Xi>n+M/h(n)}
< (n — o0)
P{X| > n}
S P{Y>M}—>0 (M— ).

Then, Lemma 2.2 implies that for any m > 1

P W(n + m) b

= W 1 (n— o).

The proof follows from Theorem 3.1 and Slutsky lemma (see e.g. Kallenberg (1997))
if we show that for any m > 1

= MW m) g . (15)
h(W(n))

Let Z,, (k > 1) be a subsequence of Z,(n > 1). By the subsequence principle
for convergence in probability (p. 555 in Embrechts et al. (1997)) it suffices to show

that there exists a subsequence anj (j = 1) such that Z,,_ L las Jj — oo. By the

convergence in probability proved above and the mentioned principle there exists a
subsequence Z,’:k (j = 1) such that
J

% as .
anj -1 (j— 00).
. a.s . .
Sinceasn — oo, wehave W(n) — oo, W,, . isanon-decreasing subsequence (almost
J

surely) and (10) holds, then

Zu,, L1 (- o).

The last implies (15) and completes the proof. O

Proof of Corollary 3.2 (a) It is well-known (cf. Resnick (1987)) that the assumption
F € GM DA(w) implies

Iim nw(n) = 0o
n—oo
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and

1—F(n—1
Iim ———— =
n—oo 1 — F(n)

Since Y has a continuous distribution function, it follows that

limsupw(n) = 0.
n—oo

Further, by the fact that the convergence in (5) holds uniformly for x in compact
sets of R, for any sequence x,, n > 1 such that lim,_, o x, = x, we have

. 1 =Fm+x,/wn)) . 1 =Fm+x/wh))
lim = lim = exp(—x).
n— 00 1 — F(n) n—>00 1= F(n)

Set now x, = x + w(n),n > 1. By the asymptotic property of w(n), we have
lim;,—, o0 X, = x. Consequently,

. 1 =—Fn+14+x/wh)) . 1 =—Fn+&+wh)/wh))
lim = lim =
n— 00 1— F(n) n—00 1—F(n)

Vx € R.

exp(_x)’

Hence, we obtain

. 1 =Fm+x/wh)) . P{Xi1=>=n+x/wh)}
lim = lim
n—00 1—F(n) n—00 P{X| > n}

=P{Y > x} = exp(—x).

Thus (9) is satisfied with h(n) = w(n), Vn > 1. The proof of the first statement
follows now from Theorem 3.2 and (6).

(b) Clearly, h(n) = 1,Vn > 1 satisfies both (9) and (11). The the proof of the
second statement follows from Lemma 3.1 and Theorem 3.2. O

Proof of Theorem 3.3 Since A(n, m) = A(n+m—1, 1)4---4+A(n, 1),itisenoughto
prove the result for m = 1. By assumption (12) and the fact that W (n) s 0o, n — 00
we obtain that

qgW(n) +k) < gt
q(W(n))

holds almost surely as n — oo for any k > 1. Further asin (14) (seth(n) = 1,n > 1)

q(W(I’l) + k) a.s. _ nk
W) —>P{Zi =k} =B" (n— 00),
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where Z; ~ N'B(1, 1 — B). Since A(n, 1), n > 1is a non-negative random sequence
we may write

o0

E{A(n, 1)) = /P{A(n, 1) > s}ds

0
00

= /P{W(n +1) =5+ W(n)}ds

/E[ g(W(n) +5) ] ds
/ q(W(n))

The dominated convergence theorem implies thus

o
lim E{A(n, 1)} = /P{Z] >s}ds = E{Z|} = L,
n—00 1 — :3
0
and the result follows. O

Proof of Theorem 4.1 As remarked in Balakrishnan and Stepanov (2010), for a
sequence of events A, A, ... the equality

P{A,io0)=ac]0,1]

holds iff

lim ZP{A Apsk—1Anti} = a,

where A; denotes the complement of the event A;.
Choose A;, = {A(n,1) > 0} and A,, = {A(n, 1) = 0}. Making use of (1), we
obtain

ZP{A(n D=0,....,An+k—=1,1)=0,A(n+k, 1) >0}

k=0
o0 o0 (o8]
=ZZ z PWn+1)=--=Wh+k =i, Wn+k+1)
k=0 i=0 j=i+1

= (PN g+ 1) .
ZZ(q(,)) g0 T =i
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Consequently, P{A(n, 1) > 0i.0.} = 1. Since A(n,m) > A(n, 1) (m > 1) almost
surely, the result follows. O

Proof of Corollary 4.2 The corollary can be proved in the same manner as Theo-
rem 4.1. O

Proof of Theorem 4.2 In view of (8) for given ¢ > 0 we can find I € N such that

qi+1)
q(i)

B—e< <B+e (=1).

By the argument given in the proof of Theorem 4.1,

P{A(n,m)=0i.0.} = lim ¢, u,
n— o0

where

o0
Cam = P{AGM.m)>0,.... A(n+k—1,m) >0, A(n+k.m)=0).
k=0

Taking into account that

{A(n,m)>0,...,Am+k—1,m) >0, A(n + k, m) =0}
={Wn)<Wh+m),....Wn+k—m—-—1)<Whn+k—1),
Wn+k—1)<Wh+k)=---=Wh+k+m)},

P{A(n,m)>0,...,An+k—1,m) >0, A(n+ k,m) =0}

:ZP{A(n,m)>0,...,A(n+k—l,m)>0,A(n+k,m):0|W(n):i,,}

in=0
X P{W(n) =i,}

and applying (1), we obtain

c _ ii P{W(Vl) =iy} 0 p(ln+1) i p(in-i-m—l)
o k=01i,=0 q(in) e qlnn) — q(ntm—1)
e n+1=ln Indm—1=ln4m—2

oo oo

Z Plintm) o Z Plntk—1)

. - . i . . . Inak—
intm=max{in+1,in+m—1} q(intm) intk—1=max{ip+x—m—1+1,in+k—2} q(in+i—1)

i P (k)

X . .
q™ (in+k)

intk=in+k—1+1
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Clearly,
P{W(n) =i i - fnm—
Com = Z Z (W) =i} P(.n+l) Z p(.n+m 1)
=01 =1 q(in) —. q(ing1) . — q(ntm-1)
n= int1=in n+m—1=ln+m—2
i Plintm) o i PUntk—1)
in+m=max{ip+1,ipym—1} q(ln+m) intk—1=max{iprk—m—1+1in1k—2} q(ln+k_1)
y i P s
q" (intk) ’

intk=intk—1+1

Since iy, in41, -, intk > I, we get

o0

>

intk=intk—1+1

P (ingr)

q" (intk)

Taking into account that

g(max{iptk—m—j + 1, intr—j—1})

= (=B —e)"qlintr—1 + 1.

. >B—¢ (1<j<k-m),
qGntrk—j—1)
we find the lower bound for ¢;, ;.
o0 o
Cam = D D (=B —8)"(B—e)P(W(n) =in}
k=0 i,=I
(1—-p—e
= P{wW 1}.
T~ fte (W) = 1}

Since W (n) & ooasn — 00 (see Lemma 2.2), we get

P{A(n,m)=0i.0}> (1—-pB)" L

The result follows now from Kolmogorov’s zero-one law since {A(n, m) = 0i.0.} is
a tail event. O
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Proof of Theorem 4.3 For any positive integer x and large enough integer J we obtain

D PAK 1) <xb= > D P(AK, 1) < x|W(k) = jIP{W(K) = j}
k=1 k=1 j=0

PWk +1) <x+ jIW(k) = jIP{W(k) = j}

v
Mz

w-
Il
-

~.
Il
S

gzg
Mz

(1 =P{Wk+1)=x+jWk) = jHP{W(k) = j}

,\\‘
Il
~.
I
o

—0()+ Z[ Q(:("]L)J)} S PWK) = j}.
k=1

Condition (13) implies B = 1. Then for all large enough n and ¢ > 0

gm 1
gn+1) 1—¢

and

r(+k)
q(]) q(j+k)’

— q(x + Jj)
1-—
>[50

The strong convergence for A(n, 1) comes now from the following observation. Let
up > 0and D% u2 < oo, then 3% uyuy 4k < 0o (k > 0). Further, the random
sequence A(n, m) is monotone non-decreasing in m, and thus the proof follows. O
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