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Central limit behavior at the edge of chaos in the z-logistic map
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We focus on the Feigenbaum-Coullet-Tresser point of the dissipative one-dimensional z-logistic map
xt+1 = 1 − a|xt |z (z � 1). We show that sums of iterates converge to q-Gaussian distributions Pq(y) =
Pq(0) expq(−βq y2) = Pq(0)[1 + (q − 1)βq y2]1/(1−q)(q � 1; βq > 0), which optimize the nonadditive entropic
functional Sq under simple constraints. We propose and justify heuristically a closed-form prediction for the
entropic index, q(z) = 1 + 2/(z + 1), and validate it numerically via data collapse for typical z values. The
formula captures how the limiting law depends on the nonlinearity order and implies finite variance for z > 2
and divergent variance for 1 � z � 2. These results extend edge-of-chaos central limit behavior beyond the
standard (z = 2) case and provide a simple predictive law for unimodal maps with varying maximum order.
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I. INTRODUCTION

In the study of dynamical systems theory, one of the most
important and widely used workhorses is, no doubt, the lo-
gistic map. For discrete cases, it is a fundamental model
commonly used to study population dynamics, chaos, and
bifurcation phenomena. Mathematicians mostly like to use the
definition given as

Xt+1 = r Xt (1 − Xt ), (1)

where 0 � r � 4 is a parameter that governs the behavior of
the map (frequently called the control parameter), and Xt ∈
[0, 1] is the state variable at iteration t = 0, 1, 2, . . . [1,2]. It
has long been known that the logistic map exhibits a variety
of dynamical behavior, ranging from fixed points to chaotic
regimes with periodic windows as the parameter r is varied.
On the other hand, most physicists prefer to use the definition
in the form

xt+1 = 1 − a|xt |2, (2)
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where 0 � a � 2 and xt ∈ [−1, 1] are the new map parameter
and the state variable, respectively. It is easy to show that the
definitions (1) and (2) are topologically conjugated and can
be transformed into each other using a conjugation function
[3]. Various types of generalizations for the standard logistic
map can be found in the literature [4–11]. Here, we study the
generalized version based on the definition in Eq. (2), intro-
ducing an additional parameter z which allows us to control
the degree of nonlinearity of the system at its maximal point.
Therefore, the generalized z-logistic map is defined as follows,

xt+1 = 1 − a|xt |z, 0 � a � 2, (3)

where z � 1 controls the power to which the state variable
xt ∈ [−1, 1] is raised, introducing a wider range of topo-
logically isomorphic dynamic behaviors, though metrically
different from the classical logistic map, as can be seen from
Fig. 1(a). As z increases, the map becomes more chaotic in
the sense that fixing a in the chaotic regime (e.g., a = 2)
and increasing z strengthen the chaos metrically [12]. The
parameter a governs the overall structure of the map. Simi-
larly to the standard logistic map (z = 2), varying a triggers
transitions of the system from stable fixed points to periodic
orbits and eventually chaotic behavior as depicted in Fig. 1(b).
From this figure and from an earlier work [13], one can also
easily see that the chaos threshold point ac(z) (defined as the
critical point where the system enters into the chaotic region
via period doublings of successive bifurcations) tends to 1 as
z → 1, while it comes closer to 2 as z → ∞, suppressing the
chaotic region of the map. Some values of ac are given in
Table I for representative values of z.
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FIG. 1. (a) Phase portrait and (b) bifurcation diagram of the
z-logistic map for some representative values of z.

We provide a closed-form prediction for the nonadditive
index that governs the central limit attractor of sums of iterates
of the z-logistic map at the Feigenbaum-Coullet-Tresser point.
Specifically, we predict

q(z) = 1 + 2

z + 1
(z � 1). (4)

TABLE I. ac, q, β̄q, and δF (z) values for various z of the z-logistic
map.

z ac q β̄q δF (z)

1 1 2 π 2

1.75 1.35506075662336 … 1.727 … 6.489 … 4.2571 …
1.85 1.37474875895489 … 1.702 … 6.278 … 4.4261 …
2 1.40115518909205 … 1.667 … 6.002 … 4.6992 …
2.15 1.42456107409069 … 1.635 … 5.768 … 4.9017 …
2.25 1.43880058172258 … 1.615 … 5.630 … 5.0518 …
∞ 2 1 π

This relation is obtained from a tail-moment argument tied to
the order z of the map’s maximum. The index is not fitted;
accordingly, the limiting q-Gaussian has a fixed shape (no
free shape parameter), and only an overall scale is estimated
from data. Using Huberman-Rudnick scaling to coordinate
the approach to criticality with the number of summands, we
validate this prediction across several z values by data collapse
of rescaled sums onto the corresponding q-Gaussians. Im-
portantly, the q(z) introduced here characterizes the statistics
of sum distributions at the edge of chaos and should not be
confused with indices such as qsen that quantify sensitivity to
initial conditions; such indices need not to coincide in this
setting.

II. CENTRAL LIMIT BEHAVIOR

Now we are in a position to discuss the Central Limit
(CL) behavior of this system. As is well known, the classical
CL theorem applies to sums of independent and identically
distributed (i.i.d.) random variables. In any kind of real or
model systems with such random variables, as the number of
variables increases, the distribution of their sum converges to
a Gaussian distribution. More precisely, one can write

y = 1√
T

T∑
i=1

(xi − 〈x〉), (5)

where T is the number of summands, x is the random variable
of the system considered, and 〈· · · 〉 defines an average over a
large number T of iterations and a large number of randomly
chosen initial values x1, which can be numerically calculated
as

〈x〉 = 1

nini

1

T

nini∑
j=1

T∑
i=1

x( j)
i . (6)

In our simulations, we discard the first Ttrans = 215 iterates
as transients and average over nini uniformly sampled initial
conditions in [−1, 1]; results are robust to alternative choices
(e.g., deterministic grids). In the case of the z-logistic map,
any chaotic point in the phase space, for example, for the
(z = 2, a = 2) case, although the iterates of a deterministic
map cannot be completely independent, for our random vari-
able y one can still verify the standard CL theorem if the
assumption of i.i.d. random variables is replaced by the prop-
erty that our system is strongly mixing. Therefore, one should
expect to have a Gaussian probability distribution as T → ∞,
namely

P(y) = 1√
2πσ 2

exp

(
− y2

2σ 2

)
. (7)

This has already been studied in Ref. [14], and Gaussian
behavior is observed. In fact, this behavior has also been
achieved for other parameter values in the chaotic region.
One can argue that the standard CL theorem will be valid if
the Lyapunov exponent is positive. On the other hand, when
we concentrate on the chaos threshold point where the stan-
dard Lyapunov exponent vanishes, the map is not sufficiently
strongly mixing and, due to ergodicity breaking, the standard
CL theorem is no longer valid. In order to study the CL
behavior of such systems, the standard CL theorem has re-
cently been generalized [15–19]. Consistent with generalized
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central limit behavior for strongly correlated dynamics, the
following q-Gaussian attractors are expected and/or observed
under appropriate scaling,

Pq(y) =
√

βq

Cq
expq

(−βqy2
)
, (8)

where βq is a parameter that characterizes the width of the dis-
tribution and here expq(u) is known as the q-exponential of the

form [1 + (1 − q)u]
1

1−q (q � 1). As q → 1, this generalized
exponential form takes the form of the standard one, hence the
Gaussian distribution is recovered. Moreover, all convergence
statements for the distributions are understood in the limit
T → ∞; at the Feigenbaum point this limit is taken jointly
with |a − ac(z)| → 0 according to the Huberman-Rudnick
scaling (Sec. III). The normalization factor Cq can be calcu-
lated from Refs. [20,21] and is given by

Cq =
⎧⎨
⎩

√
π, q = 1,

�( 3−q
2q−2 )

�( 1
q−1 )

√
π

q−1 , 1 < q < 3.
(9)

Let us remind at this point that distributions (8) optimize,
under simple constraints, the nonadditive entropic functional
[22]

Sq[P(y)] = 1 − ∫
dy [P(y)]q

q − 1
(q ∈ R), (10)

which, in the q → 1 limit, recovers the classical Boltzmann-
Gibbs (additive) functional

S1[P(y)] = SBG[P(y)] ≡ −
∫

dyP(y) ln P(y). (11)

The optimization of these entropic functionals under appropri-
ate constraints yields the probability distributions correspond-
ing to the stationary states. Let us also remind at this point that
the infinite-temperature limit within the canonical ensemble
corresponds to the microcanonical ensemble.

If the prefactor in front of the q-exponential in Eq. (8) is
defined as Pq(0), then one can easily write

[yPq(0)]2 = βq

C2
q

y2 ⇒ βqy2 = C2
q y2[Pq(0)]2, (12)

and, comparing to Eq. (8), we have
Pq(y)

Pq(0)
= {1 − (1 − q)β̄q[yPq(0)]2} 1

1−q , (13)

where

β̄q = C2
q . (14)

The subtle difficulty in analyzing the system at the edge of
chaos (i.e., at a = ac) is that taking T → ∞ alone is not
sufficient for the system to achieve its limit distribution. The
other ingredient must be to localize the critical point ac with
infinite precision. More precisely, for a full description of the
shape of the distribution function on the attractor, a simul-
taneous limit is needed, as the precision of the ac value and
the number of iterates tend to infinity. However, in numerical
experiments, neither the precision of ac nor the values of T
can reach infinity. Therefore, numerically, one needs to focus
on the situation as a kind of interplay between the precision
of ac and the number of iterates. In Ref. [23], it has been

TABLE II. Parameter values used in this work. The values of
(a, T ) tuples are obtained from the scaling Eq. (15).

z a 2n T = 22n

1.3550696971 16.05 216

1.75 1.3550628567 18.05 218

1.3550612499 20.05 220

1.3747552996 16.05 216

1.85 1.3747502366 18.05 218

1.3747490928 20.05 220

1.4011592349 16.05 216

2 1.4011560500 18.05 218

1.4011553723 20.05 220

1.4245639575 16.05 216

2.15 1.4245616623 18.05 218

1.4245611940 20.05 220

1.4388028452 16.05 216

2.25 1.4388010297 18.05 218

1.4388006704 20.05 220

shown that a successful interplay can be achieved using the
Huberman-Rudnick scaling law [24]. Basically, the idea is to
find (a, T ) tuples from

2−n = |a − ac(z)|ln 2/ ln δF (z), (15)

where δF (z) is the z-generalized Feigenbaum constant (cal-
culated numerical values are in Table I) and n = 1, 2, . . . ,∞
which will be used to find the value T to be used (T = 22n)
for a particular value of a in the vicinity of ac(z) (see Ref. [23]
for more details). All (a, T ) tuples used in this work are given
in Table II. Here, we set all values of the parameter a so that
the precision of the corresponding 2n value would be of the
order of 0.05. The CL behavior of the standard logistic map
(z = 2) has already been numerically analyzed in this way in
Refs. [23,25] and the value of q is found to be close to 1.65.

III. RELATION BETWEEN q AND z

In order to relate q and z values of the z-logistic map in
Eq. (3), let us assume that the moment 〈|x|z〉 of a q-Gaussian
is proportional to

∫ ∞
0 dx|x|z expq(−x2), which diverges (log-

arithmically) for

2

q − 1
− z = 1 (z � 1). (16)

From this condition, we obtain q = 5/3 = 1.666 . . . for z = 2.
This value obtained from the scaling relation is in fact very
close numerically to what has been found earlier in Refs.
[23,25] for the standard logistic map. Moreover, the case
z = 1 (a piecewise-linear unimodal map) yields q = 2 from
our prediction; this is consistent with increasingly heavy tails
at lower z and it has already been known analytically in the
literature [26] that this is the genuine distribution for this
case (see also Refs. [27–29], where strong chaos emerges
discontinuously). These analytic results are not derived at
the Feigenbaum point itself; we refer to them to support the
expected tail behavior as z → 1, consistent with our heuris-
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FIG. 2. Normalized probability distribution given by Eq. (13) with increasing T for z = 2. For the histogram, we always use 1000 boxes
to have equally sized bins for the entire time series from minimum to maximum y values. Notice that here the only fitting parameter for the
q-Gaussian (black dashed line) is Pq(0).

tic relation in Eq. (4). Therefore, we have the second point
corroborating the scaling given in Eq. (16). It might well be
that this scaling applies to all values of z. Therefore, the CL
behavior of the probability distribution at the z-generalized
Feigenbaum-Coullet-Tresser point would be expected to ap-
proach a q-Gaussian with the index q a priori known from
the equation given as indicated in Eq. (4). Consequently, q
monotonically decreases from 2 to 1 when z increases from
1 to infinity (notice that, at the z → ∞ limit, the map be-
comes totally flat, thus approaching the behavior of a random
number generator). Notice that the analytically extended z =
0 limit implies q = 3 (upper bound for normalizability of
q-Gaussians). In what follows, we provide numerical support
to this conjecture. In the generalized CL theorem framework
[15,16], sums of variables whose effective variance diverges
converge, after appropriate rescaling, to the q-Gaussian in
Eq. (13). For q > 1, q-Gaussian has a power-law tail. Setting
u = (q − 1)βq y2 
 1 in Eq. (8) yields

Pq(y) ∼ u1/(1−q) ∼ y− 2
q−1 . (17)

Thus, the asymptotic exponent is 2/(q − 1). The absolute mth
moment is

〈|y|m〉 ∼ 2
∫ ∞

Y0

ym y− 2
q−1 dy = 2

∫ ∞

Y0

ym− 2
q−1 dy. (18)

Convergence at the upper limit requires

m − 2

q − 1
< −1, (19)

while the threshold of (logarithmic) divergence is

m − 2

q − 1
= −1 �⇒ q − 1 = 2

m + 1
. (20)

In the standard CL theorem, for i.i.d. linear variables, one
takes m = 2 (the variance). For the map (3), however, the
iteration involves |x|z, so the natural moment whose diver-
gence governs the attractor class is the zth moment: m −→ z.
Imposing Eq. (20) with m = z directly yields Eq. (4). Clearly,
if we refer to the form of Eq. (1), x must be replaced by

(X − 1/2). In addition, within the unimodal Feigenbaum uni-
versality class, smooth conjugacies preserve the local flatness
(critical) order z at the maximum; therefore identifying the
divergence threshold with m = z—and hence Eq. (4)—is in-
variant under such conjugacies.

The final step before trying to corroborate the proposed
scaling relation with numerical experiments remains to deter-
mine the β̄q values from Eq. (14). Some representative values
of (q, β̄q ) are given in Table I.

IV. NUMERICAL VALIDATION OF q(z)

Now we are ready to present our numerical results in order
to validate our scaling relation (4) and the corresponding
β̄q value from Eq. (14). It is worth noting here that, for a
particular z value, q and β̄q are not fitting parameters; they
are known a priori when we start simulations. Therefore, the
only fitting parameter in these simulations is Pq(0). In order to
numerically approach this value, let us start from Eq. (13) and
assume that (q − 1)β̄qPq(0)2y2 
 1, which allows us to write

Pq(0) = (q − 1)1/(q−3)β̄1/(q−3)
q lim

y→∞ Pq(y)(q−1)/(q−3)y2/(q−3).

(21)
In the numerics, for a better estimate, we take an average over
the values obtained for large y values before the sharp drop is
attained.

Another mathematically equivalent path would be to con-
sider βq, instead of Pq(0), as a fitting parameter. We have
used the present path taking advantage of the fact that β̄q is
analytically available.

Naturally, as a first case, we reconsider the standard logistic
map (z = 2). It is evident from Fig. 2 that, as the values of T
increase (and the related value a given in Table II is used), the
probability distribution develops in the tails of the q-Gaussian
whose (q, β̄q ) pair comes a priori directly from our Eqs. (4)
and (14). In Fig. 3, we also plot these three cases together so
that one can better see the development in the tails of the ap-
propriate q-Gaussian curve. Up to now, we have three z values
that corroborate the proposed scaling relation (4): (i) z → 1
gives q = 2 (Cauchy distribution), (ii) z → ∞ leads q = 1
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FIG. 3. Data collapse of Fig. 2. It is evident that, as (a, T ) tu-
ple simultaneously approaches a → ac and T → ∞, the simulation
results become developing in the tails more and more.

(Gaussian distribution) [notice that limz→∞ lim|x0|→1 |x0|z =
1, whereas lim|x0|→1 limz→∞ |x0|z = 0, i.e., a nonuniform
convergence emerges; in our parametrization, the predicted
q(z) → 1 reflects thinning tails (Gaussian limit)], and (iii)
z = 2 indicates q = 5/3.

Now, let us numerically check four more z values (two
smaller, two larger than 2) to better corroborate the scaling
relation. As the z values differ from 2 along both directions,
it becomes numerically harder to simulate. This is the rea-
son why we choose z values not too distant from 2. In all
obtained cases, we use the quadruple precision instead of
double precision and most probably, as z values are too far
away from 2, even higher precisions will be needed. For
the chosen z values (z = 1.75, 1.85, 2.15, 2.25), the results
are given in Fig. 4. For all cases, we use the (q, β̄q ) tuples
obtained from Eqs. (4) and (14), which allows us to see a
strong corroboration between the expected q-Gaussian and the
numerically obtained histogram. In order to better visualize
this corroboration, in Fig. 5, we plot the z dependence of β̄q,
q and Pq(0). For q and β̄q, the analytical results from Eqs. (4)
and (14) are depicted as dashed black lines. The simulation
results are shown as green dots, while the exact results for the
z → 1 case are denoted by red stars. It is also evident that, as
z → ∞, expected values [(β̄q, q) = (π, 1)] are approached.
Finally, for a tentative heuristic relation of Pq(0) with respect
to z, we suggest Pq(0) = αz−ν with α = 0.24 and ν = 2.31.

V. CONCLUSION

We examined the central limit behavior for sums of suc-
cessive iterates of the one-dimensional z-logistic map at the
Feigenbaum-Coullet-Tresser accumulation point, where the
Lyapunov exponent vanishes (weak chaos) and strong mixing

(a) (b)

(d)(c)

FIG. 4. Data collapse of three different (a, T ) tuples for the cases z = 1.75, 1.85, 2.15, 2.25. The computational cost corresponding to
values of z very distant from z = 2 exceeds our present capacities.
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FIG. 5. Black curves are analytic and green dots are from nu-
merics. We have that limz→∞(β̄q, q) = (π, 1) and limz→1(β̄q, q) =
(π 2, 2). The tentative heuristic relation Pq(0) = αz−ν has been ob-
tained from the fitting of these five green numerically obtained
points. Notice that, in contrast with Pq(0), q and β̄q are not fitting
parameters but are instead given by Eqs. (4) and (14), respectively.

breaks down. Guided by a tail-moment divergence criterion
tied to the order z of the map maximum, we proposed a closed-
form prediction for the index of the limiting law, q(z) =
1 + 2/(z + 1) [Eq. (4)]. Together with β̄q = C2

q [Eq. (14)],
this fixes the q-Gaussian attractor up to an overall scale. Using
Huberman-Rudnick scaling to couple the distance to critical-
ity with the number of summands, we obtained data collapse
for typical z values around 2, providing numerical support for
the prediction without tuning the shape. The result organizes
how the attractor evolves with z and implies a finite variance
for z > 2 and a divergent one for 1 � z � 2.

The q(z) determined here characterizes the statistics of
sums (the central limit attractor) and should not be confused
with qsen or other members of the q-triplet that quantify sensi-
tivity or relaxation; such indices do not coincide in this setting.
Our analysis consolidates and extends edge-of-chaos central
limit behavior beyond the standard (z = 2) case to a family of
unimodal maps with varying nonlinearity.

As a meaningful consequence of the present result we
can mention that the relation conjectured for the solar wind
observations [21,30,31], namely

qsen = 1 − qstat − 1

2qstat − 3
(22)

does not apply to the present system. Indeed, for z = 2, we
have q ≡ qstat = 5/3 and qsen = 0.244 487 7 . . . , which vio-
late Eq. (22). In other words, the algebra governing the edge
of chaos of the z-logistic maps is not the same that appears to
govern the q-triplet associated to the solar wind [30–32].

Future work includes enlarging the z-range and precision,
quantitative goodness-of-fit and model-selection tests against
competing heavy-tailed laws, extension to other periodic
windows, and exploring whether a renormalization-group ar-
gument can make the m = z moment criterion rigorous. These
directions would further clarify universality classes of weakly
chaotic central limit behavior.
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